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Convergence Analysis of Galerkin Approximations for the Lindblad

Master Equation

Rémi Robin ∗1 and Pierre Rouchon †1

1Laboratoire de Physique de l’École Normale Supérieure, Mines Paris, Inria, CNRS,
ENS-PSL, Sorbonne Université, PSL Research University, Paris, France

October 14, 2025

This paper analyzes the numerical approximation of the Lindblad master equation on infinite-dimensional
Hilbert spaces. We employ a classical Galerkin approach for spatial discretization and investigate the conver-
gence of the discretized solution to the exact solution. Using a priori estimates, we derive explicit convergence
rates and demonstrate the effectiveness of our method through examples motivated by autonomous quantum
error correction.
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1 Introduction

1.1 Motivations and Description of the Contributions

Open quantum systems weakly coupled to their environment can be modeled by the Lindblad equation, also
known as the Gorini–Kossakowski–Sudarshan–Lindblad equation [Lin76; GKS76; CP17]. The state of the
system is described by a density operator ρ on a complex separable Hilbert space H. A density operator is a
positive semidefinite, self-adjoint, trace-class operator with trace 1 on H. The evolution of ρ depends on the
Hamiltonian H, which is a self-adjoint operator on H, and a set of operators (Lj), not necessarily self-adjoint,
called jump operators. From now on, we restrict ourselves to the case of a finite number of jump operators
(Lj)1≤j≤Nj

. The Lindblad equation then reads formally as

d

dt
ρ(t) = L(ρ(t)) := −i[H,ρ(t)] +

Nj∑
j=1

D[Lj ](ρ(t)), ρ(0) = ρ0, (1)
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with

D[L](ρ) = LρL† − 1

2
(L†Lρ+ ρL†L). (2)

We aim to approximate the solution of Eq. (1) in the scenario where the Hilbert space H is infinite-dimensional
and the operators H and (Lj)1≤j≤Nj may be unbounded. A classical approach to this problem involves a
Galerkin-type method: First, consider an increasing sequence of finite-dimensional Hilbert spaces (HN )N∈N
such that HN ⊂ H and HN is contained within the domains D(H) and D(Lj). Let PN denote the orthogonal
projector onto the subspace HN . Then, define the bounded operators

HN = PNHPN , Lj,N = PNLjPN . (3)

and construct a new bounded Lindbladian operator

LN (ρ) := −i[HN ,ρ] +
∑
j

D[Lj,N ](ρ). (4)

Note that L†
j,NLj,N is usually different from PNL†

jLjPN , implying that the alternative choice of truncation
PND[Lj ](PNρPN )PN is not equivalent to our choice, and does not necessarily lead to a Lindbladian operator.
We can now define a numerical approximation ρ(N) of ρ as the solution of the Lindblad equation with support
on HN

d

dt
ρ(N) = LN (ρ(N)), ρ(N)(0) = PNρ0PN . (5)

To the best of the authors’ knowledge, although several results exist for the Hamiltonian case (Nj = 0)–see,
for example, recent advances in [Ton+22; FBL25; Pen+25]–there is no available result that guarantees the
convergence of ρN (t) towards ρ(t) when Nj > 0. Notably, recent work by the authors in [ERR25] provides
a posteriori estimates on the trace-norm distance ∥ρN (t) − ρ(t)∥1 for a large class of operators H and (Lj),
but does not include a proof of convergence. Additionally, in [RRS25], the authors utilize a priori estimates
to analyze the time-discretization of some unbounded Lindblad equations for a class of Completely Positive
Trace Preserving (CPTP) schemes. These a priori estimates were developed in the 1990s to establish the well-
posedness1 of the semigroup in [CGQ97; Che03; CF98], and more recently, specifically for the setting of bosonic
modes in [GMR24].

In this article, we focus primarily on the latter setting, and more precisely on the case where the Hilbert
space is given by H = ℓ2(N) and the operators H and Lj are polynomials in the annihilation operator a and
creation operator a†. Generalization to other settings requires the choice of a reference operator Λ that plays
the role of the number operator N = a†a both for defining regularity and approximation spaces, as well as
technical domain assumptions. Some generalizations are briefly discussed in Section 3. Going back to the case
of a single bosonic mode, we denote by W0,1 the Banach space of trace-class operators and by ∥ · ∥1 the trace
norm. Following [GMR24]2, we define the so-called Sobolev bosonic spaces for k ∈ R+,

Hk = D((a†a)k/2), (6)

Wk,1 = {ρ ∈ W0,1 | (a†a+ Id)k/2ρ(a†a+ Id)k/2 ∈ W0,1}. (7)

Note that ρ ∈ Wk,1 if and only if there exists σ ∈ W0,1 such that ρ = (a†a + Id)−k/2σ(a†a + Id)−k/2.
We define the norm ∥ρ∥Wk,1 = ∥σ∥1, which makes Wk,1 a Banach space. Next, let PN denote the spectral
projector onto [0, N ] of a†a + Id, and consider the Galerkin approximation spaces as HN = PNH. Namely,
HN = span{|k⟩ | k ≤ N − 1}, commonly known in the physics community as the truncated Fock basis. The
main result of this paper is to leverage a priori estimates that provide regularity related to the Sobolev spaces
Wk,1 to obtain convergence rates of ρ(N) towards ρ.

The rest of the paper is organized as follows: In Section 2, we study the single bosonic mode case introduced
above. First, we recall how to obtain regularity results from a priori estimates in Section 2.1, then in Section 2.2
we establish our main result, Theorem 2, which ensures convergence of ρ(N) for the setting described above.
Then, two examples are provided in Section 2.3. In Section 3, we discuss how to extend our results to more
general settings and provide an example with two bosonic modes in Section 3.2. We conclude and discuss future
work in Section 4. Notations are collected in Appendix Appendix A for the reader’s convenience.

1More precisely, they establish the conservativity of the minimal semigroup, which ensures the uniqueness of the solution.
2Note that we use a slightly different convention for the indexing of Wk,1, which corresponds to Wk/2,1 in their article.
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2 Convergence for a Single Bosonic Mode

2.1 A Priori Estimates

For the Lindblad master equation, regularity estimates typically assert the following: given a self-adjoint oper-
ator Λ ≥ 0, we assume there exists a constant C > 0 such that, for sufficiently regular ρ, the estimate

Tr (L(ρ)Λ) ≤ C Tr (ρΛ) , (8)

holds. Then, under additional domain assumptions, one may obtain

Tr (ρtΛ) ≤ eCt Tr (ρ0Λ) .

The result below is of this form with Λ = (Id+a†a)k.

Theorem 1 (Theorem 3.1 of [GMR24]). Let H and (Lj) be polynomials in the creation and annihilation
operators, and assume H is self-adjoint. Denote their degrees by pH and pj, respectively.

Assume further that there exists an increasing sequence (kr)r∈N ∈ (R+)
N with kr → ∞ and constants wkr ≥ 0

such that, for all positive semidefinite ρ ∈ Wf 3, and all r ∈ N,

Tr
(
L(ρ)(a†a+ Id)kr

)
≤ wkr Tr

(
ρ(a†a+ Id)kr

)
. (9)

Then, the closure of (L,Wf ) generates a strongly continuous, positivity-preserving semigroup on Wk,1 for all
k ∈ R+, with the estimate

∥etL∥Wk,1→Wk,1 ≤ ewkt, ∀t ≥ 0, (10)

where wk =
kr1

−k

kr1−kr0
wkr0

+
k−kr0

kr1−kr0
wkr1

for r0, r1 such that kr0 ≤ k < kr1 . Moreover, for k = 0, the semigroup

is contractive and trace-preserving.

While the previous estimate increases exponentially with time, it is quite common to obtain a stronger
version of Eq. (9). Namely, assume that there exist µkr , ηkr ≥ 0 such that for any ρ ∈ Wf , ρ ≥ 0, and
Tr (ρ) = 1,

Tr
(
L(ρ)(a†a+ Id)kr

)
≤ µkr

− ηkr
Tr

(
ρ(a†a+ Id)kr

)
, (11)

Then, we can easily obtain (see, e.g., [GMR24, Prop. 4.1]) that for any r and ρ0 ∈ Wkr,1, the following
uniform-in-time estimate holds:

∥etLρ0∥Wkr,1 ≤ max(∥ρ0∥Wkr,1 , µkr
/ηkr

), ∀t ≥ 0. (12)

2.2 Convergence of the Galerkin Approximations

We now state the main result of this section.

Theorem 2. Assume the hypotheses of Theorem 1 hold. Let d = max(dH , 2dj) and fix k > d. Then, there
exists a constant Ck ≥ 0 such that for every initial condition ρ0 ∈ Wk,1, we have

∥ρ(t)− ρ(N)(t)∥1 ≤ Ckt

N (k−d)/2
∥ρ∥L∞(0,t;Wk,1), ∀t ≥ 0. (13)

The remainder of this section is dedicated to the proof of Theorem 2.
We begin by introducing several key tools in Lemmas 1 to 3. Next, Lemma 4 is used to trade regularity for

control over the localization of ρ on low Fock states. Finally, the core estimate needed to complete the proof is
provided in Lemma 5.

We first recall a lemma on polynomials of creation and annihilation operators.

Lemma 1 ([GMR24, Lemma B.1]). Let P ∈ C[X,Y ] be a polynomial of degree d. Then (P (a,a†),Hf ) is
closable, and there exists c ≥ 0 such that

∥P (a,a†) |ψ⟩ ∥ ≤ c∥(Id+a†a)d/2 |ψ⟩ ∥, ∀ |ψ⟩ ∈ Hf . (14)

This lemma has two natural consequences. First, the operator P (a,a†) can be extended to a bounded
operator from Hd to H. Second, for any k ∈ N, the operator (Id+a†a)kP (a,a†) is bounded on H2k+d, meaning
that P (a,a†) is bounded from H2k+d to H2k. Classical interpolation, see e.g. [BL76, Chap. 4], then implies
that P (a,a†) is also bounded from Hk+d to Hk for any k ∈ R+.

We next present a simple estimate that is crucial for bounding terms in the Lindbladian.

3Wf is the set of finite-rank operators on H whose range is included in Hf = span{|n⟩ , n ∈ N}, see Appendix A for details
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Lemma 2. Let s ≥ 0 and let M0, M1 be bounded operators from Hs to H. Then, for any ρ ∈ Ws,1, the
operator M0ρM

†
1 is trace-class, and

∥M0ρM
†
1∥1 ≤ ∥M0∥Hs→H∥ρ∥Ws,1∥M1∥Hs→H. (15)

Here, M †
1 denotes the adjoint of M1 viewed as a map Hs → H, and is thus bounded from (H)∗ to (Hs)∗ =: H−s.

Proof. Since ρ ∈ Ws,1, we can write ρ = (Id+a†a)s/2σ(Id+a†a)s/2 for some σ ∈ W0,1. Then,

∥M0(Id+a†a)s/2σ(Id+a†a)s/2M †
1∥1 ≤ ∥M0(Id+a†a)s/2∥∞∥σ∥1∥(Id+a†a)s/2M †

1∥∞
= ∥M0∥Hs→H∥ρ∥Ws,1∥M1∥Hs→H.

Lemma 3 (Duhamel formula). Assume that the hypotheses of Theorem 2 hold and that ρ0 ∈ Wk,1, then

∥ρ(t)− ρN (t)∥1 ≤ ∥ρ0 − ρN (0)∥1 +
∫ t

0

∥(L − LN )(ρ(s))∥1ds (16)

Proof. Let r(t) = ρ(t)− ρ(N)(t). By Theorem 1, (etL)t≥0 is a strongly continuous semigroup on Wk,1; thus for

any t ≥ 0, ρ(t) ∈ Wk,1. Since ρ(N)(t) stays in the finite-dimensional approximation space, it clearly belongs to

Wk,1. Using Lemmas 1 and 2, we obtain a constant C > 0 such that for any ρ̃ ∈ Wf ,

∥L(ρ̃)∥1 ≤ C∥ρ̃∥Wmax(dH,2dj),1 . (17)

As a consequence, Wk,1 is included in the domain of the generator of the semigroup, that is, using Theorem 1,
the closure of (L,Wf ) for the W0,1 norm.

On the other hand, LN is a finite-rank operator and is bounded on any Hs for s ∈ R. As a consequence, for
any positive time T ≥ 0, we obtain r ∈ C1([0, T ], D(L)) and

d

dt
r(t) = L(ρ(t))− LN (ρ(N)(t)) = LN (r(t)) + (L − LN )(ρ(t)). (18)

Using that LN is a bounded operator, we easily get the Duhamel formula,

r(t) = etLNr(0) +

∫ t

0

e(t−s)LN (L − LN )(ρ(s))ds. (19)

Next, since (etLN )t≥0 is a completely positive trace-preserving (CPTP) map, it contracts the trace norm.
Together with the triangle inequality, this concludes the proof.

The next lemma allows us to trade regularity for control of the tail of ρ.

Lemma 4. Let 0 ≤ s1 ≤ s2 and consider PN the spectral projector on [0, N ] of Id+a†a. The following
inequality holds

∥P⊥
N∥Hs2→Hs1 ≤ 1

N (s2−s1)/2
. (20)

Proof. Let us denote by Λ the positive self-adjoint operator Id+a†a with domain H2. Using the spectral
decomposition of Λ, we have for any s ≥ 0,

Λs = ΛsPN +ΛsP⊥
N (21)

≥ ΛsPN +NsP⊥
N (22)

A useful consequence is the following Markov-type operator inequality Λs ≥ NsP⊥
N , which allows us to obtain

Λs1/2P⊥
NΛ−s2/2 ≤ Λ(s2−s1)/2

N (s2−s1)/2
Λ(s1−s2)/2 =

Id

N (s2−s1)/2
, (23)

where we used that Λ commutes with its spectral projector PN . Identifying the left-hand side of Eq. (23) as
∥P⊥

N∥Hs2→Hs1 concludes the proof.
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To finish the proof of Theorem 2, we have to bound the two terms of the right-hand side of Eq. (16). The
first one is simple:

∥ρ0 − PNρ0PN∥1 = ∥P⊥
Nρ0PN + ρ0P

⊥
N∥1 (24)

≤ ∥P⊥
Nρ0∥1∥PN∥∞ + ∥ρ0P

⊥
N∥1 (25)

= 2|P⊥
Nρ0∥1. (26)

From Lemma 4, ∥P⊥
Nρ0∥1 ≤ 1

Nk/2 ∥ρ0∥Wk,1 , which is smaller than the right-hand side of Eq. (13). Hence, it
remains to bound the second term of the right-hand side of Eq. (16), which is the object of the next lemma.

Lemma 5. There exists Ck > 0 such that for all ρ ∈ Wk,1, ∥(L − LN )(ρ)∥1 ≤ Ck

N(k−d)/2 ∥ρ∥Wk,1

Proof. We establish the inequality for ρ ∈ Wf , a simple density argument then allows us to extend to Wk,1.
Let us start with the Hamiltonian part of the Lindbladian:

∥[H −HN ,ρ]∥1 ≤ 2∥(H −HN )ρ∥1 (27)

≤ 2(∥PNHP⊥
Nρ∥1 + ∥P⊥

NHρ∥1) (28)

≤ 2(∥HP⊥
Nρ∥1 + ∥P⊥

NHρ∥1). (29)

Then, using Lemma 4, we get

∥HP⊥
Nρ∥1 + ∥P⊥

NHρ∥1 ≤
(
∥H∥HdH→H∥P⊥

N∥Hk→HdH + ∥P⊥
N∥Hk−dH→H∥H∥Hk→Hk−dH

)
∥ρ∥Wk,1 (30)

≤ ∥H∥HdH→H + ∥H∥Hk→Hk−dH

N (k−dH)/2
∥ρ∥Wk,1 . (31)

Let us now address the dissipative part, for a jump operator L, we have

∥(D[L]−D[LN ])(ρ)∥1 ≤ ∥LρL† −LNρL†
N∥1 + 2∥(L†L−L†

NLN )ρ∥1 (32)

First term of the right-hand side of Eq. (32). We split again:

∥LρL† −LNρL†
N∥1 ≤ ∥(L−LN )ρL†∥1 + ∥LNρ(L† −L†

N )∥1 (33)

The first term is handled using L−LN = P⊥
NL+ PNLP⊥

N , namely:

∥(L−LN )ρL†∥1 ≤ ∥P⊥
NLρL†∥1 + ∥PNLP⊥

NρL†∥1 (34)

≤ 1

N (k−dj)/2

(
∥L∥Hdj→H + ∥L∥Hk→Hk−dj

)
∥ρ∥Wk,1∥L∥Hdj→H. (35)

Similarly, for the second term of Eq. (33), we have

∥LNρ(L† −L†
N )∥1 ≤ 1

N (k−dj)/2
∥LN∥Hdj→H∥ρ∥Wk,1

(
∥L∥Hdj→H + ∥L∥Hk−dj→Hdj

)
(36)

≤ 1

N (k−dj)/2
∥L∥Hdj→H∥ρ∥Wk,1

(
∥L∥Hdj→H + ∥L∥Hk−dj→Hdj

)
. (37)

Second term of the right-hand side of Eq. (32). We decompose the left factor as

(L†L− PNL†PNLPN )ρ = (P⊥
NL†L+ PNL†P⊥

NL+ PNL†PNLP⊥
N )ρ (38)

For the first term of the sum, we get

∥P⊥
NL†Lρ∥1 ≤ ∥P⊥

N∥Hk−2dj→H∥L†L∥Hk→Hk−2dj ∥ρ∥Wk,1 (39)

≤ 1

N (k−2dj)/2
∥L†L∥Hk→Hk−2dj ∥ρ∥Wk,1 , (40)

The remaining term of Eq. (38) are treated the same way. Hence, we have shown that

∥(L − LN )(ρ)∥1 ≤ Ck

N (k−max(dH ,2dj))/2
∥ρ∥Wk,1 (41)
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2.3 Examples

2.3.1 Example 1: Quantum Ornstein Uhlenbeck

Consider the quantum Ornstein–Uhlenbeck (qOU) generator:

L(ρ) = λ2D[a](ρ) + µ2D[a†](ρ), (42)

with λ, µ > 0. This generator is widely used to model the interaction of a quantum harmonic oscillator with a
thermal bath at non-zero temperature. Well-posedness and spectral properties are studied by mathematicians
in [CFL00; CS08], and a priori estimates are provided in [GMR24]. We have the following result:

Lemma 6 ([GMR24, Lemma 4.2]). For any k ∈ N, there exists an explicit constant µk such that for every
initial condition ρ0 ∈ Wk,1,

∥etLρ0∥Wk,1 ≤

{
max

(
∥ρ0∥Wk,1 , 2µk

k(λ2−µ2)

)
if λ > µ,

et
k
8 (4µ

2+k)∥ρ0∥Wk,1 if λ ≤ µ.
(43)

As a consequence, if ρ0 ∈ Wk,1 for some k > 2, Theorem 2 ensures the convergence at a rate 1/N (k−2)/2 of
the Galerkin approximation ρ(N) towards ρ in the trace norm, and the estimate grows linearly with time when
λ > µ and exponentially otherwise.

2.3.2 Example 2: Dissipative Cat-Qubit

A more complex example for the bosonic code community is the dissipative cat qubit [Mir+14]. After adiabatic
elimination of the fast-decaying mode, the Lindblad equation takes the form

L(ρ) = κ2D[a2 − α2](ρ). (44)

Well-posedness and proof of convergence of this equation towards the code space spanned by the two coherent
states |±α⟩ is shown in [ASR16]. A priori estimates on Wk,1 that are uniform in time are again provided
in [GMR24, Section 4.2]. Note that adding a quadratic Hamiltonian, a single photon loss term κ1D[a](ρ)
and/or a creation term κ′1D[a†](ρ) do not change the existence of the uniform-in-time a priori estimates. As
before, if ρ0 ∈ Wk,1 for some k > 4, Theorem 2 ensures the convergence at a rate 1/N (k−4)/2 of the Galerkin
approximation ρ(N) towards ρ in trace norm with an estimate that grows linearly with time.

3 Generalizations

3.1 Main Tools to Tackle the General Case

If we summarize the proof of Theorem 2, the key ingredient is the existence of an interesting self-adjoint operator
Λ ≥ Id. Equipped with this operator, we can define the Sobolev-like spaces as done in Eqs. (6) and (7) by
replacing a†a with Λ. More precisely, we need the following:

• The Galerkin approximation spaces HN under consideration are defined as the spectral projector of Λ
on [0, N ]. For practical purposes, Λ should have a compact resolvent so that these spaces are finite-
dimensional.

• There exist a priori estimates formally of the form

Tr
(
L(ρ)Λk

)
≤ wk Tr

(
ρΛk

)
(45)

for sufficiently many density operators ρ and k large enough, or even better for the uniform-in-time case

Tr
(
L(ρ)Λk

)
≤ ηk − µk Tr

(
ρΛk

)
. (46)

The goal is then to obtain estimates on the semigroup etL for our new Sobolev-like spacesWk,1. Obviously,
sufficiently many density operators ρ is a vague statement, and the technical details to make this rigorous
depend on the setting under consideration. Introducing L∗ the adjoint of L for the trace duality, Eq. (45)
can be rewritten as

L∗(Λk) ≤ wkΛ
k. (47)

To give a precise meaning to this unbounded quadratic form inequality that allows us to obtain a priori
estimates, we refer, for example, to [Che03] or [Fag99, Section 3.6].

• The operators H, Lj , and L†
j have to be controlled by Λ, in the sense that there exist dH , (dj) > 0 such

that these operators are bounded from Hk+dH to Hk for all k ≥ 0.
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3.2 Example 3: Dissipative Cat-Qubit with Buffer Cavity

A more complex example is the dissipative cat qubit with buffer cavity. This system corresponds to the physical
implementation of a physical cat qubit when the adiabatic elimination of the buffer has not been performed and
is an important example of quantum reservoir engineering. We consider two bosonic modes with annihilation
operators a and b. The Lindblad equation then reads

L(ρ) = −i[(a2 − α2)b† + (a†2 − α2)b,ρ] + κbD[b](ρ) (48)

In [RRS24], the authors prove well-posedness of the time evolution equation as well as the convergence of

any trajectory towards the invariant manifold. Using the reference operator Λ = (a
†a
2 + b†b), they provide

uniform-in-time a priori estimates in Wk,1 for any k ≥ 0. Note that obtaining a uniform-in-time approximation
in this case does not directly follow from a version of Eq. (46). Then, it is easy to check that the operator
H = (a2 − α2)b† + (a†2 − α2)b (resp., L =

√
κbb and its adjoint) is bounded from Hk+3 (resp., Hk+1) to Hk

for all k.
As a consequence, for every k > 3 and for every initial condition ρ0 ∈ Wk,1, i.e., Tr

(
ρ0(

a†a
2 + b†b)k

)
<∞,

the Galerkin approximation ρ(N)(t) defined with the truncated Hilbert space HN = span(|na, nb⟩ : na/2+nb ≤
N) converges towards ρ(t) in trace norm at a rate 1/N (k−3)/2 with an estimate that grows linearly with time.

4 Conclusion

Our main contribution is Theorem 2, which establishes that under suitable regularity assumptions on the initial
condition ρ0 ∈ Wk,1 with k > d = max(dH , 2dj), the Galerkin approximation ρ(N)(t) converges to the exact

solution ρ(t) in trace norm at an algebraic rate N−(k−d)/2. This rate depends directly on the regularity of the
initial condition. The flexibility of our framework is demonstrated through the generalization to multi-mode
systems, where the key ingredients remain the same: a suitable reference operator Λ, corresponding to a priori
estimates, and appropriate domain assumptions on the generators.

Several interesting questions emerge from our work that merit further investigation:

Exponential convergence rates. In the examples we studied, the a priori estimates hold for all regularity
levels k. This raises the question of whether exponential convergence in N might be achievable under additional
assumptions.

Regularization. An interesting question is related to the regularization properties of the Lindblad semigroup.
For example, given an initial condition without any prior regularity ρ0 and time t > 0, under what conditions
can we guarantee that ρ(t) ∈ Wk,1 for a given k > 0? For example, the authors believe that the Lindbladian
given by D[a] does not improve regularity, while D[a2] does.

Time discretization. Our analysis focuses solely on spatial discretization via Galerkin methods. A natu-
ral extension would combine our results with the time discretization analysis infinite dimension developed in
[RRS25] to provide complete error estimates for fully discrete schemes.
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A Notations

We collect here the notations and definitions used throughout the paper. Note also that we set ℏ = 1 and work
with dimensionless quantities.

• H is a complex separable Hilbert space. Scalar products are denoted using Dirac’s bra-ket notation,
namely |x⟩ is an element of H, whereas ⟨x| is the linear form canonically associated to the vector |x⟩.

• Operators on H are denoted with bold characters such as a, b,ρ, H, L.

• B(H) denotes the (von Neumann) algebra of bounded operators on H. Id or IdH denotes the identity
operator and ∥ · ∥∞ is the operator norm induced by the Hilbert norm on H.
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• For an operator A ∈ B(H), we say A is positive (semidefinite) if it is self-adjoint and for all u ∈ H,
⟨u|A |u⟩ > 0 (≥ 0), also written as A > 0 (A ≥ 0).

• If H,H′ are Hilbert spaces, we denote by B(H,H′) the Banach space of linear applications from H to H′

that are continuous for the operator norm. We denote the operator norm of B(H,H′) by ∥M∥H→H′ , and
as mentioned above, ∥M∥H→H is usually denoted ∥M∥∞.

• The Banach space of trace-class operators on H is denoted W0,1 and the trace norm of ρ ∈ W0,1 is ∥ρ∥1.

• For any Banach space K and T > 0, the Banach space of essentially bounded functions from [0, T ] to K
is denoted L∞(0, T ;K).

• The Hilbert space ℓ2(N,C) is often referred to as a single bosonic mode. We denote its canonical basis,
often called Fock basis, by (|n⟩)n∈N. The annihilation operator a and creation operator a† act as follows
on this basis:

a |n+ 1⟩ =
√
n+ 1 |n⟩ , a† |n⟩ =

√
n+ 1 |n+ 1⟩ . (49)

• For a single bosonic mode, Hk and Wk,1 are defined in Eqs. (6) and (7). Hf ⊂ ∩k∈NHk is the (finite)
span of (|k⟩)k∈N. It is a dense subset of all the Hk equipped with their norm. Similarly, Wf is the set of
operators with support on Hf .

• For a single bosonic mode, an operator A on H is a polynomial in creation and annihilation operators if
there exists a non-commutative polynomial P ∈ C[X,Y ] such that it can be written4 as P (a,a†). The
degree of the operator is then the smallest degree of such a polynomial P .

• Let P ∈ B(H) be an orthogonal projector; we denote by P⊥ the associated projector onto the orthogonal
complement of the range of P .
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