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Abstract

We extend the theory of Kazantzis-Kravaris/Luenberger (KKL) observers. These
observers consist in immersing the system into a linear stable filter of the output
with sufficiently large dimension and appropriate structure. After discussing the
uniqueness of such an immersion, we provide two main results about its existence.
The first one extends a known existence result by generalizing the structure of
the target linear filter and reducing its dimension. While this approach relies on a
generic choice of a sufficiently large number of distinct eigenvalues in the filter, we
then propose a second existence result in the novel symmetric case where instead,
the target filter is a cascade of a sufficiently large number of one-dimensional filters
sharing the same eigenvalue. Finally, we propose a new cascaded procedure for the
design of KKL observers. This method can be used in two ways: either to pre-filter
a noisy output before using it in the observer, or to simplify the construction of the
observer when the system can be written as the cascade of a nonlinear system and
a linear one.
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1 Introduction

The synthesis of observers is a standard problem in control and automation.
Over the last four decades, many methods have been developed allowing the
design of these estimation algorithms. The interested reader can refer to [6]
which is a survey on the various methods allowing to design such algorithms
for nonlinear dynamical systems. Among these listed methods, the Kazantzis-
Kravaris/Luenberger (KKL) approach or Nonlinear Luenberger approach ini-
tially developped in [28,17,18,4] is one of the most powerful one from a theoreti-
cal point of view. Indeed, the so-called backward-distinguishability assumption
guaranteeing its existence is very weak and does not require any particular
normal form.

When D. Luenberger published his first results concerning the design of ob-
servers for linear systems in [20], his idea was to look for a linear change of
coordinates T' transforming the linear plant dynamics

= Fux, y=Hzx,

with state z in R”, output y in R, and F' and H matrices in R™*" and R'*"
respectively, into a form

i = Az + By (1)

with z in R™ and A Hurwitz, for which a trivial observer is simply made
of a copy of its dynamics. Indeed, since Tx verifies (1), the estimation error
e = z — Tz for any solution z of (1) evolves along the contracting dynamics
¢ = Ae, so that any solution z converges to Tz. It follows that an estimate
Z of x can be obtained from z by inverting the transformation 7". Lunberger
proved that when the pair (F, H) is observable, this is always possible for
any Hurwitz matrix A in R™" with no common eigenvalues with F', and any
vector B in R™ such that the pair (A, B) is controllable. This is based on the
fact that the Sylvester equation

TF = AT + BH (2)

ensuring that Tz follows (1) admits in this case a solution that is unique and
invertible.

Some researchers have then tried to reproduce Luenberger’s methodology on
nonlinear systems in the form

&= flz) . y=hlz), (3)

where f : R — R” and h : R®* — R are two sufficiently smooth func-
tions. Following [28,17,18,4], a nonlinear Luenberger observer or Kazantzis-



Kravaris/Luenberger (KKL) observer is a dynamical system of the form
i = Az + By , & =T"(2), (4)

with state z in R™ (or C™), a Hurwitz matrix A in R™*™ (or C™*™), a vector
B in R™ such that the pair (A, B) is controllable and 7™ : R™ — R" a
continuous map.

Given X an open and bounded subset of R containing the system trajectories
of interest, following [28,17,18,4], the motivation for this structure is to design
the mapping 7™ as a continuous left inversem ofa C! mappin@T X - R™,
i.e., verifying

™ (T(x)) =2, Vo € X, (5)
for some T satisfying
or

%(x)f(x) = AT(x) + Bh(x) , Ve € X . (6)

Indeed, (6) is a direct extension of the Sylvester equation (2) and says that
along trajectories ¢ — x(t) of system (3) remaining in X, T'(z) is solution to
(1) with y = h(x). Then, any other solution z to (1) with y = h(z) converges
to T(x), so that T"™(z) asymptotically provides an estimate of = thanks to
(5) by (uniform) continuity of 7™ . Hence the observer given by (4) converges
asymptotically. This is summed up in the following theorem which is a direct
consequence of [4, Theorem 2.2] in the case where X" is bounded.

Theorem 1.1 ([4, Theorem 2.2]) Assume there exist an integer m, a Hur-
witz matriz A in R™ ™ a vector B in R™ and an injective function T :
cl(X) — R™ satisfying (6). Under these conditions, there exists a continuous
function T™ : R™ — R™ verifying (5). Besides, for any such map T™, for any
x in X such that the solution t — X (z,t) to (3) is defined on [0, +00) with val-
ues in X, and for any z in R™, the (unique) solution t — (X (x,t), Z(x, z,1))
of

= f(z) 2 = Az + Bh(x) (7)
is defined on [0,400) and verifies
tEELnOO X(z,2,t) — X(:):,t)’ =0

where X (x, z,t) = T™ (Z(x, z,t)).

The proof of Theorem 1.1 is postponed to appendix A. From there, several
questions can be raised:

! In practice, T (z) = argmingeq vy |2 — 7'(x)| can be employed even though it is
not continuous.
2 As shown in [4], we do not need T to be C! as long as the Lie derivative of T
along f exists.



(1) For which choice of m, A and B does an injective solution 7" to (6) exist?
(2) Is this solution unique?
(3) How to construct such a solution?

The existence question was first considered in [28], [17] and [19] in the analytic
context and around an equilibrium point. Then, the localness was dropped fol-
lowing another perspective in [18] where a global existence result was proposed
based on a strong observability assumption which unfortunately did not pro-
vide an indication on the necessary dimension of the pair (A, B). This problem
was solved in [4] by proving the existence of the injective map 7" under a weak
backward-distinguishability condition, for A complex diagonal of dimension
n + 1, with a generic choice of n + 1 distinct complex eigenvalues. Those re-
sults have then been extended to non autonomous systems [5], discrete-time
autonomous systems [10], and to the problem of functional observer design
when the full state is not observable and only a function of the state needs to
be estimated [30].

In terms of design, an explicit expression of the map 7" can sometimes be found
in particular contexts such as parameter identification [2], state/parameter es-
timation for electrical machines [16,7]. On the other hand, when an expression
for T', or its left-inverse 7™ is not available, approximation approaches have
been proposed as in [21]. More recently, numerical methods based on neu-
ral networks are being developed to learn a model of the maps 7" and 7™
based on the generation of a data set of points (z, z) approximating (x, T'(z))
through backward and forward integration of the dynamics [27,11].

Organization of the paper. In this note, we give several further answers to the
questions (1) and (2) above. We start by discussing uniqueness in Section 2.
Then, two novel existence results are provided in Section 3: one refining [4]
with almost any choice of controllable pair (A, B) having A real diagonaliz-
able of dimension 2n+ 1, and the second in the analytic context for a different
structure of the pair (A, B) with only one eigenvalue of sufficiently large multi-
plicity. Then, in Section 4, we introduce a cascaded procedure which facilitates
the synthesis of such an observer for certain cascaded nonlinear systems and
which allows the use of a filtered version of y in the observer.

Notations. A map p : R, — R, is of class-KC if it is continuous, increasing and
such that p(0) = 0. For a differential equation & = f(x) with f : R* — R”
locally Lipschitz, we denote by X(z,t) the value at time ¢ of the solution
initialized at « € R™ at time 0, and by (67 (), 0" (x)) its maximal domain of
definition. Given a subset X C R™ and a positive real number §, X + 9 is the
open set defined as

X+d={reR" |3y € X, |z —zx| <I}. (8)

The real and imaginary parts of a complex number are denoted by Re and Im



respectively, and
R,={fAeR: A< —p} , C,={AeC:ReN < —p}. (9

We say that a map g : R x R" — R is in C®°(R; C*(R™;R)) if A — g(\, x) is

C™ for all z € R” and = — 22(\, ) is C* for all A € R and all k € N.

2 Remarks on the uniqueness of the map 7'

Typical KKL theorems as in [4] or in the next section, provide the existence
of an injective solution T to the partial differential equation (PDE) (6). How-
ever, we might find other solutions of this PDE (via exact computations or a
numerical approach [27,11]) and it is legitimate to wonder how much any such
maps differ.

Proposition 2.1 Let O be a subset of R™ that is backward invar’mnﬁ by
f and consider A a Hurwitz matriz in R™™ and B a vector in R™. Let
T,: O R™ and T, : O — R™ be two C' solutions of

gz(x) f(x) = AT(x) + Bh(z) , Va € O.
If either

(i) T, and T, are bounded on O,
(i1) or there exist positive constants k¢, pf, Kas Qas Pas Kb, @ and py such that
forallz € O,

[F@) < wplel +ppy [Ta(0)] < Kalz[™ + pa, |To(2)] < Rol2|™ + py

with kg, < |Re(Mn(A))| and krqy < |Re(Mn(A))], where A\, (A) is the
slowest eigenvalue of A,
(7ii) or there exist positive constants Kq, pa, Ky and py such that for all z € O,

Oz (z)f () < k| To(x)| + po

oT,
ox

< kal Tu(@)| + po and ]aT%x)f(x)

with kq < |Re(An(A))] and ky < |Re(An(A))],
then T,(x) = Ty(x) for all x in O.

In particular, if the system admits a compact backward-invariant set C, then
any C' solution to the PDE is unique on C.

3 That is, for all x € O, 0~ (x) = —cc0 and X (z,t) € O for all ¢t < 0.



Proof : Since O is backward invariant, we have for all z in O and all ¢ < 0,

jtTa(X(x,t)) = AT, (X (2,1)) + Bh(X (z,1)) ,

and,

Cin(X(x, 1) = ATy (X (z,t)) + Bh(X (,1)) ,

which implies
To(X(x,t)) — TH(X(x,t)) = exp(A)[T,(z) — Ty(x)] , V<0 ,Vz € O .
Hence,
To(x) — Ty(x) = exp(—A) [T (X (z,t)) — To(X (2,1))] , VI <0 Ve e O .
Now make ¢ go to —oo.

In case (i), we get that exp(—At)[T,(X (z,t)) — Tp(X (x,t))] tends towards 0
by boundedness of T, and T} since A is Hurwitz.

In case (ii), we get that | X (z,t)| < M exp(—ryt) for all ¢ < 0 for some M > 0,
hence

T (X (2, 1) —Tp(X (2,1))] < koM™ exp(—qakist)+pa+reM® exp(—qpk ft)+pp -

Since rrq, < |ReA,(A)| and krgy, < |ReA,(A)|, exp(—At)[To(X(x,t)) —
Ty(X (z,t))] tends towards 0.

In case (7ii), we get by Gronwall’s inequality that
ITL(X (2, 8)] < (Tal) [ palt) exp(—rat) and  [Ty(X (2, 1)] < (1To() -ult]) exp(—sipt).

Hence

[ To(X (2,1) = To(X (,1))| < (|Ta(w)] + palt]) exp(—£at)
+ (ITo(2)] + polt]) exp(—rt).

Since k, < |Re A, (A)| and ky < | Re A (A)], exp(—At)[To (X (x, 1)) —Tp( X (z,1))]
tends towards 0.

Thus, in any case, T,(z) = Tp(z) for all z in O. O

If multiple solutions to the PDE (6) exist, the injectivity of one solution may
not imply the injectivity of all solutions. In the following we give sufficient
conditions for a particular bounded injective solution denoted T to exist. If
another solution 7, is found by other means on a backward invariant set of the



system and if this map 7T, is bounded on that set, then it is actually unique
and coincides with the theoretical injective solution. Otherwise, injectivity of
T, is not ensured a priori, and must be checked on each individual example.

Actually, given x in X’ such that X (z,t) belongs to the bounded set X for all
t > 0, the w-limit set of x

w(z) = Mo l(Uss{ X (2, 8) }

is a compact backward and forward invariant set. Hence, with the former
proposition T" and T, coincide on this set. In other words, T, coincides on the
set w(z) with an injective map. Besides, because T" and T, are both solutions to
the PDE, the state z of the KKL observer converges both towards T, (X (z,t))
and T'(X (x,t)), which tend to each other. However, this does not mean that
X(x,t) can be uniquely determined asymptotically from the knowledge of Ty,
since there could be other 2’ € X such that T'(z*) = T,(z*) = T,(a') for
¥ € w(x).

Note however that because the observer is supposed to estimate trajectories
remaining in X for all positive times, the map f may be modified outside of
X as long as the observability properties given below are preserved. It is thus
usually possible to replace f by modified dynamics & = x(x) f(x), which admit
a backward invariant compact set (by making f vanish outside of a larger open
set containing cl(X) and ensuring observability, for instance as in (48) below)
Once this regularization has been done, any solution 7T, to the PDE found
on that set is unique and thus injective on X if the required observability
properties are preserved. For instance, in a numerical KKL design [27,11],
where T, is learned on a compact set, a trick to ensure injectivity is to apply
the learning procedure to the modified f on the whole backward invariant
set. This has the additional advantage to make the solutions well-defined and
bounded in backward-time, which is crucial in the learning procedure.

Example 2.2 Consider the trivial one-dimensional example

with a > 0. This example falls into the original linear Luenberger context
[20] where an injective solution to PDE (6) is known to exist with dimension
m = 1. Taking A= —X and B =1 with A\ > 0 and \ # a, the map T\ defined
by TY(z) = = verifies the PDE

A—a
oT
S (@) f (@) =~ (@) + h()
x
everywhere. Clearly, Tf is injective. However, for any real number «,
) 2 1
Ty(x) = asign(x)|z| + x

A —



is also a O solution to the PDE everywhere and clearly Ty can be non injective
for some values of a.. Note that in this example, there is no backward-invariant
set apart from {0}, where the maps Ty indeed agree.

3 Remarks on the existence of an injective map T
3.1  FEmistence result based on A diagonalizable with 2n 4+ 1 eigenvalues

As shown in [4], one of the main interests of the KKL observer is that its
existence is guaranteed under a very weak observability assumption. Indeed,
assume that for any z € X, the past output path ¢ — h(X(z,t)) of (3) re-
stricted to the time in which the trajectory remains in a certain set determines
x uniquely. Then, from [4], it is sufficient to choose m = 2n+2 and A the real
representation of a diagonal Hurwitz complex matrix in C"** to get the exis-
tence of an injective map 7" solving (6). The specific observability condition
made is the following.

Assumption 3.1 ((O, é,)-backward distinguishability) There exists an
open bounded set O of R™ containing cl(X) and a positive real number o4 such
that, for each pair of distinct points x, and xy, in O, there exists a negative
time t in (max {05+5d(%), 05+5d(xb)} ,O} such that :

WX (2o, 1)) # h(X(zs,t)) -

This distinguishability assumption says that the present state z can be distin-
guished from other states in O by looking at the past output path restricted
to the time in which the solution remains in O + §,.

One of the results obtained in [4] can be reformulated as follows.

Theorem 3.2 ([4]) Assume System (3) satisfies Assumption 3.1. Then there
exist a positive real number p and a zero Lebesgue measure subset I of ((Cp)"+1
with C, defined in (9) such that for each (1, ..., Any1) in (C,)" "\ Z, there
exists an injective map T : O — C"T1 wverifying (6) with

i
A=diag(\r ... Aust) , B = [1 1] . (10)

In [4], this result was not stated in this way. However, it is a direct consequence
of the fact that we restrict our analysis to a bounded set X and that the output
is one-dimensional. If the ouput is multi-dimensional then the same result



holds but with the filter (1) applied to each output and thus 7' concatenating
the solutions to (6) for each output.

Note that this observer can be realized in R?"*2 by picking

brea
Re(A;) — Tm(\) 1 1
Areal = dlag s Breal = ) breal = . (11>
real

However, we see that the existence result imposes strong constraints on the
matrices A and B. This is different from the result of Luenberger for linear
systems for which no assumptions besides controllability and a spectrum dif-
ferent from F' is required. The result we obtain in this paper is the following
one.

Theorem 3.3 Assume System (3) satisfies Assumption 3.1. Then, there exist
a positive real number p and a zero Lebesque measure subset J of R(ZnHDx(nt1) 5
R2"FL such that for any pair (A, B) in (REMHDXCn+l)  R2HD\ T with A+ pl
Hurwitz, there exists an injective map T : O — R* ! verifying (6).

Remark 3.4 Theorem 3.3 generalizes Theorem 3.2, in several directions :

(1) The observer matrices do not need to be with complex eigenvalues.

(2) The dimension of the observer is 2n+1, whereas the observer in Theorem
3.2 is of real dimension 2n + 2. This allows to recover some well known
fact in observability theory that it is generically sufficient to extract 2n—+1
pieces of information from the output path to observe a state of dimension
n (see for instance [1,31,14,12,29]).

(3) The matrices A and B do not need to have a particular structure unlike
in (11). In particular, we show that they may be almost any controllable
pair (A, B) with A diagonalizable. This “almost any” pair actually comes
from an “almost any” choice of distinct pc complex conjugate eigenvalues
and pr real eigenvalues in A such that 2pc+pr = 2n+1. Indeed, we show
that for any such pc and pr, the set of eigenvalues in Cht x RE® which do
not provide injectivity of T' for (A, B) defined in (10) is of zero-Lebesgue
measure in CHe x RE®. This generalizes Theorem 3.2 where pc s fized to
n—+1 and pg = 0. Then, in the case where 2pc + pr = 2n + 1, we show
that the set of matrices in R TVXC D haying eigenvalues in the union
of those zero-measure sets is of zero-measure in RZH1D>xCn+1) e refer
the reader to the proof for more details on this genericity result.

The proof of this result is given in Section 5. In the following subsection,
another existence result is given for some particular structures of matrices A
and B which are not covered by Theorem 3.3.



3.2 FExistence result for A triangular with single eigenvalue

In this section, inspired by [8], we consider the case in which the pair (A, B)
in R™*™ x R™ is in the form

/\0 ...... 0 1
1A :
Am=|0 |, Bn=|: (12)
L :
0.~ 0 1 A 0

for some negative real number \. This corresponds to a chain of filters, suc-
cessively filtering m times the output with the same eigenvalue \. In other
words, instead of parallelizing the filters with different eigenvalues, this choice
rather exploits the depth of the filter.

This case is not covered by Theorem 3.3 because its proof relies on diagonal-
izable matrices A with a generic choice of distinct eigenvalues. Instead, the
choice of (12) is parameterized by a single real parameter A, which is typi-
cally in the zero-measure set of Theorem 3.3. It thus requires another type of
analysis which leads to the following result in the analytic context.

Theorem 3.5 Assume that O is a backward invariant open subset such that
Assumption 3.1 holds. Let © be a non-empty open subset of R_q. Assume there
exists a C™ map Ty : © x O — R, such that for each X in ©, z — Ty(\, ) is
an analytic bounded function on O which satisfies

0T,

870@, 2)f(x) = NTp(\, z) + h(z) . (13)
Assume moreover that h is bounded on O. Then, for each X in ©, for any
compact subset C C O, there exists m* € N such that for all m = m*, the
(unique) solution Ty, of (6) with (A, B) = (Axm, Bm) € R™™ x R™ given

in (12) is injective on C.

Proof : First of all, the set O being backward invariant for the flow and the
mapping h being bounded in O, this implies that the function

0

S\ x) = / exp(—As)h(X (z, 5))ds (14)

—00

is well defined on Ry x O and such that for all A < 0, S(}A,-) is bounded
and solution to (13) on O. Moreover, for all z € O, S(-,z) is analytic on R_q.
With Proposition 2.1, it implies that Ty = S on © x O and therefore, for all
A €0, S(A,-) is analytic on O. For m in N, let

Tam(z) = (To(N\, x), ..., Tn—1(A, ) (15a)

10



where

n(A,x):aai:?(A,x),i:{o,...,m—1}. (15b)
Since Ty is C, for all (A\,z) € © x O,
o1y 0T, 0 B
5z MO f(@) = o (A 2) f(2) = 7 (ATo(A, 2)+h(2)) = ATy(X, 2)+To(X, )
and iteratively for all ¢
oT;
TL ) f () = XL\ 2) + Tia (0 )

and consequently, T} ,,, is the (unique) bounded solution of (6) with (A, B) =
(Axm, Bpn) € R™™ x R™ given in (12).

Let g : R.g X O x O be given by
g\, g, mp) = SN, 20) — S(A, ) - (16)

Let A € © and C C O. Let Dy, be the sequence of open sets defined as

g

Dy = {(Ia,xb) € 027% # 1y, W(

A, Ty Tp) :O,k:(),...,f} :
We will show that there exists m such that D, ,, N (C x C) = () which implies
that T) ,, is injective in C. Note that we have

Dios1 CDyy .

The map g(], -, -) being analytic since S = T on © X O, (D) ¢)sen is a decreas-
ing sequence of analytic subsets of ©O? C R?*™. The ring of analytic functions
being Notherian [24, Corollary 1, p.99], (Dy)een is a stationary sequence in
all compact subsets, i.e. there exists m* in N such that, for all m > m*,

DamieN(CxC)=DymN(CxC), VEN.

Assume D, ,,, N (C x C) non-empty and take (z4,25) € Dy, N (C x C). We
have g—f\g(/\,xa,xb) = 0 for all k. Since, moreover g(-,x,,zp) is analytic, this
implies that g(\, 24, 2,) = 0 for all A < 0. On another hand, with (14) and
by injectivity of the Laplace transform, this implies that s — h(X(z,,s)) —
h(X (zp,s)) = 0 for s in (—o0, 0] and x, # x,. This is a contradiction with the

observability assumption. This implies that D, ,, N (C x C) = 0. O

Remark 3.6 In Theorem 3.5, the existence of an analytic solution x
To(A, x) of (13) is assumed for X € ©. In the proof, it is shown that Ty ac-
tually coincides with the map S, defined by (14). By the Lebesgue dominated

11



convergence theorem, if v — ho X(x,s) € C*°(O,R) for all s < 0 and if
for each multi-index o there exist a continuous map M, : O — R, and an
integrable map v, : R_ — Ry such that

0%(ho X)

exp(—As) W(x, $)| < pals)My(x), VseR_, Ve O, (17)

then S(A,-) € C*(O,R) and its partial derivatives are given by

0*S 0 0%(ho X)
() = /_ exp(=As) T (o s)ds, (18)
Moreover,
s 0
< .
T 02)| < Ma() [ eals)ds (19)

Hence, if for all compact sets C C O there exists a positive constant vy such
that Mo () [°, a(s)ds < Yl for all x € C and and all multi-indices o,
then S(A, ) is analytic.

Example 3.7 Consider an harmonic oscillator with unknown frequency in-
vestigated in [26] and modelled as

I"1:I'27.I"2:—ZE3JZ1,I"3:0,’yzl'l. (20)

In that case, for any p > 0 and w > 0, the bounded set
g 1 2 2 1
O=q2eR’, —<xgxi+a;<p, —<aw3<w (21)
p w

18 backward invariant along the dynamics. Besides, the map defined on Ry x QO
by

—AT1 — T

)\2 + T3

solves the PDE (13). According to Theorem 3.5, we know that for any A\ < 0
and for any compact subset C of O, there exists an integer m such that the
(unique) solution to (6) with (A, B) = (Axm, Bn) € R™™ X R™ given in (12)
is injective on C.

To(A\, z) = (22)

As shown in the proof of Theorem 3.5, T} ., s built by successively differenti-
ating Ty with respect to A as defined in (15) until obtaining an injective map.
We show in this example that we can pick m = 4 and that the associated map
T\4 defined by

oT; 0*T, T
T)\74<.Z'> = <T0()‘7 '7:)7 87/\0<)‘7 l’), W;(Av :E)a Wgo()V .1'))

is actually injective on (R?\ {(0,0}) X Rxy.

12



Indeed, consider x, and zy, in (R?\ {(0,0}) X Rsq. Denote w, = \?> +x,3 and
=\ + xp3. We have

To(N, ) = To(A, 2p) = 21 <= AN(Tp1Wq — Ta1Wp) = T 2Wp — Tp W,

%(A, T,) = 8T° LA, xp) = 2 = Tp1We — Ta Wy = 2A21 (Wh — Wa)

which thus gives

{ To(A, za) = To(A, xp) { Tp1Wa — T 1 Wy = 2A21 (Wh — W,
<

T\ a) = G\ )

_ o\2
) TaoWh — TpoWe = 2X°21 (W — W)

Then, continuing differentiating,

o0 = GR0m = 2 -nTh0m) - T(w)
— jb [ 2/\%7):00\ Tp) — T(l'b)]
and
E?j)?()\,xa) = ?{;(A,xb)
_;:\ [ 2/\%?(/\ Th) = T<xb)1 i 5b l 3837;\0 () = 2)\%2/3;0()\7%)]

Assume therefore that Ty 4(z,) = Tha(xp), namely

or,,
19D

A %)

0T, BTy
Y a)\Q ()\7$a)7 8)\3 (I ))

(Tg(/\, J]a>,

Ty 02T, 9Ty

- (TO(A’J"’) x o) g (A o), g (v o) )

which we denote (z1, 29, 23, 24). Then, we get two cases :

o cither —2A\z9 — 21 # 0 and we get w, = wy from the third equality, and then
Tq = xp from the first two;
o or —2 zy — 2y = 0 and thus z3 = 0, so that the fourth equality provides
1 1) _ - _
29 (w—a — =) = 0. So either z =# 0 and we recover w, = wy, and conclude as
above; or zo = 0, but then also z; = 0, and necessarily xq1 = Tq2 = Tp1 =

xp2 = 0, which is impossible.

We conclude that T 4 is injective on (R*\ {(0,0}) x R, and a KKL observer

13



can be designed with (A, B) = (Axm, Bn) € R™™ x R™ given in (12) for

m = 4.

4 A remark on a cascaded design procedure for T

Consider now a dynamical system in the cascade form
i=[(x), §=F&+Ghla) (23)
with (z,£) € R” x R™ and output
ye = HE

and with (F, G, H) in the normal controllability form

o 1 0 -- 0 0

F = 0 , G = (24)
0 0 1 0
—Qp — Ane—1 g

H = (1 O ov vnn ()) (25)

with v # 0 and (ao, . . ., @n,—1) in R".

Assuming we know a KKL observer for & = f(x) from the output y = h(z),
we would like to deduce an observer for (z, &) from the output ye. This covers
two cases of practical interest:

e y = h(x) is not available but is used as an intermediary step in the design
of an observer for (x,&) from the real output ye;

e y = h(x) is available, but noisy, and we want to use a filtered version y, of
y in the KKL observer.

Due to the controllability form of (F,G, H), if the system & = f(z) with
output y = h(z) is backward-distinguishable, then, the extended system (23)
with state (x, ) is also backward-distinguishable. Indeed, intuitively speaking,
the past values of y. determine { and y uniquely and therefore also . We
could thus use Theorem 3.3 to show the existence of a KKL observer for this
extended system. However, the goal of this section is rather to provide an
explicit design method when a solution 7j to the PDE (6) is available for
the initial system (f,h) with A = A and B = 1 for each A\. More precisely,

14



we exhibit a solution if the following assumption holds for some open set O
containing cl(X).

Assumption 4.1 There exist a mapping Ty in C®(R; CY(R™;R)) and an
open subset Oy C R such that for all (A, z) in O x O,

a;;(& 2)f(2) = ATo(\ 2) + h(z) | (26)

and for all (N, xq,zp) in Oy x O? verifying x, # xy, there exists k > ng in N
such that
Ty oFTy

W(Aaxa) - 7(/\71717) 7& 0. (27)

Note that if a solution T to (26) is analytic with respect to A, then Assumption
4.1 holds as long as for any (x,, z;) € O? verifying x, # xy, To(+, 4) — To(+, )
is not a polynomial of degree strictly less than ne. Under the assumption
of backward-distinguishability of Theorem 3.3, it is shown in its proof (see
Section 5.2.2) that such an analytic map T} always exists in the form (50).
Indeed, To(+, z,) — To(+, xp) takes the form of a Laplace transform of some non
zero causal signal, hence cannot be a polynomial.

The following theorem shows that this assumption is sufficient to give an
explicit expression of an injective mapping 7', allowing to obtain an observer
for the entire system with state (x,&).

Theorem 4.2 Suppose that Assumption 4.1 holds. Let O = Og\o(F). Then
there exists a zero Lebesque measure subset J C (O5)2+n)+1 gych that, for
each A1, . .., Maning)+1 in (OF)2 )TN T the map T : OxR"e — RHneo)
defined by

T<:C7 5) = (T((;Xt()‘la xz, 5)7 <o 7T(()%Xt()\2(n+n§)+17 xz, 5))7
T3 (N @,6) = H — F)"Y(GTy(\, x) — §)

1s injective and verifies

I ol MY | Carw e+ Bae (28)

O, €) Fé + Gh(z)
with

A=ding (M, Do) B= 1.1 (29)

15



Proof : First, that for all (A, z,§) in O x O x R"

oIS oIS
o (€ () + 5 (. (FE + Gh(w))
— H(A - F)‘lG%TO()\ 2)f(x) = H = F) " (F& + Gh(z))

= AH(\ — F)'GTy(\,x) — H(A — F) ' F¢
= A(T9(\ 2, &) + HA — F)7'¢) = H(\ — F) 7' F¢
= AT\, z, €) + HE.

(30)

We next show injectivity of the mapping 7" built from T§** by picking 2(n +
ne) + 1 distinet A. For that, our aim is to apply Lemma 5.3. To do so, let
(A, Ta, T, Ea, &) In Op x OF x R?e verifying (14,&,) # (1,&). We have for
each \ ¢ o(F)

ngfl )
HO - F)7'G = - 7(A) s (N) = A" Y N
ng j=0
Moreover,
)l (Pt p(A) 1
H\ - F)" = < due OV dng (N) dnE(A))

where p; are polynomials of degree j and d,, a polynomial of degree n¢. Let
us denote (forgetting the dependency in the variables (z4,&,, T, &p))

g<)\) = TSXt()\>xaa€a) - T()eXt()\yxbgb) ) gO()\) = TO()\a :Ua) - TO()\a xb) )

and £ = (&u,..., &) = & — & Note that

n5 15
P (A) +790(A)
\) = el 31
o) 0 (31)
This gived?]
n 1
00 = DN IS &) 90" ()
dne(N) dne(N)
which more generally gives for all £ € N and some integers (c;.¢)
1 ¢ d") )\) n& 1§p ()4_79(2)()\)
S A I LA 32
V= X S a0+ 2 0 %)
The former expression gives for £ > ng:
=1 ¢ d(z)()\)
Cing—2 )+ — gt (A 33
r=0i=1 Zd (/\) ( ) dng()‘) ‘ ( ) ( )

4 With the notation g(g)()\) = %(A).
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If z, # xp, with Assumption 4.1, there exists k£ in N such that
an§+’i an§+]€go

P\)=0 and Saar N A0 (39)

a)\ng +1

Vie{0,....,k—1},

Combining (33) and (34), there exists k£ in N such that

akT(t)ext akText
8)\k ()‘wraafa) - 8)\’“

v A, &) # 0. (35)
Indeed, otherwise, (33) implies that g(()z)(/\) = 0 for all ¢ > n¢ which contradicts
(34).

Otherwise, x, = x, and &, # &. We thus have g(()z)(/\) =0 for all £, € # 0 and
(by (32))

=1 ¢ d9 () % 1
Cirt ng ) ()\)+ 5] ] ( )
r=01i=1 dng(/\) dng()‘)

Again, this implies (35) for some k € N. Indeed, otherwise, Z?izl éjpy)()\) =
0 for all ¢ which implies that £ = 0 (since each p; is of degree j), which
contradicts &, # &.

To conclude, this implies that for all (A, x4, Ty, &4, &) in ©1 x O? x R?™ verifying
(Tay€a) # (1, &p), there exists k in N such that (35) holds. Applying Lemma
5.3 with T = (O x R"ﬁ) 0, = 05 and ¢;(\, x4, &, T, &) = TEH N, 20y &a) —
TS5 (N, xp, &) for i € {1,...,2(n 4+ ng) + 1}, we obtain the result. O

Example 4.3 Consider again an harmonic oscillator with unknown frequency
given in (20), but this time with a simple filter in the form

§=—af+y (36)
with a > 0. Note that the function Ty given in (22) is solution of (26), is
analytic and sastisfies Assumption 4.1. With the former theorem, we know
that for almost all 9 negative real numbers \; (different from —a) the system

(@,8) =T™ (21,...,2) , 2 =Nz + &,

where T™ 4s any continuous function which satisfies

TinV(TSXt()‘lv Z, 5)7 S 7T§Xt(A9a T, 5)) = (l‘, g)
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where

ox 1 [ =Xz — o
TO t()\7$’§): )\—i—a[ )\2+.1'3 _51 )

1s an observer. In fact, on this example, 9 different eigenvalues are not required
to get injectivity of the mapping (x,&) — (T (A, z,8), ..., T (N, x,§)).
Indeed, we have for all (x4, xp) in O defined in (21) and all A

1
(A2 + 243)( N2+ 23 3)

To(\, xg) — To(A, ) = [1 A A2 /\3] v(Tq, )

with

La,3Tp2 — Tp3Lqa,2

Lq,3Tp1 — Tp,3Lq,1
v(xq, zp) =
Tp2 — Xq2

Tp1 — La,1

It yields for all \; # —a, i =1,...,5, for all (x4, &, 7, &) in (O x R)?,

TS (A1, @a, &a) — T (A1, 2, &)
T(xm 5&) - T(xln gb) = :
T()eXt()\fn Lq, ga) - T()ext()\57 Lp, gb)

= DAty A) T (A1, As) v(@a, ) +;U(xaéxb)(fb — &)
b~ Sa

where Y is the Vandermonde matrix

1A A2 A3 A

1 A5 A2 A2

which 1s invertible as soon as the \;’s are all different and

1
A, ..., ) = di '
DA, ..o, A5) = diag { (N + a) (N2 4 243) (A2 + 23,3) }

is also invertible and well defined for (xa,&., s, &) in (O x R)2. Note that
injectivity of the mapping T is obtained since from the former expression
T(xa,&0) — T'(xp,&) = 0 implies that & = &, and v(x,, x,) = 0. Moreover,
for (x4, x3) in O%, v(xe, 1) = 0 implies v, = 1p.
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5 Proof of Theorem 3.3

5.1 A proof based on diagonalization

The proof relies on two main ideas:

e almost any matrix A of dimension 2n + 1 is diagonalizable, with a spectrum
decomposed into 2¢ complex conjugate eigenvalues and 2(n — £) + 1 real

eigenvalues for some £ € {0,...,n};

e a generic choice of ¢ complex eigenvalues and 2(n — ¢) + 1 real eigenvalues
for ¢ describing {0,...,n} yields a generic choice of matrix A of dimension
2n + 1.

The construction of the zero-measure set J allowing to prove Theorem 3.3 is
thus based on the following preliminary result which investigates the existence
of an injective solution to (6) in the case where A is a diagonal Hurwitz matrix
with ¢ complex eigenvalues with real part smaller than —p and 2(n — ¢) + 1
real eigenvalues smaller than —p. In that case, to define the observer state

space, for £ in {0,...,n}, we introduce
Qp = C! x R2(=0+1 (37)
Also, given a positive real number p and ¢ in {0,...,n}, we consider the set

€, defined as (see (9))

Qy, = C) x R2O+ (38)
The following result can be stated.
Proposition 5.1 Assume System (3) satisfies Assumption 3.1. Then there
exist a positive real number p such that for each ¢ in {0,... ,n}, there exists
a zero Lebesgue measure subset I, of €y, such that for each (A1, ..., Aop—o11)

in Q, \ Ly, there exists an injective C function Taiag : O — Qq verifying (6)
with

Adiag - dlag ()\1 s ’/\Zn—f—i-l) ) Bdiag - . (39>
Note that the first £ components of the map Ty, provided by Proposition

5.1 are complex valued. Considering the real and imaginary parts of these
components, we obtain a map Tieu : O — R?**™! which is an injective C1
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solution to (6) with

By
Aol = diag(Aq, ..., Agy Aapg1, Aon—it1) 3 Brea = : (40)
Bon—r41
where A; and B; take the form
Re(\i) — Im(\) H foric{l,....0)
A = . Bi={|0

m(A) Re(A) 1 forief{l+1,....2n—0+1}.

The proof of Proposition 5.1 is postponed to Section 5.2. In the meantime, we
prove Theorem 3.2 by translating the generic choice of eigenvalues in Propo-
sition 5.1 into a generic choice of the pair (A, B) of dimension 2n + 1.

Lemma 5.2 For ¢ in {0,...,n}, let Z, be a zero measure subset of Q. The
set of matrices in REHDXC4D) wyith characteristic polynomial
1 2n—0+1
(s* —=2Re(Nj)s +Im(N;)*) x [ (s=A))
j=1 j=26+1
for some (A1, ..., Aon_r11) € Iy is of zero-measure in RE+HD*(@n+1),

Proof : Let Ry, 1 [s]"™® be the set of unitary real polynomials of degree 2n+1.
Consider ¢ : Qy, — Ry, 1[s]"™* such that

£ 2n—0+1
A1y Aanes1) 1 s = [ (s> —2Re(N)s + Im(X)*) x [ (s— X))
j=1 j=20+1

The map ¢ associates to a list of £ complex roots and 2(n—¢)+1 real roots, the
unitary polynomial of degree 2n + 1 with real coefficients having those roots.
By identifying Ry, 1 [s]"® with a list of 2n + 1 coefficients in R*" ™! ¢ is C!
from R?"™! to R?"*!. From which, we concludes that ¢(Z;) is a zero measure
subset of Ry, 1[s]™* assimilated to R*"*! (see for instance [13, Theorem 3 in
§3]). Consider now ® : R@H1)x@n+l) s R, [s]"* defined as

@(A) = det(A — SIQn_H)

This map is C™ (still identifying Ry, 1 [s]"™® with R?"™!) Let us show that
it is a submersion almost everywhere. All the coefficients of det(A — sl3,.1)
are polynomials of the coefficients of A. It follows that g—i(A) is a rectangular
matrix of dimension (2n+ 1) x (2n + 1)? whose coefficients are polynomials of
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the coefficients of A. The set of matrices A such that rankg—i(A) <2n+1is
characterized by the determinant of each minor being zero, which is thus an
algebraic set of zero-measure. Hence ® is a submersion. Withﬂ [25, Theorem
1], we therefore conclude that the set S, defined as

Se={A,P(A) € o(Zy)} (41)
is a zero Lebesgue measure subset of R(Z?H1)x(2n+1) O
Let p be a positive real number, and for each ¢ in {0,...,n}, let Z, be a zero

measure subset of €, as given by Proposition 5.1 and consider the sets

Ine = {(A, B) € REmTIx@nHl) o R2+L (A B) is not controllable} , (42)
Inp = {(A, B) € RErHIxCnt) oy R20HL 4 is not diagonalizable in C} |

(43)

Jr = {(A’ B) c R(2n+1)><(2n+1) % RQn—l—l) Ae Sé} ‘ <44>

It is well-known that Jyc and Jyp are of zero-measure. Applying Lemma
5.2, we conclude that the set J = Iyc U Invp U (Up—y J¢) is of zero Lebesgue
measure in RZrHDx@ntl) 5 R2ntl

Consider now (A, B) in REHDxCnt1) 5 2041\ 7 such that A + plapy; is
Hurwitz. We wish to transform (A, B) into (Ayeal, Brea) defined in (40) in
order to apply Proposition 5.1. The spectrum of A can be decomposed into
2¢ complex conjugate eigenvalues and 2(n — £) + 1 real eigenvalues for some
¢ in {0,...,n}. By definition of J, A is diagonalizable in C, so there exist
(Aiy -+ Azn_gy1) in ©, and an invertible matrix P in R@"+Dx@n+D) guch that

Areal = P_IAP

with Ajea defined in (40). Let

B2n—€+1

5 Let ® : U ¢ R¥ — R¥ of class C**+1 where & < k. Then, the pre-image
of any zero-measure set is of zero-measure if and only if ® is a submersion almost
everywhere, i.e.,

)
rankg(x) =k for almost all z €U
x
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with
eR? forie{l,...,0}

b € R forie{t+1,....2n—0+1}.

and
M = diag(My, ..., Moy _441)
with ) )
Fi’l fb“] forie{1,...,0}
M; = bi2 bi,l
bi forie{l+1,....2n—0+1}

so that MAreal = ArealM and MBreal = B.

Since A ¢ Ty, the vector (A1, ..., Agy—py1) with (41) is not in Z,. Hence, accord-
ing to Proposition 5.1, there exists an injective C! function Tiey : O +— R?7H
such that, for all z in X,

aTreal
ox

with Biea as in (40).

f([E) = ArealTreal(J7> + Brealh(x) . (45)

Finally, let T : O + R?"*! be the mapping
T(x) = PMT e () .

Since the pair (4, B) is controllable, and P invertible, the pair (Aca, B) is
also controllable. Hence, this yields that for all ¢, B; # 0. Consequently, the
matrix M is invertible. Thus T is injective on O. Besides, for all x in X,

or

g(l‘)f(l‘) = PMArealTreal(l') + PMBrealh(fE) 5

= PAwaP ' PM T, (x) + PBh(z) |
= AT (xz) + Bh(z) .

5.2 Proof of Proposition 5.1

5.2.1 Some variations on Coron’s lemma

The proof of Proposition 5.1 is based on the following lemma.

Lemma 5.3 Let T be an open subset of R*", and ©;,g;,p; be such that for
allie{l,...,m},
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o cither ©; is an open subset of R, g; : ©; x T — R is in C®(R; C1(R*;R))
and p; =1 ;

e or O; is an open subset of C, g; : ©; x T — C s holomorphic with respect
to X and C' with respect to x, and p; = 2.

Then, if >;p; = 2n+ 1, and if for alli € {1,...,m}, for all (\,x) € ©; x T,
there exists k; € N such that

g,
ONFi

(Az) # 0 (46)

then the following set has zero Lebesque measure in [[;"; ©;:

1 = U {()\z>z€{1 .... m}eﬁ@z gl()\l,x):O VZG{l,,m}} .
(47)

This lemma is an extension of [12, Lemma 3.2] as well as the version given in
[4, Lemma 3.2]:

e In those previous versions, the functions g; were the same for each ¢ but this
does not make any significant difference in the proof.

e In [12, Lemma 3.2], the functions g; are in C*°(R x R®*";R) instead of
C>(R; C'(R*";R)) here. This loss of regularity is not a problem. Instead of
the Malgrange theorem of [15], we employ the one obtained in [23].

e In [4, Lemma 3.2], the functions g; are holomorphic with respect to A and
C! with respect to .

Apart from these modifications, the proof follows readily and is based on the
fact that Z is contained in the countable union of image sets through C*
functions taking values in a real submanifold of dimension 2n of []; ©; (which
is a real manifold of dimension Y=, p; = 2n + 1). Hence the result is obtained
from a variation of Sard theorem. The proof is provided in Appendix B.

Now following [4], the idea to prove Proposition 5.1 is first to exhibit a C*
solution to (6) with (Adiag, Bdiag) as in (39). This solution is parameterized by
the (\;)’s. With the distinguishability assumption and the use of Lemma 5.3,
it is then shown that generically this function is injective on O.

5.2.2  Construction of Tgiag

Let 0, > d4 be any positive real number where d4 is given by Assumption 3.1.

Let p = maxzeo+s, %(x)‘ where f = xf and where y : R® — R is a C*
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function such that

X(x){(), l’§é0+5b (48)

1, $60+5d.

Fix ¢in {1,...,n}. For each (A1,..., Aop_s41) in Qg ,, we can define the map-
ping Thiag : O — €Yy, defined as

Taiag () = (To(A1, ), . .., To(Aon—e41, 7)) (49)

with T : C, x O — R defined as

To(A\, ) = /O exp(—As)h(X (x,5))ds (50)

—0o0

where X : R x R — R" is the flow of the modified system

i = f(x) = x(2)f(z) . (51)

To prove Proposition 5.1, we need to show that Tjyiag is solution to the PDE (6)
and also that it has enough regularity to apply Lemma 5.3 to obtain injectivity.
First recall the following fact.

Proposition 5.4 ([3, Proposition 3.3]) The function Tyg is C* and sat-
isfies (6) with (Agiag, Baiag) given in (39).

Moreover,

e The map To(+, z) is holomorphic on C, for each z € O.
e The restriction of Ty(-, z) to R, is C* (actually, analytic) for each z € O.

Moreover, for all k& € N, ‘9k7,;° A, -) can be shown to be C! for any A € R, by
X p

following readily the proof of [3, Proposition 3.3].

To prove Proposition 5.1, it now remains to show injectivity by applying
Lemma 5.3.

5.2.8  Injgectivity of Thiag
Let T = {(z4,2) € O% 2, # xp}. Let also ©; = C, for i € {1,...,(} and
©,=R,forie{f+1,....2n—0+1}. Let g;: ©; x T = Cfori e {1,...,0}
and g;: ©; x T—=Rforie {{+1,...,2n — {4+ 1} be defined by

gi()\axaa xb) = T()()\u xa) - TO()\u xb) 5 (52>

-/ OOO exp(—(A + p)$)A (x4, 2y, 8)ds | (53)
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for all (x4, ) € T and all A € ©;, where
A(wa, 11, 5) = exp(ps) [A(X (2, 5)) = h(X (w1, 9))] -

By Assumption 3.1, for all (z,,z;) in T there exists a negative time ¢ in

(max {05+54 (Ta), 0045, (xb)} : 0} such that :
WX (a, 1)) 7 WX (2s,1)) -

Moreover, by definition of y in (51), X(z,s) = X(z,s) for all z € O and all
s € (0p4s,(x),0]. It yields that for all (z4,7;) in T, there exists s < 0 such
that A(z,, xp, s) # 0.

From there, two cases may be distinguished.

e Fori € {1,...,¢}, for each (x4, 2) € T, gi(+, T4, xp) is holomorphic (since
To(+,x) is holomorphic for each x € O) and consequently, there exists k;
such that (46) is satisfied.

e Forie {{+1,...,2n — { + 1}, similarly to the proof of the injectivity of
the Laplace transform, for all A € R,, with v = exp(s), yields

1 _
g\ 2y w) = [ O A u)du
0
where A is a continuous function defined by A(u) = A(zq, s, In(u)) for
u > 0 and A(0) = 0. We deduce that g;(-, z,,xp) is not identically zero on
R,. Indeed, otherwise, picking A = —(j + p+ 1) for each j € N, we get

1
/ wWA(u)du =0 .
0
By Stone-Weierstrass theorem, for each € > 0, there exists a polynomial P.
such that )

|A(u) — P(u)| < e, Yue|0,1].

Hence,

/01 A(u)2du = /01 Afu)(Au) — P.(u))du < max |Au)]e

u€(0,1]

The former inequality being true for all €, it yields that A is identically zero
on [0, 1], which is a contradiction since A is not identically zero. Therefore,
gi(+, T4, Tp) is not identically zero on R,. Since moreover g; is analytic, it
yields that there exists k; such that (46) is satisfied.

We can finally apply Lemma 5.3, to obtain the set Z, given in (47). By defini-

tion of g; and of Z,, we conclude that the map Ty, defined in (49) is injective
on O for any (A1, ..., Aop—r41) in Qg , \ Zp. This concludes the proof.
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A Proof of Theorem 1.1

Since T is injective on the compact set cl(X'), there exists a continuous map
T : R™ — R" such that (5) holds (see [22] for instance). According to (6)
holding on X', and because A is Hurwitz,

lim |Z(z,z,t) — T(X(x,t))] = 0.

t—+o00

Consider 6 > 0. Since X (z,t) € X for all t > 0, there exists ¢ > 0 such that
for all t > t, Z(z,2,t) € T(X)+ 4. Besides, T™" is continuous on the compact
set cl(T(X) + 6), so there exists a class-KC map p such that

T (z0) = T™ ()| < pllza = 2]) (20, 2) € U(T(X) +6) x U(T(X) +0) .

Applying this inequality with z, = T(X(x,t)) and z, = Z(z,x,t) for t > t
then gives the result using (5).

B Proof of Lemma 5.3

This part should be removed from the final version of the paper. It is a repro-
duction of the proof given in [4] with the small update related to the use of
real or complex valued functions. The differences are in blue.

Let © = [[; ©;. Assume that >);p; > 2n + 1. The idea of the proof is to
show that the set Z is contained in a countable union of sets which have zero
Lebesgue measure.

Given (e, A,z) in Rog x © x T, we denote by S, ., the set :

Senz = U {AeB(A): g(Nyz)=0 Vle{l,...,m}} . (B
x€Be(z)

Assume for the time being that, for each pair (A,z) in T x O, we can find a
positive real number € and a countable family of C' functions o; : B.(z) — O,
such that we have :

Seaz C U 0i(Be()) - (B.2)

€N
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The family (Be(A) X Be(2)) (4 pyeoxr 18 @ covering of © x T by open subsets.
From Lindel6f Theorem (see [9, Lemma 4.1] for instance), there exists a count-
able family {(Aj, gj)} such that we have :

jEN

OxT C U Be‘j(Aj) X Be](lj) )

jeN

where €; denotes the € associated to the pair (A; x z;). With (B.2), it follows
that we have :
TcC U U Ui,j(Bej(Qj)) )
jEN ieN

where o, ; denotes the 7th function o associated with the pair (Aj, gj). The
set 0;;(Bc,(z;)) is the image, contained in ©, a real manifold of dimension
>ipi = 2n+ 1, by a C' function of B, (z;), a real manifold of dimension 2n.
From a variation on Sard’s Theorem (see [13, Theorem 3 in §3] for instance),
this image o; (B, (z;)) has zero Lebesgue measure in ©. So S, being a count-
able union of such zero Lebesgue measure subsets, has zero Lebesgue measure.

So all we have to do to establish Lemma 5.3 is to prove the existence of €
and the functions o; satisfying (B.2) for each pair (z,A)in T x ©. For ¢, we
consider two cases :

(1) Consider a pair (A, z) such that g;(A,, z) is non zero. By continuity of g;,
we can find a positive real number € such that g(As, x) is also non zero
for all A in B.(A) C ©; and all x in B.(z). In this case, the set S, is
empty.

(2) Consider a pair (A,z) such that g(\,, x) is zero. From the assumption
(46), for each ¢, there exists an integer k, satisfying :

9'g; : 9" g
6/\;(&’@ =0 Vie{0,...,k—1} , a)\k;@b&) #+ 0
For each ¢ in {1,...,m}, two cases may be distinguished.

(a) If ©, = C, following the Weierstrass Preparation Theorem (see [15,
Theorem IV.l.l]m for instance), we know the existence of a positive
real number ¢, a function ¢ : B, ()\,) x B, (z) — C, and k, C*
functions af : R*" — C satisfying, for all (X, z) in B, (X,) X Be,(z),

kp—1

g\ 2) gl N z) = (A =X)F + > a?(a;)()\ - N) . (B.3)

J=0

6 In [15, Theorem IV.1.1], this theorem is stated with the assumption that g, is
holomorphic in both A and x. However, as far as x is concerned, it can be seen in
the proof of this Theorem that we need only the implicit function theorem to apply.
So continuous differentiability in = for each A is enough.
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(b) If ©, = R, following the Malgrange Preparation Theorem [23], we
know the existence of a positive real number ¢,, a function ¢, :
B.,(\) % Be,(z) — R, and k; C' functions af : R* — R satisfy-
ing, for all (A, z) in B, (\,) x B, (z),

ko—1

@\ @) ge(N,2) = (A= Q)" + Z aj(x)(A=A) . (B4)

7=0

We choose the real number €, to be associated to (A, z) in the definition
of Scpz, as:

In the following P, : ©, x B.(z) — O, and a’ : B.(z) — ©% denote :
ke—1

Rha) = (=A% + Y dl@)(A-A) . al(2) = (ab(a),....af,_,(x)).

=0

With this definition of e, we have the following implication, for A in B.(A)
and x in B.(z),

g, 2) =0 Yee{l,....m} = (\,d'(x)eM Vee{l,. . m}

(B.5)
where MY is the set :
ko—1 '
Mt = {()\, (bo, ..., bk,—1)) € Op X @lg" : (A —/\J)’” + Z bj(>\ —\N) =
=0
(B.6)

Our interest in this set follows from the following Lemma, which we prove
later on,

Lemma B.1 Let M be the set defined as :
k=1
M = {(Aboy.. o bp1) €O xOF NS 0N =07 .
j=0

where © = C or © = R. There ezists a countable family { M, } men of regular
submanifolds of ©F and a countable family of C* functions p,, : M,, — © such
that we have the inclusion :

M c U U {pn).b)} (B.7)

meN beM,,

So, for each £ in {1, ..., n+1} we have a countable family {Mﬁw}meeN of regular
submanifolds of C* and a countable family of C' functions pf,, : M}, — C
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such that, for each = in B.(z), if Py()\s, z) is zero, then there exists an integer
my such that we have :

a'(x) € M, . A = pl,(d'(@)) . (B.8)
Hence, with (B.5), if :
g(Ae,z) = 0 Ve {l,...,m},
then there exists an m-tuple u = (my, ..., m,,) of integers satisfying :
a'(z) € My, , M = ph,(a'(2)) Vee{l,...,m} .
So, by letting :

Stine = U {(ph,(a'(@))..... o0 (a™(2))}
{:EGBG(Q): az(x)GMf;lz vee{l,..., n+1}}
(B.9)

we have established :

Seae C© U SHas- (B.10)

peEN™

Comparing (B.2) with (B.10) and using the definition (B.9), we see that a
candidate for the function o; is :

0i(x) = (phn, (Bagg, (a"(2))))

where ¢ happens to be the m-tuple u and RMﬁ @k‘ — Mé is a “restriction”

to My, since we have to consider only those az( ) which are in M, . Finding
such functions Ry , such that o; is C' may not be possible. But, following

[12, Lemma 3.3], we know the existence, for each ¢, of a countable family of
C" functions R’ : ©5¢ — MY, such that we get :

Stae © U{ (o, (RUCB@N)) i) -

veN

In other words the family of functions o; is actually given by the family :

¢ ¢
o = ( oR oa )
it Py v ) e, 1)

i.e. we have :

Serz C U UO-HJ’(B z

peNn+1 veN

29



References

1]

2]

D. Aeyels. Generic observability of differentiable systems. SIAM Journal on
Control and Optimization, 19(5):595-603, 1981.

C. Afri, V. Andrieu, L. Bako, and P. Dufour. State and parameter estimation:
A nonlinear luenberger observer approach. IEEE Transactions on Automatic
Control, 62(2):973-980, 2017.

V. Andrieu. Convergence speed of nonlinear luenberger observers. SIAM
Journal on Control and Optimization, 52(5):2831-2856, 2014.

V. Andrieu and L. Praly. On the existence of a kazantzis—kravaris/luenberger
observer. SIAM Journal on Control and Optimization, 45:432—-456, 02 2006.

P. Bernard and V. Andrieu. Luenberger observers for nonautonomous nonlinear
systems. IFEEFE Transactions on Automatic Control, 69:270-281, 2019.

P. Bernard, V. Andrieu, and D. Astolfi. Observer Design for Continuous-Time
Nonlinear Systems. working paper or preprint, Sept. 2021.

P. Bernard and L. Praly. Estimation of position and resistance of a sensorless
PMSM : a nonlinear luenberger approach for a non-observable system. [FEFE
Transactions on Automatic Control, 66:481-496, 2021.

M. Bin, P. Bernard, and L. Marconi. Approximate nonlinear regulation via
identification-based adaptive internal models. IEEFE Transactions on Automatic
Control, 2020.

W. M. Boothby and W. M. Boothby. An introduction to differentiable manifolds
and Riemannian geometry, Revised, volume 120. Gulf Professional Publishing,
2003.

[10] L. Brivadis, V. Andrieu, and U. Serres. Luenberger observers for discrete-time

nonlinear systems. IEEE Conference on Decision and Control, 2019.

[11] M. Buisson-Fenet, L. Bahr, and F. D. Meglio. Learning to observe : neural

network-based KKL observers. Python toolbox available at https://github.
com/Centre-automatique-et-systemes/learn_observe_KKL.git, 2022.

[12] J.-M. Coron. On the stabilization of controllable and observable systems by an

output feedback law. Mathematics of Control, Signals and Systems, 7(3):187—
216, 1994.

[13] G. De Rham. Differentiable Manifolds: Forms, Currents, Harmonic Forms,

volume 266. Springer Berlin, Heidelberg, 1984.

[14] J.-P. Gauthier and I. Kupka. Deterministic observation theory and applications.

Cambridge university press, 2001.

[15] M. Golubitsky and V. Guillemin. Stable mappings and their singularities,

volume 14. Springer Science & Business Media, 2012.

30


https://github.com/Centre-automatique-et-systemes/learn_observe_KKL.git
https://github.com/Centre-automatique-et-systemes/learn_observe_KKL.git

[16] N. Henwood, J. Malaizé, and L. Praly. A robust nonlinear Luenberger observer
for the sensorless control of SM-PMSM : Rotor position and magnets flux
estimation. IECON Conference on IEEE Industrial Electronics Society, 2012.

[17] N. Kazantzis and C. Kravaris. Nonlinear observer design using lyapunov’s
auxiliary theorem. Systems & Control Letters, 34(5):241-247, 1998.

[18] G. Kreisselmeier and R. Engel. Nonlinear observers for autonomous Lipschitz
continuous systems. IEEE Transactions on Automatic Control, 48(3), 2003.

[19] A. J. Krener and M. Xiao. Nonlinear observer design in the siegel domain
through coordinate changes. IFAC Proceedings Volumes, 34(6):519-524, 2001.

[20] D. G. Luenberger. Observing the state of a linear system. IEEE Transactions
on Military Electronics, 8(2):74-80, April 1964.

[21] L. Marconi and L. Praly. Uniform practical nonlinear output regulation. IEEE
Transactions on Automatic Control, 53(5):1184-1202, 2008.

[22] E. J. McShane. Extension of range of functions. Bull. Amer. Math. Soc.,
40(12):837-842, 1934.

[23] P. Michor. The division theorem on banach spaces. Osterrich. Akad. Wiss.
Math.- Natur. Kl. Sitzungsber 11, 189:1-18, 1980.

[24] R. Narasimhan. Introduction to the theory of analytic spaces, volume 25.
Springer, 2006.

[25] S. P. Ponomarev. Submersions and preimages of sets of measure zero. Siberian
Mathematical Journal, 28(1):153-163, 1987.

[26] L. Praly, A. Isidori, and L. Marconi. A new observer for an unknown harmonic
oscillator. In 17th international symposium on mathematical theory of networks
and systems, pages 2428, 2006.

[27] L. Ramos, F. Di Meglio, V. Morgenthaler, L. Silva, and P. Bernard. Numerical
design of luenberger observers for nonlinear systems. IEFE Conference on
Decision and Control, pages 5435-5442, 12 2020.

[28] A. Shoshitaishvili. ~Singularities for projections of integral manifolds with
applications to control and observation problems. Theory of singularities and
its applications, 1:295, 1990.

[29] E. D. Sontag. For differential equations with r parameters, 2r+ 1 experiments
are enough for identification. Journal of Nonlinear Science, 12(6):553-583, 2002.

[30] M. Spirito, P. Bernard, and L. Marconi. On the existence of KKL functional
observers. American Control Conference, 2022.

[31] F. Takens. Detecting strange attractors in turbulence. In Dynamical systems
and turbulence, Warwick 1980, pages 366—381. Springer, 1981.

31



	Introduction
	Remarks on the uniqueness of the map T
	Remarks on the existence of an injective map T
	Existence result based on A diagonalizable with 2n+1 eigenvalues
	Existence result for A triangular with single eigenvalue

	A remark on a cascaded design procedure for T
	Proof of Theorem 3.3
	A proof based on diagonalization
	Proof of Proposition 5.1

	Proof of Theorem 1.1
	Proof of Lemma 5.3
	References

