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Arbitrarily Fast Robust KKL Observer for
Nonlinear Time-varying Discrete Systems

Gia Quoc Bao Tran, Graduate Student Member, IEEE and Pauline Bernard

Abstract—This work presents the KKL observer design
for nonlinear time-varying discrete systems. We first give
sufficient conditions on the existence of a sequence of
functions (T )cn transforming the given system dynamics
into an exponentially stable filter of the output in some
other target coordinates, where an observer is directly
designed. Then, we prove that under uniform Lipschitz
backward distinguishability, the maps (T ). become uni-
formly Lipschitz injective after a certain time if the target
dynamics are pushed sufficiently fast. This leads to an
arbitrarily fast discrete observer after a certain time, which
exhibits similarities with the famous high-gain observer
for continuous-time systems. Input-to-state stability of the
estimation error with respect to uncertainties, input distur-
bances, and measurement noise is then shown. Next, under
the milder backward distinguishability, we show the injec-
tivity of the maps (Ty)xcn after a certain time for a generic
choice of the target filter dynamics. Examples including a
discretized permanent magnet synchronous motor (PMSM)
illustrate the proposed observer.

Index Terms—KKL observer, discrete systems, time-
varying systems.

[. INTRODUCTION

BSERVERS are algorithms developed for estimating the
O state of dynamical systems from their known outputs
and inputs. Among many existing routes [1], the Kazantzis-
Kravaris/Luenberger (KKL) observers [2]-[5] are of interest
in nonlinear observer design thanks to their beautiful theory
revolving around Coron’s Lemma [2], [6]. They consist in
transforming the system dynamics (of dimension n,) into
an exponentially stable filter of the output in some new
coordinates (referred to as the target coordinates, of dimension
n, > ny), where an observer readily exists, and inverting
this transformation to recover the estimate of the state in
the original coordinates. This design then translates into the
following three main questions:

o Under what conditions does such a transformation exist?

e Under what conditions is this transformation uniformly
injective?

« How to find an explicit and implementable expression of this
transformation, and more importantly, of its left inverse?
The injectivity property is indeed needed to find a left

inverse of the transformation and thus guarantee convergence

in the system coordinates. The two main questions about
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existence and injectivity have been answered in the literature
for several classes of systems. Initially, David Luenberger pro-
posed this method for linear time-invariant (LTI) continuous
systems in [7]—he showed that an invertible linear transfor-
mation into a stable filter of the output always exists as long as
the given system is observable and the eigenvalues of the filter
are picked different from those of the system. Several attempts
were then made to extend this theory to nonlinear continuous
systems. The existence of a nonlinear transformation was first
considered in [8]-[10] in the analytic context and around an
equilibrium point. Then, the localness was dropped following
another perspective in [11] where a global existence result was
proposed based on a strong observability assumption which
unfortunately did not provide an indication of the necessary
dimension of the filter. This problem was solved in [2] by
proving the existence of an injective transformation under
a mild backward distinguishability condition, for complex-
valued filters of dimension n, + 1, with almost any choice of
n, + 1 distinct complex eigenvalues and recently in [12] for
almost any real diagonalizable filter of dimension 21,41, both
applied to each output. Stronger uniform injectivity results
were also obtained under differential observability conditions,
in the case where the eigenvalues of the filter are pushed
sufficiently fast [3]. In parallel, this KKL paradigm was also
developed for non-autonomous continuous systems [4] and
for autonomous discrete systems [5], under similar backward
distinguishability and differential observability conditions. Ex-
isting KKL observer results for various system classes are
reviewed in Table I at the end of this paper.

Regarding the third question about a constructive design, an
explicit and exploitable expression of the transformation can
be found in particular contexts such as parameter identification
[13] or state/parameter estimation for electrical machines [14],
[15]. When an implementable expression for the transforma-
tion or its left inverse is not available, numerical approximation
methods based on neural networks are being developed as
n [16]-[19], but essentially for autonomous systems. The
computation of those maps in the time-varying setting still
remains a challenge. This aspect being a research direction in
its own right, here we leave it aside and focus instead on the
questions of existence and injectivity of the transformation in
the context of nonlinear time-varying discrete systems.

In this case, assuming the invertibility of the dynamics,
we show that there exists a sequence of transformations
transforming the dynamics into a discrete stable filter of
the output. Under an appropriate uniform Lipschitz backward



distinguishability property, this sequence of transformations is
shown to become uniformly Lipschitz injective after a certain
time when the target filter has an appropriate dimension and
is pushed sufficiently fast. Our observer combines two main
features. First, it provides an arbitrarily fast convergence
of the estimation error in the system coordinates, as soon
as allowed by the distinguishability condition. Second, this
KKL design allows us to filter the output and provides after
that time robust stability of the estimation error in the sense
of [20], with an explicit strict Input-to-State Stable (ISS)
Lyapunov function. Such a design may thus be seen as
a discrete counterpart of the celebrated high-gain observer
for continuous-time systems [21], which as far as we know
does not exist for discrete systems (apart from discretizations
of continuous high-gain observers [22]). Reviewing in more
detail the literature on discrete-time estimators, our uniform
Lipschitz backward distinguishability condition is the same as
in [23, Definitions 3 and 4]. It requires that for some m € N,
the map between a state and its m past outputs is uniformly
Lipschitz injective. Such a property is widely exploited in
the literature, including moving horizon state estimators [24]-
[26] (known for their robustness with respect to modeling
uncertainties and numerical errors [27]), or discrete (dead-
beat) estimators based on the left inversion of this observability
map, such as [28] with Newton algorithms, which provide
instantaneous estimation as soon as enough output information
is gathered, but no filtering effects against measurement noise.

Forgetting about the condition of uniformity (in time),
this distinguishability property was shown to be generic for
m = 2n, + 1 in [29] (and the references therein) when the
number of outputs is larger than the number of inputs. Note
that relaxing further the Lipschitzness and the uniformity in
m leads to a weaker distinguishability condition similar to
[30, Definition 3], which we show guarantees injectivity of
the KKL transformations, but not uniform injectivity, thus
preventing us from stating any convergence result.

In the linear context, the uniform Lipschitz backward distin-
guishability turns out to coincide with Kalman’s well-known
uniform complete observability. Under this assumption, [31],
[32] showed asymptotic stability “in the large” of the widely
used discrete Kalman filter, in the stochastic and deterministic
context respectively. A modification of this filter then led to the
Kalman-like observer in [33], which provides arbitrarily fast
exponential convergence with a (quadratic) strict Lyapunov
function, unlike in [31], [32], where the Lyapunov function
decreases over a certain finite number of steps. The KKL
design thus provides an alternative to those observers for linear
systems, with similar features as [33], but with the crucial
advantage of extending to nonlinear systems with guarantees
of (semi-)global asymptotic stability. On the contrary, the
extended Kalman filter/observer for nonlinear systems typi-
cally provides only local convergence, assuming the uniform
complete observability condition holds on the linearization of
the dynamics along the estimate [34]-[36]. Unfortunately, this
kind of assumption typically introduces a loop in the analysis,
since the estimation error must remain small to guarantee
observability along the estimate, which is in turn needed to
keep the error small. This loop is broken in [34], [37] but the

analysis remains inherently local. Note also that those papers
do not mention any explicit stability guarantees.

Other local designs have been proposed for general discrete
systems as in [38] or based on local linearization techniques
[39]-[41]. In terms of global designs, some LMI-based ap-
proaches have been developed for discrete normal forms with
Lipschitz nonlinearities as in [42]. But to the best of our
knowledge, there do not exist systematic global observer
designs for general discrete systems. To further highlight
our contribution, we are not aware of any other nonlinear
discrete observer that can be both arbitrarily fast and robust.
The KKL design we propose in this paper does not assume
any particular form for the system dynamics and provides
a systematic arbitrarily fast robust observer design under a
distinguishability condition on the system. Lastly, note that
although they both rely on transforming the given dynamics
into linear dynamics with output injection, the crucial differ-
ence between KKL designs and linearization techniques [39]-
[41] is that the former does not require a linear output map in
the new coordinates (we do not even need its expression), thus
leading to much more generic results as the class of systems
where the method is applicable is much wider.

This paper is organized as follows. The KKL observer
design problem is stated in Section II. Then, sufficient con-
ditions for the existence of a sequence of maps (T%)ren
transforming the dynamics into a filter of the output are
presented in Section III. Next, Section IV shows uniform
Lipschitz injectivity of (T} )ren under the uniform Lipschitz
backward distinguishability, giving us an arbitrarily fast ob-
server in discrete time. Section V then shows injectivity of
the maps (T} )ren under a weaker backward distinguishability
but without any convergence guarantee of the estimation error.
Last, Section VI gives examples including the case of linear
time-varying systems and a permanent magnet synchronous
motor (PMSM) illustrating the interest of using discrete KKL
design for discretized continuous systems.

Notations: Let R (resp. N) denote the set of real numbers
(resp. natural numbers, i.e., {0,1,2,...}). Denote R>¢ =
[0,4+00) while Ryg = (0,400) and N5o = N\ {0}. Let
R™>™ (resp. C™*™) be the set of real (resp. complex) (mxn)-
dimensional matrices. For a set E, let cl(E) be its closure and
E + 0 be the set of points that lie within the distance o € R
from a point in E. Let R(z) and (z) denote the real and
imaginary parts of the complex variable z. Given a vector norm
denoted | - |, we denote || - || as the induced matrix norm. For
a sequence (zx)ken of vectors in R™ indexed by the discrete
time k € N, z;, is the vector at time k, while z; ;, denotes its
i™ component at time k. A function p : R>g — R>q is class-
KC if p is continuous, p(0) = 0, and p is strictly increasing.
A function 8 : R>g X R>¢g — Ryxq is class-KCL if for all
r € Rx>g,B(-,r) is class-K and for all s € Rxq, 8(s,-) is
decreasing and lim,_, o, (s, 7) = 0. For two functions f and
g, f o g is their composition, namely for all x in the domain
of g, g(x) is in the domain of f and (f o g)(z) = f(g(x)).
The left inverse f* of the map f on the set X is one such that
f*(f(x)) = « for all x € X. Let A ® B be the Kronecker
product of matrices A and B. Last, for z € R™, B,.(z) denotes
the open ball of radius > 0 centered at x.




Il. PROBLEM STATEMENT

Consider the nonlinear time-varying discrete system

Try1 = fru(wr),  yr = ha(zp), (D

where fr : R — R" and h; : R? — R" are the
dynamics and output maps, x; € R"® is the state, and
yr € R™ is the output at discrete time k.

Remark 1: Any system of the form

Try1 = fe(or,ur),  ye = hi(zr, ur), (2

where the input u; € R™* is a known trajectory of time, can
be put into form (1) with the maps (f%, hx)ren depending on
a particular sequence of inputs (ug)ren. The results of this
paper thus depend on this sequence of inputs, but some can
be made uniform with respect to a family of (ux)ken, if the
corresponding assumptions also hold uniformly in the inputs.

Assumption 1: The solutions of (1) of interest, initialized in
a set X}, remain in a compact set X O A} in positive time.!

The KKL observer design consists in seeking a sequence of
nonlinear maps (T )ken, with Ty : R™* — R™=, transforming
the dynamics (1) into an LTI discrete filter of the output, i.e.,
such that z, = Ty (zy) verifies

Zp+1 = Az, + By, 3)

where A € R™*"= js Schur and B € R"=*"v such that
(A, B) is controllable. In other words, we look for (T)ken
satisfying for all k£ € N,

Tit1(Te1) = ATk (xk) + Bhi(zr), 4

along solutions to (1) remaining in X. A sufficient condition
for that is to have for all £ € N,

(Th41 0 fr)(x) = ATy (2) + Bhi(x),
Ve e X fr(x) e X, (5)

The observer in the z-coordinates is then made of a simple
filter of the output

Zp+1 = AZy + Byy, (6)

since the estimation error then verifies (2511 —2x+1) = A(zk—
%)), which is exponentially stable. The following Theorem 1
then shows that if the sequence (T%)xen to (5) is uniformly
injective after a certain time (as in (8) below), it admits a
sequence of left inverses (T )gen, with TjF : R™ — R"=,
such that the observer

& = Ty (), (7

initialized in Tp(X'), provides an asymptotic estimate I €
R™ of xp, with an asymptotic stability property of the
estimation error after a certain time (as in (9) below). The
goal of this paper is then to provide sufficient conditions to
guarantee the existence of such a sequence of maps (T} )ren-

Theorem 1: Assume there exists (Ty)ren satisfying (5)
with T continuous on X and (T} )ien is uniformly injective

Zp+1 = A2, + By,

This is much milder than requiring that X’ is forward invariant, which
means that all trajectories initialized in X, including the ones we are not
interested in, remain in X.

after a time, i.e., there exist a concave class-/C function p and
k* € N such that for all k¥ > k* and for all (z,,xp) € X X X,

2o — x| < p(|Tk(wa) — Ti(w)])- 3

Then, there exists (T}})reny and a class-KL function 8 such
that for any solution k& — x; of (1) with zy € Xy and any
solution k — 2, of (7) with 29 € To(X) and input y, =
hi(zy), we have for all k > k*,

lzi — 2| < B(|zo — ol k). ©))
Remark 2: In this paper, the concavity assumption of p is
not restrictive because we will achieve, in Theorem 3, uniform
Lipschitz injectivity of (T )ren characterized by a linear p. In
general, this assumption can also be dropped if there exists a
compact set £ C R™= such that for all k& > k*, Ti,(X) C Z.
Proof: From the uniform injectivity of (T%)ken in (8),
there exists a sequence of left inverse maps (7} Dgen
Ty (X) — R™ such that for all k > k*,
e Forall z € X, T, (Tx(z)) = =
o For all (24, 2) € Ti(X) x Ti(X), [T (2a) — Ty H(zp)] <
(|70 = 2))-
Applying [43] component-wise, we can extend (7}, ')y into
a sequence of left inverse maps (1} )gen : R"* — R"* such
that there exists ¢; € R~ such that for all & > k*,
o Forall z € X, T} (Tk(x)) = x;
o Forall (z,,2) € R xR"=, |17 (24) — T3 (2)] < c1p(]20—
Zb‘)
It follows that for all £ > k*,

|2k — 2x| = [Ty (T (z)) — Ty (Z6)| < cop(| Tk (1) — 2])
< Clp(CQC’§|To(CU0) — Zol),

for some ¢y € R-q and ¢35 € (0, 1) thanks to the exponential
stability in the z-coordinates given by (zgx41 — Zk+1) =
A(zr, — 2x). Pick 9 € X such that 25 = Tp(Zo). Because
Ty is continuous on the compact set &, it is also uniformly
continuous on X', meaning that there exists a class-/C function
po such that for any g € Xy and &g € X, |To(xo) — 20| =
|To(x0) — To(Zo)| < po(|zo — Zo|). Finally, for all k > k*,

|z — 25| < ClP(C2C§p0(|$0 — Zol)),

which is a class-)CL function in |zg — &o| and k. [ |
The uniform injectivity of (T )xen as in (8) is thus sufficient
to guarantee asymptotic stability of the estimation error. The
following academic example shows that it is not necessary,
but the injectivity of each map 7T} alone, without uniformity
in k, can sometimes be insufficient to ensure convergence.
Example 1: Consider the first-order time-varying system

T4l = Tk, Yk = NiTh, (10)

where hj;, € R. We see that the output enables us to reconstruct
the constant state xj as soon as hy # 0 for some k. Let us
try to build a KKL observer. Thanks to the dynamics being
linear, we look for a transformation of the form T (x) = myx,
where (myg)ren is a sequence of scalars to be found so that
(5) holds. Picking A € (0, 1), this is achieved if for all k¥ € N,

Mir1 = Amyg + by,



of which the solution is mj = \mgy + Zf;é Ne=i=1h, for
some initial mg. As long as mg # 0, the my, are always non-
zero for k > 0 so that each T} is injective. However, if hy
vanishes asymptotically, m;, decays to zero as k increases, and
the sequence (7% )ken is not uniformly injective. We get

. 1 . AE .
|k — 3x| = — |2k — 2k| = —|20 — 20
mg mg
)\k
- hoto — hool
k— . | 040 0-L0
Armg 4+ Y2520 ME=i =1k,
ho .
= |I0 7I0|.

k—1 hj
mo + Zj:o T

Consider a first case where for some k* € N<,
Lo Lk
hy = {(1) ifk<k

if k> k*,
then, |z — &1| does not converge to zero. The reason is that
even though each map T} is injective at each k, (Tk)ren
becomes less and less injective over time. Consider another
case where h;, = hoe® for some constants hg # 0 and
e € (0,1), so the system is instantaneously observable at each
k, but “less and less” over time. We have

ho
mo + 5 33075 (%)
ho

= - To — io|
h ek | ’
mo+ 25 ((5)" — 1)
so that if we choose A\ < ¢, the error converges to zero
asymptotically. Furthermore, if we initialize (my)ren as mo =
E}f’)\ > 0 (note that (hg)ren is known), we even get exponen-
tial stability of the error as

(1)

|z, — x| = 7|0 — Zol

A\
|xp — &k = (e = A) (6) |zo — Zo.

This estimation can also be made arbitrarily fast by keep-
ing pushing A smaller. Therefore, the uniform injectivity of
(Tk)ken is a sufficient condition according to Theorem 1, but
it is not necessary. Convergence, stability, as well as other
properties, could still happen without uniformity in &, but it
is not guaranteed. (]
In this work, we provide sufficient conditions to guarantee:
« Existence of (T})xen satisfying (5) in Section III;
« Uniform Lipschitz injectivity of (T )xen after a certain time
in Section IV;
« Injectivity of each T}, after a certain time in Section V.
Actually, in Section IV, we achieve a stronger asymptotic
property than (9): we show the exponential stability of the
estimation error in the x-coordinates, namely, there exist ¢; €
R<g, c2 € (0,1), and k* € N such that for all k > k*,

12)

leg — Tx| < clc§|x0 — o]

Such a property is achieved by strengthening the uniform
injectivity of (T )gen in (8) into uniform Lipschitz injectivity
and the continuity of T into Lipschitz continuity (with p and
po linear). This stronger result enables us to obtain a discrete
observer with arbitrarily fast robust convergence as soon as

allowed by the distinguishability property. More precisely, for
any desired convergence rate ¢ € (0, 1), there exists a choice
of (A4, B) such that (12) is satisfied with co < ¢3. Also, such a
design allows for robustness against disturbances/uncertainties
and filtering of measurement noise.

I1l. EXISTENCE OF (T%)ken

This part studies the sufficient conditions for the existence
of (Ty)ren satisfying (5). It is established under the following
assumption.

Assumption 2: For all k € N, fj is invertible and its inverse
function f, ' is defined on R™=.

Remark 3: While invertibility is for now required globally,
since the solutions of interest are known to remain in X, it may
be possible to modify the maps (fx)ren (and so (fy ')ren)
outside of the set X, while still keeping the observability
property mentioned below (see Section IV-D).

Such an assumption is common in observer designs for
discrete systems, both nonlinear [5], [28], [40] and linear [31]-
[34], [44], and concerns a wide class of systems. For instance,
discrete dynamics that are discretizations of continuous dy-
namics take the form xgy; = xp + At P (g, tr), which is
close to identity for sufficiently small sampling times Aty, and
therefore invertible. The physical meaning of this assumption
is that a given current state has only one possible past. Such
invertibility of the dynamics allows us to go back and forth in
discrete time and access states at different times, according to

Lhtn = (fk+n—1 o fk+n—2 0...0 fk)(xk)a
Th—n = (f;;_ln o f;;j(n,l) ©...0 fl;—ll)(xk)v

for k,n € N. Note that the ability to cope with the non-
invertibility of the dynamics has been studied in the linear
context [45]. Under this invertibility assumption, Theorem 2
gives existence results for the function sequence (T} )gen.

Theorem 2: Under Assumption 2, given any 7p : R"* —
R™=, the sequence (T)gen such that each Ty : R — R™=
is given by

Ti(x) = A¥(Too folo fit o o fill)(@)
k—1
+ ZAkfj*lB(hj o f;l o j—+11 0...0 f,;_ll)(m), (13)
=0
verifies (5). Conversely, verifying (5) for all £k € N implies
(13) for all k € N and for all z € X such that (f,!;_, o
f,;_lpo“‘otf,;_ll)(x) eXforal 0 <p<k-1
Proof: To start, notice that under Assumption 2, (5) is
verified for all k£ € N if and only if for all £ € Ny,

Ti(z) = A(Tp—1 0 fr 1)) (2) + B(hi—1 0 f 1)) (),
Vre X fil(z)eX. (14)

Notice that for all £k € Ny, T} defined in (13) satisfies (14)
analytically. We next show by induction that having (14) for
all k£ € N5 implies verifying (13) for all £ € N+ and for all
x € X such that (fk‘_—ll—p o fk__lp o...ofi')(z) € X for all
0 < p < k—1. This is trivial for k = 1. Then, assume having
(14) up to rank k£ € N5 implies verifying (13) at rank k for



all 2 € X such that (f; !, _ o fi ! o...ofi’}))(x) € X forall
0 < p < k—1. We next show it at rank £+ 1. Let x € X such
that (f,;_lp0f,;_1p+10. ~ofy ) (@) € X forall 0 < p < k. Then,

fit(w) € Xand (fiy 0 fil, 00 [T (f (@) € X
for all 0 < p < k — 1. Having (14) up to rank k£ + 1 thus
implies (13) at rank k applied to f, '(z) and thus

Tis(2) = AT o f;)(@) + Blhw o f;)(@) =
A(Ak(TO o fo_1 ofl_1 o... oflc:ll)(fk_l(x))

k1
+ ZAk_j_lB(hj ofjtofifio.. 0 fk_ll)(fk_l(m)))

§=0
+B(hyo fi )(x) =

AA’“(TOOf(;1 Offlo...OfIJEIOfl;l)(x)
k—1

(AT A B0y o £ e S oo £ )
§=0

+ B(hy o f,;l)(x)) =

Ak+1(To o fo_l o fl_1 0...0 fk__l1 ofk_l)(x)
k+1-1 ‘

+ 3 AR (o f o il oo fil o £ (@),
=0

which is (13) at rank k£ + 1 at the point x. [ |

Example 2: Consider the class of (1) with linear dynamics
and polynomial output (as in [5, Section III] but here with
time-varying matrices)

yr = HyPa(xr), (15)

where (Fk)keN € R"™ X"z and (Hk)keN € R™Xn"d are
sequences of matrices and P; : R"* — R"¢ is a vector of
ng monomials with degrees less than or equal to d. We then
look for (T})ken of the form

Tk (l‘) = Mkpd(l‘).

Try1 = Frag,

Since P;(Fy(x)) contains polynomials of x of order less than
or equal to d, there exists (Dy)ren € R™4*™ such that

Pd(Fk.%‘) = Dde(J?)

Therefore, we have Tyi1(zk4+1) = Mip1Pi(zrt1) =

Mk+1pd(Fk£Ek) = Mk;Jr]Dde(fL'k) and (5) holds if
My, 41Dy, = AM,; + BHjy. (16)

If (Dy)ren is invertible for all k£ € N, it can be proven by
mathematical induction that (16) admits the unique solution

k-1 k—1 k-1
My, =AM, [[ D'+ A ~'BH; [[ D,
7=0 7=0 9=j

for all k € N+, initialized as My. So (Tk)ren is of the form

k—1 k—1 k—1
Ti(z) = (AkMo [[o;'+> A 'BH; [] Dql)Pd(x).
Jj=0 Jj=0 q=j

a7)
The particular case where the system is fully linear, namely
with Py(-) identity, is detailed below in Section VI-A. (]

Now that the existence of (T )xrecn has been shown, we next
provide sufficient conditions guaranteeing its injectivity.

[V. AN ARBITRARILY FAST ROBUST DISCRETE
OBSERVER FROM UNIFORM LIPSCHITZ BACKWARD
DISTINGUISHABILITY

This part shows that the uniform Lipschitz injectivity of
(Tx)ken is obtained after a certain time under uniform Lip-
schitz backward distinguishability if the target dynamics are
pushed sufficiently fast. This leads to an arbitrarily fast robust
discrete observer as soon as allowed by distinguishability.

A. Uniform Lipschitz Injectivity of (Tx)ken from Uniform
Lipschitz Backward Distinguishability

In this part, A is chosen of the form 'yfl with A Schur,
and v € (0, 1] sufficiently small to ensure uniformly Lipschitz
injectivity of (T} )ren after a certain time. This is done under
the following distinguishability condition.

Definition 1: The system (1) is uniformly Lipschitz back-
ward distinguishable on a set X if for each output y;, ¢ €
{1,2,...,n,}, there exists m; € Ns¢ such that for all k& >
m := max; m;, the sequence of backward distinguishability
maps (O%”),en defined as

O} (x) = (O (2), O34 (2), ..., OpY (@),

Ny,

where OV (z) € R™: is defined as

(hig—10 fi’))(z)
(hig—20 fi'yo fil))(®)

(hi = (mi—1) olfl;_l(mi—ll) ©..-0 f1;11)<331)
(hiskm, © Fi o, © Jy ey © -0 i) (@)

is uniformly Lipschitz injective on X, i.e., there exists ¢, €
R<¢ such that for all k£ > m and for all (x,,2) € X X X,

O (14) — O (23)] > colza — 2. (18)
Intuitively, the concatenation of a sufficient number m; of
the past outputs determines uniquely and uniformly the current
state (and equivalently the trajectory as well). Equivalent
kinds of uniform observability are assumed in [3, Theorem
4.1] and [4, Theorem 2] for autonomous and time-varying
continuous-time systems respectively, leading to similar results
with arbitrarily fast convergence of the estimation error.
Remark 4: While the condition in Definition 1 is what is
required later for the proof, in practice it is not always easy to
obtain the closed forms of the inverse maps of f in (O,l;w)keN.
Actually, this condition is satisfied with m; = m for all ¢ €
{1,2,...,n,} if both of the following conditions are satisfied.

o There exists m € N such that there exists ¢, € Rs such
that for all £ € N and for all (z,,z) € X x X,

01 (24) — O (23)] > cor|a — T3],

where the sequence of forward distinguishability maps
(O] )en is defined as

of" (@) = (0f}(x), O3 (2),..., 0L (x)),



where Of}f(x) € R™ is defined as

Of} (z) =
hi i (x)
(hi k41 0 fi)(2)

(M k- (m—2) © Jrt(m—3) © - -0 fr)(x)
(P k- (m—1) © St (m—2) © it (m—3)© - - -

° fi)(x)

« The sequence of inverses (f ')xen is uniformly Lipschitz
injective, i.e., there exists ¢; € R~ ¢ such that for all k € N
and for all (z4,2p) € R™ x R™=,

|f];1(xa) -

Indeed, from the two conditions above, we have for all k € N
and for all (x4, 2p) € X X X,

|0k (za) — O} (23)]

fi (@) = eplra — ).

=10 ((fil o fil oy 0 -+ 0 fil))(@a))
= O (il o i nyy 0+ 0 fil ) (@)
> o |(film 0 ity © -+ 0 fi)(a)
— (il o fil oy 00 Sy (@)]

> CoCf|Ta — x| := colTa — T8,

by letting ¢, = coCf'. Checklng uniform Lipschitz backward

distinguishability using ((’) “)ken is much more convenient
than (O%")en since the forward maps (fx)ken are available.
For our uniform Lipschitz injectivity result, we make the
following assumptions.
Assumption 3: We assume that:

(A3.1) The sequences (fk_l)keN and (hg)ren are uniformly
Lipschitz, i.e., there exist positive scalars cy, ¢, such
that for all £ € N and for all (z,,xz;) € R™ x R"=,

fie(@a) = fi ()] < eplza — a,
|he(2a) —

(A3.2) The system (1) is uniformly Lipschitz backward
distinguishable on X for some m; € Nsyg, ¢ €
{1,2,...,ny}.

Remark 5: Assumption (A3.1) requires global uniform Lip-
schitzness of the sequences (f; ')ren and (hy)ren. Its re-
laxation into uniform Lipschitzness over a compact set is
analyzed in Section I'V-D. Note that for a linear time-varying
system, Assumption (A3.1) is reduced to uniform boundedness
of the dynamics and output matrices (see Section VI-A).

The following theorem then shows uniform Lipschitz injec-
tivity of (T )ren after a certain time.

Theorem 3: Suppose Assumptions 1, 2, and 3 hold. Define
n, = Z?yl m;. Consider a globally Lipschitz> map Tp :
R™ — R", and for each i € {1,2,...,n,}, a controllable
pair (/L,Bl) € Rmixmi » R™: with A; Schur. Then, there

hi(zp)] < cpleg — a3

2This is only a constraint on how to initialize (T%)xecn, Which should not
impact estimation since this will be forgotten. Actually, T does not have to
be injective and can even be picked equal to O.

exists v* € Ry such that for any 0 < v < ~*, there exists
k* € N such that the sequence (T})gen defined in (13) with

A=~A= 'ydlag(Al,Ag,...,A ,) €
B= dlag(Bl,Bg,...,Bny)

Ny Xn
Rz z’

(19a)
(19b)

Nz XN
€ R %"y,

and initialized as T}, is uniformly Lipschitz injective on X" for
all £ > k*, where v* and k* > m are defined in the proof.
More precisely, there exists ¢ € R (independent of +) such
that for all k£ > k* and for all (z,,25) € X x X, we have

‘Tk(xa)

where m := max; m;.

Proof: First, pick v € (0,1] small enough to ensure that
~||A]| < 1. Consider a solution (T})ren of (5) for (A, B)
given in (19). Then,

Tk(x) = (TL]@(LL')7T2’]€(:L‘)7 e 7Ti’k(.’b), ey T»,Ly’k({,C))7

where for each i € {1,2,...,n,}, (Tjx)ren is solution to
(5) with (A, B) replaced by (vA;, B;). Therefore, Theorem
2 applies to each (T;y)ken. It follows that for each i €

— Ti(xp)| > C’ym_l\xa — ), (20)

{1,2,...,ny}, for all k£ > m;, and for all (z,,x) € X X X,
T; k(zq) — T; 1 (xp) can be written as the sum of three parts
Tk (wa) — Tin(w) = (Zik(wa) — Lig(2))
+ (Tik(za) = Tig(ap)) + (Rip(wa) — Rik(ap)),
where
i k(za) — L k()
— (A (To Syt o fi o0 ) (e)
o fitofit oo S ).
Rik(®a) — Rix(xp)
k—mi—l N ) _
= > (VAi)k_J_lBi<(hi,j ofitofifion o fi)(xa)
j=0
_ (hlJ o fj_l le) j_—‘,-ll O0...0 fk__ll)(xb)>7
T k(xa) — T k(«%'b)
k—
Z (A1 B, ((hmofj—lo oo i) ()

YN

1 p-1
_(hi’jof' ©Jjt+1°

= Di(7)Ci(O7%(xa) — OFR (av)),
where Dj(y) = diag(l,7,7%...,9™ ") and C; =
(B, A;B; A?B A" B;) is the controllability ma-

trix of the pair (A“ B;). Now, we will establish bounds on
each of the three parts. As (Tj)gen is initialized globally
Lipschitz, there exists ¢r € R>¢ such that for all (z4,2) €
R x R, |To(xq) — To(zp)| < erlxq — xp|. Exploiting
Assumption (A3.1), we thus have for all ¢ € {1,2,...,n,},
for all kK > m;, and for all (z,,zp) € X X X,

\Zi i (@a) — Tie(2o)| < cr(Yl|Ailles)*|za — al.



Then, for y such that y max; || A;||c; < 1, exploiting Assump-
tion (A3.1), we have forall ¢ € {1,2,...,n,}, forall k > m;,
and for all (z4,2p) € X x &,

[Rik(za) — Rik(xp)]

k—m,;—l

Y (AN Billency ™ |z — @

Jj=0

= || Billenc

IN

f(vllfli\lff)mi

L=l Aillcy
(VI Ai]lep)™
1— | Ailles

(L= (Wl Aillep)™ =™ wa — a3l

< |IBillencs

|a_ ‘

Since the pairs (A;, B;) € R™*™ x R™ are controllable,
there exists c. € Rsq such that [|C;] < X for all i €
{1,2,...,ny}. Next, we deduce that for all ¢ € {‘1, 2,...,ny},
for all k > m;, and for all (z,,zp) € X x X,

| Ten(@a) = Tig(ap)] = 4™ ee O (xa) — OF (w3)].

Therefore, for all ¢ € {1,2,...,ny}, for all & > m;, and for
all (xq,2p) € X X X,
\Ti i (za) — Tii(20)| = | (Zii(2a) — Zig(zn)) + (Tin(za)
— Tir(@s)) + (Rip(wa) — Rik(xp))]
>\ Tik(za) — Tik(zp)] — Rik(xa)
—Rix(xp)| — |Lin(wa) — ik (2p)|
> "/mi_100|03% (Ta) — O%c)(xb)‘
(VI Asleg )™
Tl Aifes
— er(V[|Ailles)* |z — a3

> it <cc|off,z<xa> O (wy)|

A Aille)™
1=l Aille;

ey (| Adleg) Lo m).

— || Billency |Ta — s

~|1Billency

|0 — ]

Now, since v € (0,1] and thanks to Assumption (A3.2), if
we concatenate the outputs, there exists a constant cy € R< g
(depending on the chosen norms only) such that for all £k > m
and for all (x4, ) € X X X, we have

Tk (za) — Th(zs)| =

ymase (| Aille)™)
1 — ymax; || 4;||cy

eny™ (ccco — max ||Bi||chcf
- er* T L) ) o — .

If we select v € (0,1] such that

1 1
0<’y<'}/* _min{~,~,
[A]l" max; [|Aiflcs

CeCo
max; || ;| ¢pecco +max; || Byl|enes max (|| Ail|es)™) },

then with ~ fixed, for all £ > k* where k* = m if ¢ = 0

and
b — max d 77 (m—l)ln'y+ln5—lncT+1
"I Iny + In(max; || Ail|ey) ’

v max ([ Ailles)™)
T max Ao, 07 >0

there exists a constant ¢ € Rs( (independent of v and k,
because it is picked according to v* and k*) such that for all
(za,xp) € X X X, we have (20). [ |
Remark 6: This is a high-gain result in discrete time since
we have to push the (discrete) dynamics sufficiently fast,
namely take ~ sufficiently small, to guarantee uniform Lip-
schitz injectivity of (T})ren. However, as v is picked closer
to zero, the coefficient C’F% quantifying the injectivity of
(Tx)ken in (20) increases, making (7% )ren “less (but still)
uniformly Lipschitz injective”. We also observe that:

where ¢ = c.c, —max; HBiHchcf

o If ¢, is close to zero, i.e., the system (1) is “less uniformly
Lipschitz backward distinguishable”, the upper bound

CcCo

max; || Asl|eyceco + max; || Bsl|ency max;((||A;lcy)™)

on 7 is reduced, which means we have to pick vy closer to
zero to guarantee uniform Lipschitz injectivity of (Tk)ren;
o As 7y is picked closer to zero, the quantity

(mMm—1)Iny+In¢—1Iner

In 7y + In(max; || A; | cy)

approaches 7, so k* = T, which means (Tj)ren be-
comes uniformly Lipschitz injective right after we have
uniform Lipschitz backward distinguishability, namely in
m steps. Also, the discontinuity of k£* in cp reflects the
time dependence of the injectivity of (7% )ren. Indeed, if
¢ = 0, then the uniform Lipschitz injectivity of (T%)ren
is achieved as soon as we get uniform Lipschitz backward
distinguishability, so it is independent of time. For c¢p >
0, we will have to wait for some time until the terms
(Zx)ken become dominated. Therefore, this injectivity is
time-dependent.

Example 3: Consider the system in Example 1. We have

hp—1z hi—1
OZw(ﬂi) _ hkfg.’b _ h'k—Q = szx’
hkfm-'lj hkrfm

which is not uniformly Lipschitz injective since
|08 (wa) = O (x0)| = [ HE" [[[wa — 23]

and || H%*|| cannot be lower bounded by any positive constant
uniformly in k£ for any m. Therefore, this example does not
fall into the context of Theorem 3. ]

B. Arbitrarily Fast Observer Design

According to the proof of Theorem 1, once (7})ren has
become uniformly Lipschitz injective on X following Theorem



3, there exists a sequence of left inverse maps (T} )ken :
R™= — R™ and ¢’ € R+q such that

Ti(Ti(z)) =2, VEk>k",
/

C
k(zb)| = oy

Vo € X, (21a)

|T]:(Za) m71|2a _Zb‘7

Yk >k, V(za,2) € R™ x R™.

21b)

Exploiting Lipschitzness, the result of Theorem 1 can thus
be strengthened as follows, obtaining exponential asymptotic
stability of the estimation error in the x-coordinates, and an
arbitrarily fast discrete observer.

Corollary 1: Under the assumptions of Theorem 3, con-
sider A and B of the form (19) with v < v*, (Tk)ren, and
k* provided by Theorem 3. Then, there exist (T} )ren and
¢ € R-( such that for any solution k£ — x; of (1) with
xo € Xp and any solution k + 25, of (7) with® 2y € Ty(X)
and input y, = hg(xy), we have

Sl AN
%‘xo - .fio|, Vk Z k’*. (22)
Corollary 1 shows that the observer (7) can be made
arbitrarily fast after (T} )xen has become uniformly Lipschitz
injective, by picking vy closer to zero. Indeed, compared with
(12), the error in the z-coordinates is exponentially stable with
¢1 = st and ¢; = || A]| < 1 (according to the proof of
Theorem 3). For any desired convergence rate ¢ € (0,1),
, we achieve ¢y < c5. Note

|), — 21| <

by picking v < mm{HAH,y

that this typically increases ci, because if ca < c5 then
1 > = EH;'QL_T. We seem to recover a discrete-time
version of the well-known peaking behavior in continuous-
time high-gain designs [21]. Note though that since £* > m,

(22) can actually be re-written as

e — 21| <Ey(YIIAINT o — Fol, VR >k,

indicating that the peaking is over after £*. This observer is

illustrated in Section VI.

Remark 7: Whlle we assume in Assumption (A3.1) that
the maps ( f,; Jien and (hg)gen are uniformly Lipschitz,
namely the Lipschitz constants ¢y and c; are the same for all
k, we can instead consider sequences of Lipschitz constants
(¢fr)ken and (cpi)ren providing that there are positive
scalars ¢¢ and ¢ such that for all £ € N, ¢, < €7 and
ch,k < Cp. Assumption (A3.1) then holds with ¢y = ¢; and
cn = ¢p. These upper bounds prevent an asymptotic loss
of Lipschitzness (when (cf)ren and (cpi)ren diverge to
infinity). Similarly, in Assumption (A3.2), we can consider
a sequence (¢, i)ren lower bounded by ¢, > 0 (to prevent
an asymptotic loss of observability). Indeed, this allows us to
update dynamically v € (0, 1] at each iteration k, as follows

1

0 < < pyg= umin{—~, _
[All" max; || Aillesk

CcCo,k }
max; HAiHcf,kCCco,k + max; HBiHCh,kcﬂk maXZ((”AZHCf’k)ml) ’

for some constant ;1 € (0,1). The role of u is to prevent
(k) ken from converging asymptotically to (v%)ken, which

31t is intuitive to initialize 2o in the image of the known set X. If T} is
globally Lipschitz as in Theorem 3, then Zo can be anywhere in R"=.

cannot converge to zero thanks to the upper bounds ¢; and
¢p,. Indeed, this could prevent convergence/injectivity. The
interest of allowing  to vary is that, at some time when
we have a lot of observability (large c, ;) or Lipschitzness
(small ¢y, or cp 1), we can afford to let 7, increase while still
keeping convergence, thus decreasing the noise amplification
(see next Section IV-C) caused by a too fast observer (see
Section VI-B for illustrations). Finally, we can pick a time-
varying target filter in the z-coordinates, provided that the
properties are uniform with respect to this variation. For
instance, it was observed on a continuous-time motor [46],
without any rigorous proof, that performance can be improved
if the eigenvalues of the filter are adapted to the motor speed.

Remark 8: If Ty is taken constant (or even identically zero)
meaning that ¢y = 0, then for any initial condition zy € X
of the system and 2, of the observer, we have Zy = To(xg).
This leads to 2, = Ty (xy) for all k € N and so &y = xj, for
all k£ > k*. Therefore, we have finite-time convergence.

C. Robust and Input-to-state Stability of the Error

In this part, we now study the robust stability (in the sense
of [20]) and ISS properties [47] of the observer given by
Corollary 1. Suppose the system has dynamics (1) with some
disturbance/uncertainty vy and a measurement with noise wy:

Tr1 = fr(Tr) + vk, yp = he(ze) +wr. (23)
Then, if the pair (fx)ken, (hi)ren verifies the conditions of
Theorem 3, we know that there exists a sequence of left
inverses (T} )zen for k& > k* that verifies (21). However,
in practice, following for instance [16], such maps are only
approximately known. Theorem 4 then shows the robustness
of the estimation error in the x-coordinates with respect to all
those uncertainties (since || A|| < 1).

Theorem 4: Under the assumptions of Theorem 3, consider
A and B of the form (19) with v < ~*, (Tk)gen, and k*
provided by Theorem 3, and (T}})xen provided by Corollary 1.
Consider an approximation (T} )en of (T} )ren and § € Rsg
such that

T3 (2) Vz € R"=.
Then, there exist positive scalars ¢, ¢,, and ¢,, (independent of
) such that for any solution to the system (23) with 2y € &)
and any solution to

—Tr(2)] <0, (24)

Zgy1 = VA%, + By, 21 = Ty (%), (25)

initialized as 2p = Tp(&o) € To(X), we have for all k > k*,

c(IIAID*

,ym T oam—1

|zp — &x] <

lzg — Zo|

7||A|| VeI Euluj| + Culwy]) + 6.

(26)

Proof. Flrst we prove that (T} )ren provided by Theorem
3 is uniformly Lipschitz. Indeed, from Assumption (A3.1), we



have for all & € N and for all (z,,x;) € R" x R™=,
Te(2a) — Th ()|
< er(ymax || Al ef)*|aa —
k—1
3y ma A~ mae | Bylenk o —
=0
< CT|CCa - $b|

1 — (ymax; || Aj]jcy)" !

—|—mzax||Bi||chcf |Tq — 3]

1 — ymax; | Ailes

<

max; ||Bi||chcf
¢ - |xq — xp|
1 — ymax; || A4s|lcy

= cpl|Te — Tp),

since y max; || A;||c; < 1 according to the proof of Theorem 3.
We now prove the robust stability and ISS properties. Consider
a solution to the system (23) with zy € Ay and a solution to
(25) with zy € To(X). Denoting z, = Ty (xy), we write the
dynamics in the z-coordinates as

= Thp1 (fr(zr) + vi)
= Ti1(fr(zr)) + Thg1 (fr(zr) + vr) = Thogr (fr ()
= ATy (x1) + Bhi(xr) + Togr (fr (k) + vr)

Zk+1

— T (fr(zn))

= YATy(zi) + B(yr — wi) + Thr1 (fr(zn) + vi)
— T (fr(zn))

= vAz, + By + T (fr(@r) + vi) — Tigr (fr ()
— Bwy.

Because (T )ren is uniformly Lipschitz, for all k£ € N,

| Thot1 (fr(@) + vi) = Thgr (fr(@))| < cpfvkl.
According to (25), we get for all k£ € Ny,

2k — 21 = (YA)F (20 — 20)
k—1

Y (VAT TN (f(w5)+05) —

j=0
Therefore, we have for all £ > k*,
T3 (2) — T5 (2)]
|TE(z) = T )|+ 6

/

Tj+1(fj(x)))—Bwy).

|z — Tk| =

IN

IN

c,yﬁiflkjk — 2k| +4
([ AlD*

C’me 1

k—1
12 IADS N Ty (f () + v;)

Jj=
- j+1(fj(xj))_Bwj|+5
A /
< SO 1) — o) +
k—1

x> OIAN " ewlv;| + 1Bl [wj]) + .

=0

|20 — 2o

IN

Since ~||A|| < 1 (according to the proof of Theorem 3), this
concludes the proof. [ ]

Remark 9: Theorem 4 shows that the estimation error in
the z-coordinates is robustly stable with respect to the dis-
turbance/uncertainty vy, as well as the noise wy and it is ISS
with respect to the approximation error §. The former property,
defined in [20], is stronger than the ISS one defined in [47].

Note that it is the exponential stability (rather than asymp-
totic stability) of the estimation error that provides the ISS
with respect to disturbances and measurement noise. We also
see from (26) that accelerating the convergence by pushing
v closer to zero will worsen the effect of the disturbances
and noise, but not that of the approximation of the inverse
transformation.

D. Saturating the Inverse Maps to Relax Assumption 3

In Assumption (A3.1), we require that the map sequences
(fk_l)keN and (hy)ken are globally uniformly Lipschitz,
which is due to the fact that we do not have backward
invariance of the sequence on X. Here, we would like to study
how to relax that into a local requirement on a certain bounded
set, without losing Assumption (A3.2).

Let us assume that, given the m; of Assumption (A3.2),
there exists a large enough positive scalar o4 such that for all
x € X and for all k¥ > m := max; m;, all the pre-images
Fiti@), (fidy o fiZ)(@)s up to (filmo film pyo---0
fi))(z) are in X + o4. This means that we can change
(fr 1)k€N as we want outside of X + o4 without altering
Assumption (A3.2) (and without altering the system dynamics
on the set X where the solutions of interest evolve).

Now, for any o. > g4, let us consider a saturating function
X : R™ — R defined as

1 freX+oy
glz) ifrxe (X +o.)\(X+0q)
0 ifrdX+o.,

x(x) = 27)

where g is any locally Lipschitz function such that x is locally

Lipschitz. We then define (f]i)keN : R — R"= as
@) =x@) f7 (@) + (1= x(@)) (28)
The set
I=(X+o,)U ( U f,i(/'\,’—i—ac)) CR"™

keN

111ustrated in Figure 1 is backward invariant with respect to
(fk)keN Indeed, pick any z € Z and any k € N. Then,
either z € X 4 0. and thus fk( x) € I,or z ¢ X + o,
and then y(z) = 0 and fk( ) =z € Z. It follows that all the
requirements of global uniform Lipschitzness of (f, 1)k€N,
(hk)ken, and Tp as in Assumption 3 can be replaced by
uniform Lipschitzness on this backward invariant set Z, by
replacing (fgl)keN with (f;i)keN defined in (28) in all the
equations. Similarly, in Remark 4, we can check uniform
Lipschitz backward distinguishability using (O,J:w)keN instead
of (0%)en if (5, ")ken is uniformly Lipschitz injective on
T. Actually, even the invertibility of each f; as in Assumption
2 may only be required on Z.



Fig. 1. lllustration of the backward invariant set Z (the union of all).

In particular, Z is bounded if and only if the sequence of sets
( f,l (X 4 0¢))ken is uniformly bounded, which is guaranteed
if (f, 1) ken is uniformly bounded on X + o.. In this case, all
those assumptions become much more favorable.

Remark 10: In the case of a discretization, fr(z) = x +
At®(z,t)), where either At is very small or the function ®
is uniformly bounded (like in the PMSM example below in
Section VI-B), then the maps ( f}I)keN are close to identity and
there is a good chance that the sets ( f,I(X + 0¢))ken should
be close to X + o, which is known, and that Z should be
bounded.

V. INJECTIVITY FROM BACKWARD DISTINGUISHABILITY

In this part, we show the injectivity of (T%)ren after a
certain time from non-uniform and non-Lipschitz backward
distinguishability only. Note that, as illustrated in Section
II, non-uniform injectivity can sometimes be insufficient to
guarantee the asymptotic convergence of the observer.

Definition 2: The system (1) is backward distinguishable on
a set A after time k* if there exist an open set O containing
cl(X) and k* € N such that for each k > k*, for all (x,,zp) €
O x O with z, # x, there exists a jp € {0,1,...,k — 1}
such that

(hjk ° fjil °© j;}l—l ©...0 fl:—ll)(xll) 7&
(hj o fih o filaon o fil(m). (29)

In words, this means that given two different states at a
time k, there exists at least one instant in the past where
their corresponding outputs have been different. Note that this
is much lighter than the uniform Lipschitz backward distin-
guishability of Section IV—no uniformity of the sequence
(Jk)ken is required with respect to k nor to the pair (4, p).
Therefore, this is one of the weakest forms of observability
we may consider. For our injectivity result, we then make the
following assumptions.

Assumption 4: We assume that:

(A4.1) For all £ € N, the functions fk_1 and h; are C;
(A4.2) There exists k* € N such that the system (1) is
backward distinguishable on A" after time k*.

Theorem 5 then gives injectivity results for (7})gen, with
To = 0 and for a generic choice of (A, B) of sufficient
dimension. Its proof is based on the generalized Coron’s
Lemma developed recently in [12].

Theorem 5: Under Assumptions 1, 2, and 4, there exists
a set M of zero Lebesgue measure in R(27=+1)x(2na+1) 5

R2m=+1 such that for any pair (A, B) € (R(2m=+Dx(2nat1) »
R?7= 1)\ M with A Schur and any k > k*, the sequence of
functions (7T} )ken defined in (13) for

A=1, ®AecRC=HDmxCratling - (30a)
B =1, ®B e RE=Tmxny (30b)

and initialized as Ty = 0, is injective on &X'.

Remark 11: Actually, the pair (A, B) is chosen controllable
and with A diagonalizable, which is true for almost any such
pair in R(2n1+1)><(2n1+1) % R2n=+1

Proof: Recall that the set M p of pairs of real matrices
(A, B) where A is non-diagonalizable in C and the set My ¢
of uncontrollable pairs of real matrices (fl,f?) are both of
zero measure in R(Z7=+1)x(2na+1) o R272+1 Ipdeed, they
are the zero locus of non-identically zero polynomials: the
discriminant of the characteristic polynomial for the former
and the determinant of the controllability matrix for the
latter. Now, consider (A, B) in R(Zr=+Dx2ne+1) o R2nat1
controllable with A Schur and diagonalizable in C. Consider
the maps (T%)gen defined in (13) with Ty = 0, which can be
written as

k—1
Ti(z) =Y AMI71B(hjofi o fil oo o fil)) (@), BD)

Jj=0

with (A, B) defined in (30). Define

Arear = diag(A1, Ao, Ay N1, Mgz, - Aong—141),
B,
~ B
Brcal == 2 )
BQnI—H—l
where

-

R
(N

5-10)
1

where [ € {0,1,...,n,} is the number of complex non-real
eigenvalues of A (that come in pairs of conjugates since A
is real). As shown in [12, Appendix B.1], there exists an
invertible matrix P € R(27=+1)x(2n2+1) gych that

N =S()
) RN ) ’
D e

ie{l+1,1+2,....2n, — 1+ 1},

Areal = P_liip, Breal = P_lg.

First, since P is invertible, the injectivity of the maps (T})xen
in (31) is implied by the injectivity of the maps (Tyeal k)ken
defined as

Treahk(x) = (Iny &® P_I)Tk;(l‘).



We have

Trealk( )
= (Iny ®]571)Tk(x)

k—1
:(Iny®P )ZAk - 1B(h Of 10 j+1 Of/;—ll)(‘r)
=0
=I,,®P™")) (I, ® A)*71(1,, ® B)
7=0
(hjofitofilio...ofil))(z)
k—1
=Y (I,, ® (P'AP))*~-1(1, ® (P7'B))
j=0
(hjofitofiho...ofil)(x)
_ZAreal real h Of j?»llo Ofl;jl)(m)’

with the pair (Ayeal, Breal) defined as

Areal = Iny 02y Areala Breal = Iny oy Breal-

Second, we prove the injectivity of the maps (Tyealk)keN-
Define now the open sets T = {(z4,25) € O x O : x4 # Tp}
and A; = (B1(0))! x (=1,1)?"==!*+1 For \ € C, define the
map Ty ; as

k—1
T/\k Z)\k j—1 h of_ o J+1 ofk:ll)(x)
7=0

With the structure of flreal and Breal, the functions
(Trealk)ken can be written up to a permutation as

Treal k() = (R(Th, 1 (7)), S(Thy 1 (), - -+, R(Th, 1 (2),
%(TAl’k(m))7T)\l+lak(:’L‘)’"'7T)\2nm—l+1,k5(‘%’))'
It follows that proving the injectivity of Tiea1 s for some

My A2,y Aan,—1+1) € Ay is equivalent to proving the
injectivity of

(T 6 (@), Trg k() -+, Ty, 1y k()

We now prove that this is guaranteed for all £ > k* and
for almost any choice of (A1, A2,..., A2, —1+1) € A; in the
Lebesgue measure sense. For that, we define the sets

Tcomplex,k: (.17) =

0. — B1(0) ied{1,2,...,1}
T(-1L1) de{l+1,0+2,...,2n, — 1+ 1},
the counters
2 iefl,2,....0}
Pi=1 ie{i+1,1+2,....2n, — 1+ 1},
and the functions g; : T x ©; - R fori € {1,2,...,1} and
gik: Y x0; =Cforie{l+1,l4+2,...,2n, — 1+ 1}, by
Gik((ra, wp), A) = Ta i (Ta) — Tan(p)
— Z)\k_j_l((hj o fjfl o ],7_‘_11 o...0 f];_ll)(xa)
§=0
—(hjofitofiiho o fily) (@)

Now, we check the conditions for the generalized Coron’s

Lemma in [12, Lemma B.3]. For any [ € {0,1,...,n,},

o For i € {1,2,...,1}, we see that g; ;((z4,2s),-) is holo-
morphic on By (0) for all (x,, ) € Y. From the chain rule,
under Assumption (A4.1), for all A € B1(0), g; (-, \) is C*
on T for each A € B;(0) because it is a finite composition
of C! functions;

e Forie {I+1,1+2,...,2n,—1+1}, as g; x((xq, ), ") is @
polynomial, it is C* on (—1,1) for all (z,,zp) € Y. From
the chain rule, under Assumption (A4.1), for all A € (—1,1)
and for all j € N, the maps 63%’“ (-, A) are C! on Y because

they are finite compositions of C'! functions.

We then show that under Assumption (A4.2), for all ¢ €
{1,2,...,2n, — 1+ 1}, gi x((za,xp), ) cannot be identically
zero on O;. Take (z4,2,) € T and take k € N : k > k* and
assume g; x((xq, zp), A) = 0 for all A € ©;. By uniqueness of
polynomials, for all j € {0,1,...,k—1}, we have (h; of o

f]‘_.~_11°~--of;;_11)(17a) (hy Of_ °© ]-1-110 o fis 1)(xb)
which contradicts Assumption (A4 2). From the generalized
Coron’s Lemma [12] apphed at each [ € {0,1,...,n,} and

each k > k*, since 227” My = 2n, + 1, the set

ar= U {0un..

(Ta,zp)EYT

Vie{1,2,...,2n

Aon,—14+1) € Ag |

o =1+ 1} gia((2a ), Ai) = 0],

which is literally the set of eigenvalues in A; making
Teomplex,k (at each k) non-injective, has zero Lebesgue mea-
sure. Then, from [12, Lemma B.2], the set

_ {([LB) e R(2n2+1)><(2n1+1) ~ R2n2+1|

A has the eigenvalues in &}

th

also has zero measure. Now, recall that the countable union
of infinitely many zero Lebesgue measure sets also has zero
Lebesgue measure [48]. Therefore, the set

U Mk

keN
1€{0,1,...,n. }

M= MynpUMpncU

also has zero Lebesgue measure. [ ]
It is interesting to see that this injectivity result is proven
differently from the continuous-time case in [4], due to the
different nature of time. Indeed, the continuous time ¢ belongs
to the open uncountable set [0,+o0c), so the result in [4,
Theorem 3] is proven with Coron’s Lemma applied only once
to a set Y that contains time. However, the discrete time
k belongs to N, which is not open but countable, so the
generalized Coron’s Lemma is here applied separately at each
instant k, and the result is then obtained for the whole time
domain by the countable union of zero-measure sets.
Example 4: Consider the system in Example 1. It veri-
fies the backward distinguishability condition in Assumption
(A4.2) as long as there exists k£ such that hy # 0. Therefore,
Theorem 5 applies with Ty = 0 (so mg = 0): there exists
a sequence of injective maps (7j)ren (from a certain time)
transforming the dynamics into a form (3). ]



This result only ensures the injectivity of each map T}
after a certain time, without any uniformity in %k, which may
impair convergence, as seen in Example 1. However, we saw
in Example 1 that injectivity alone can still suffice in some
cases. Therefore, if we initialize T, = 0, the observer may
still work under backward distinguishability only, which is a
very mild observability condition.

Remark 12: In general, solutions to (5) taking the form (13)
is written as Ty (7) = T (x) + Tx(x) where T (z) = A*(Ty o
folofito.. o fit)(x) and Ti(z) = Y5y AFI1B(hjo
fj_1 o j_+11 o...o fi')(z). In Theorem 5, we prove the
injectivity of (Ty)ren for all k& > k* assuming Tp = 0,
namely the injectivity of (7% )ren. Therefore, it is advised to
initialize (T} )ren such that Ty is identically zero, if possible.
In a stronger case, if (7% )xen is uniformly injective, i.e., there
exist a class-KC function x and [ € R+ such that for all £ > k*
and for all (z4,2p) € X X X,

Tk (xa) = Tr(x)| = li(|za — ),
and if for all k > k* and for all (z,,73) € X x X,
To(za) — To(wp)| < K(lza — 2]),
then
Tk (xa) = Th(zo)| = |Zi(wa) — Zi(xs) + Te(a) — Ti(ws)]
> | Ti(wa) — Ti(@o)| — |Zk(2a) — Zi(zs)|
> (1= 2| A1*) Rz — a3]),
which implies that (T} )ren becomes uniformly injective after
a certain time. This, as seen in Theorem 1, is sufficient for
an asymptotic observer assuming that the inverse map of « is

concave, whose dynamics, unfortunately, cannot be assigned
arbitrarily fast.

VI. EXAMPLES
A. Linear Time-varying Systems

Consider a linear time-varying discrete system of form

Tpy1 = Frag, yr = Hixp. (32)

A linear transformation x; — 2z = Tpxy into (3) can be
found with the sequence of matrices (T )ren satisfying

Tyiy1Fy = ATy + BH,

initialized as Ty. Under invertibility of the sequence (F})ren,
it is defined by the closed form

k—1 k—1 k—1
Ty = AT, [[ P+ A 'BH; [ £
J=0 J=0 q=J

for all k € Nsq. Then, provided each T}, is full-rank, and thus
left-invertible (see below), the KKL observer takes the form

{ Zry1 = AZy + By,

, T =T%  (33)

Ty+1 = AT, F;7' + BHLF, !
where T} is a left inverse of Tj.

The system (32) is uniformly Lipschitz backward distin-

guishable (see Definition 1) if and only if there exists m &€

Ns ¢ such that there exists ¢, € R+ such that for all £ > m,
the backward distinguishability matrix

Hk—le_,ll
. Hk*QFl;—12Fk7—11
Okﬂl —

Hy_wF ,;j(mfl) .. P

B B
Hy—(m-1) Fy, (mfl)"'Fk 1

verifies

oo > ¢, 1> 0. (34)

Alternatively, under uniform boundedness of (F})ren, wWe
can use the forward version similar to the one in Remark
4. According to Theorem 3, under (34) and the uniform
boundedness of (F, ', Hy)ren, picking A sufficiently fast
of dimension m, there exist ¢; € Ry and £* € N such
that for all k > k*, TJTk > ¢, > 0, namely (T)gen is
(uniformly) left-invertible for k& sufficiently large. Therefore,
(33) is implementable and provides arbitrarily fast robust
exponentially stable estimation for (32).

Interestingly, (34) coincides with the uniform complete ob-
servability condition required by the Kalman(-like) observers
(see [31, Condition (13)], [32, Definition 3], and [33, Assump-
tion 2-3)), i.e., there exist m € Nsg and ¢, € Ry such that
for all £ > m,

k—1

—1T p—1T —1T 77T -1 —1 -1
S FNFL FTHIHFS R, ECY
j=k—m

> ol > 0. (35)

It is thus interesting to compare those designs. In terms
of dimensions, the complexity of the Kalman(-like) filter is
% + ng, while that of the KKL observer is (mn,)? +
mn, with mn, > n, (or ;¥ m; instead of mn, if the
observability multiplicities m; are considered in (34)). There-
fore, the Kalman(-like) filter is advantageous in dimension
compared to the KKL observer. However, the advantage of the
latter (besides being applicable in the nonlinear context) is that
there exists a strict ISS Lyapunov function Vj, : R™* x R™» —
R>q of quadratic form

Vis(zn, @) = (z — 2) ' T} PTe(zr — k), (36)

where P € R™=*"= is a positive definite solution to AT PA —
P < 0, and verifying

axfxy < Vi(wg), Vk >k,

for some a € Ry independent of k. Exponential ISS of the
estimation error can thus be proven with an explicit quadratic
Lyapunov function, unlike the discrete Kalman filter [31], [32]
whose Lyapunov function is not strict. The discrete Kalman-
like observer [33] on the other hand, which works under
the same observability condition, also has a strict Lyapunov
function and provides arbitrarily fast exponential stability of
the error. It thus shares the same features as KKL, but it is
restricted to systems with linear dynamics and output maps.
Note that in the case n, = n, (if not, we add extra fictitious
dimensions in the original system to equalize dimensions),
the linear KKL observer may be equivalently written in the



original z-coordinates with an innovation term similar to [31]-
[33], and the matrix TkT PTy, in Vi, plays the role of the inverse
of the covariance matrix in the Kalman(-like) designs.

B. Permanent Magnet Synchronous Motor

Consider a permanent magnet synchronous motor (PMSM)
with the reproduced model [49]

t=u—Ri, y=|r—Li*>-®>=0, (37)
where = € R? is the electromagnetic flux (in Vs); the voltages
u (in V) and currents ¢ (in A) are inputs in R?; the resistance
R = 145 (), the inductance L. = 0.0121 (H), and the
flux & = 0.1994 (Vs) are constant parameters. Here in this
example, the value of the output y is always zero. Even though
this system has linear dynamics, its quadratic output map
renders observer design very challenging and thus necessitates

thorough studies [14], [15], [49]. We see that the function
L di 2 & — Lil* —
H (a:,u,z,u, W dt2) =

277T (3? - L l) )
27T (x — Li) + 217
describing the output and its first two time derivatives, with
n=u—Ri+ L%, is uniformly Lipschitz injective if there
exists ¢, € Ryq such that

™' /T

n n

. . >c, I > 0.
(nT) <77T> -

It can be shown that this property holds if the motor speed
is uniformly bounded away from zero [49]. Following [49],
a continuous-time KKL observer with a sufficiently fast con-
tinuous pair (A, B) of dimension 3 can be designed for this
system. But actually, in practice, the input signals u and ¢ are
only known at specific sampling times, typically related to the
PWM. Two paths are then possible:

(38)

o Design a continuous KKL observer for the continuous model
and then discretize it at the sampling rate; or

« Build a discretized model of the system at the sampling rate
and design a discrete KKL observer for this discrete model.

Intuitively, both paths should be equivalent for small sam-
pling times At. However, for a PMSM discretized at the PWM,
discretization errors are significant at high speeds and we
illustrate here the great interest of following the second path.
Indeed, it offers the crucial advantage of using an appropriate
discretization, adapted to the physics of the system, which is
not the case in the first path where physical insight is much
trickier to exploit for the observer discretization.

1) Discrete KKL Observer with Euler’s Method:

One way to discretize the PMSM is by using Euler’s method

Y = ‘Zk — LZk|2 - (I)2 =0.

(39)
Let us now verify the assumptions needed for observer design,
more particularly those required by Theorem 3.

Tpt1 = Tk + At(uk — Rik),

o Assumption 1: The solutions of (39), when injected with
sinusoidal inputs, are also sine waves, so they remain in a
compact set in positive time;

o Assumption 2: The dynamics map of (39), with (ug)ren
and (ig)gen known, is invertible;

o Assumption 3: First, uniform Lipschitzness of the inverse
dynamics and output maps of (39) holds since the inputs
(ug)ren and (ig)gen are uniformly bounded and solutions
remain in a compact set. Second, the uniform Lipschitz
backward distinguishability is very hard to check analyti-
cally in discrete time because it involves the inversion of the
dynamics. We thus use its continuous-time version related
to (38) to argue that the equivalent property should hold in
discrete time if the sampling period At is sufficiently small.
Guided by Example 2 and the knowledge that a KKL

observer of dimension 3 exists in continuous time, we look

for a transformation of the form

2k = Tk((Ek) = ak|wk|2 + by + ¢ € R3, (40)
where
T
ar = (a1x a2k asi) €R,
b = (b1 bk b3,k)T € R3*2,

Cp = (Cl,k C2.k C37k)T € R3.

Note that each b; , ¢ = 1,2,3 is a vector in R?. With A €
R3*3 Schur and the pair (A, B) controllable, z; is solution to
(3) if
ap+1 = Aak + B,
brt1 = Aby, — 2Atagyq(ug — Rik-)T — 2LB’L;F,
Crr1 = Acg — At2ak+1 \uk — Rik‘Q
— Atkarl(’LLk — le) + B(L2|ik|2 - (1)2)

(41)

Note that aj can be picked constant equal to (I — A)~!B.
Because y,, = 0 for all k, z;, converges to zero exponentially
fast and it is straightforward to pick for instance the particular
solution Z; = 0 for the observer. Then, the estimate is obtained
by solving Ty (Zx) = 2 = 0, namely

-1
By = — a1,kb2 1 — a2, kb1 k a1 kC2,k — G2,kC1 k
ay,;b3 1k — as ;b1 a1,kC3,k — A3,kC1k

42)

2) Discrete KKL Observer with Rotation Correction:
According to [50], a more appropriate method to discretize
the PMSM (37) taking into account its rotating dynamics is
Tpy1 = T + AtQy (ur — Rig) sinc(vk),
Yk = |:Ck — Lik|2 - @2 = O,

where 9 = ({24

(43)

— sin(ey) _ awAt
cos(er) ) and @ = == where

|up — ug—1]
At|ug|

is the estimate of the motor’s rotation speed that is approxi-
mately the same for (ug)ren, (ix)ken, and (2x)ken, assuming
that this speed does not vary too fast. Notice that when w; = 0
for all k (no rotation), we recover Euler’s discretized version
in (39). We also see that (43), with the inputs (uy)gen and
(ix)ken being sinusoidal, satisfies all the assumptions required
by Theorem 3.

wp = sign((ug — up—1) " up_1)



Keeping the same pair (A, B), we get this time

apy1 = Aay, + B,
b1 = Ab, — 2Atag11 (e (ur, — Riy) sinc((pk))T — QLBZ'Z,
Cror1 = Acp — At?aj 4 Sinc2(<pk)|ﬂk(uk — Rik)|2

— Atbg11Qk (ug — Riy) sine(pg) + B(LZ‘Z'HZ — (132),
(44)

with ay, still possibly constant equal to (I — A)~!B, and the
estimate is still obtained with (42).

3) Comparison of Performance:

Due to space constraints, we only show the estimation error
for one of the two state components, the other one being
similar. In Figure 2, the estimation errors with respect to the
continuous-time trajectory of (37) are compared among the
three cases: 1) A continuous KKL observer designed following
[49] and discretized using Euler’s method; 2) A discrete
KKL observer designed based on the Euler discretization of
(37); 3) A discrete KKL observer designed based on the
discretization of (37) with rotation correction. From here, we
draw two important lessons: 1) It seems better to design a
discrete observer from a discretized model than to discretize a
continuous observer already designed; 2) The numerical errors
due to incorrect discretization may be reduced by taking into
account the system’s physics in the discrete model.

—Continuous—Euler--Rotation correction|

T Aiil (VS)

Fig. 2. Estimation error by: 1) The continuous KKL observer from
[49] with A. = — diag(10, 44, 80) discretized at At = 0.001
(s) (Euler); 2) The discrete KKL observer (41), (42); 3) The discrete
KKL observer with rotation correction (44), (42), for A = e?tA< and
B=(1 1 1)'

Simulations with multiple choices of « in the rotation
correction case are compared in Figure 3. It is observed that
a smaller ~y gives a faster convergence, but a more serious
amplification of numerical noise, which is coherent with the
robustness results in Theorem 4. However, in the region of
too high rotating speeds, the three designs tend to perform the
same, since the discretized model becomes less appropriate,
which is something the observers cannot deal with. Last, it is
interesting to notice that in this application case, as we choose
2, = 0 for the observer in the z-coordinates, it is indeed the
transformation (7% )ren that serves to provide the estimation.

0.1
— 0.05
2
& 0
[
5.0.05
2
4.1 4.15 42 12 14 16
0 5 10 15 20
t(s)
Fig. 3.  Comparison among different choices of ~ in the rotation

correction case.

VIlI. CONCLUSION

This work presents the KKL observer design for nonlinear
time-varying discrete systems. After giving the closed form of
the transformation (T} )ren into an exponentially stable filter
of the measurement, we have shown how the uniform Lipschitz
injectivity of this transformation is achieved after a certain
time under uniform Lipschitz backward distinguishability if
the target dynamics are sufficiently fast. This result provides
an arbitrarily fast discrete observer that is ISS with respect
to uncertainties, input disturbances, and measurement noise.
For linear systems, this provides an alternative to the discrete
Kalman filter, with an explicit quadratic ISS Lyapunov func-
tion. We have also shown how non-uniform injectivity of the
transformations is achieved under backward distinguishability,
a mild observability condition, which in some cases is enough
for observer design. The example of a PMSM with sampled
inputs illustrates the efficiency of designing a discrete KKL
observer for an appropriate faithful discrete model of the
system, instead of discretizing a continuous KKL observer
designed for the continuous model. Other examples with
nonlinear dynamics would typically require us to approximate
(Tk)ken using numerical tools, in which case the robustness
results in Section IV-C become useful. Indeed, closed-form
expressions such as (13) are generally unavailable, apart from
particular classes of systems. To address this, numerical tools
need to be developed as in [16], [17]. Another open question
is how to obtain a uniform injectivity result possibly with-
out Lispchitzness and arbitrarily fast convergence, typically
through a uniform non-Lipschitz distinguishability property.
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