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Efficient numerical integration of an elastic-plastic

damage law within a mixed velocity-pressure

formulation

R. El khaoulani, P.-O. Bouchard

Mines ParisTech, CEMEF - Centre de Mise en Forme des Matériaux, CNRS UMR 7635,
BP 207, 1 rue Claude Daunesse, 06904 Sophia Antipolis Cedex, France

Abstract

This study focuses on numerical integration of constitutive law in numerical modeling of cold ma-
terials processing involving large plastic strain together with ductile damage. A mixed velocity-
pressure formulation is used to handle the incompressibility of plastic deformation. A Lemaitre
damage model where dissipative phenomena are coupled is considered. Numerical aspects of
the constitutive equations are addressed in details. Three integration algorithms with different
levels of coupling of damage with elastic-plastic behavior are presented and discussed in terms
of accuracy and computational cost. The implicit gradient formulation with a non-local damage
variable is used to regularize the localization phenomenon and thus to ensure the objectivity of
numerical results for damage prediction problems. Tensile test on a plane plate specimen, where
damage and plastic strain tend to localize in well-known shear bands, shows successfully both
objectivity and effectiveness of the developed approach.

Keywords: numerical integration of constitutive law; Ductile damage; numerical coupling;
consistent tangent matrix; mixed finite element method; stabilized discretization P 1+

/P 1

1 Introduction

Numerical modeling of cold metal forming processes has to account for large plastic strain
together with the progressive degradation of material’s properties. This degradation, induced by
large plastic deformations, is commonly known as ductile damage phenomenon. The prediction
of ductile damage growth and macro-crack initiation are essential issues in these numerical
modelings. The Lemaitre ductile damage model [17, 18], where the damage and the plastic
strain, i.e. dissipative phenomena, are coupled, has proven its effectiveness to deal with such
applications. In this paper, an elastic-plastic damage constitutive law wherein the damage
evolution obeys to this damage model is adopted.

Another important point, regarding large deformation modeling and ductile damage failure
by the finite element method, is the nearly incompressible behavior, which is due to plastic

1



deformations incompressibility. The finite element approximation along with a reduced mechan-
ical problem formulation might lead to severe volumetric locking phenomenon, thus unphysical
pressure oscillations might occur [1, 9]. To handle the near incompressibility in elastic-plastic
deformations, several strategies have been developed [8, 10, 25]. In this study a mixed varia-
tional formulation involving velocity and pressure fields together with a stabilized P 1+

/P 1 finite
element discretization are considered. This stabilized finite element has been used in computa-
tional fluid mechanics for incompressible flows [14] and has been extended successfully to the
problem of incompressibility observed in solid mechanics [7].

Efficiency of numerical integration of the constitutive equations has a direct impact on the
overall efficiency of the finite element approximation. This is particularly true when dealing with
complex constitutive models, such as elastic-plastic damage laws. The numerical way of coupling
damage with the mechanical behavior can affect both accuracy and computational cost. In this
context, we present here three integration algorithms with different levels of coupling of damage
and plastic deformation within a mixed velocity-pressure formulation. These levels of coupling
have been developed to find a better compromise between accuracy, computational cost, and
implementation’s simplicity for approaching equations of the constitutive law. These numerical
aspects, which are related to local integration of an elastic-plastic damage constitutive law within
a mixed velocity-pressure formulation, are the fundamental contributions of the present work.

Finite element approximation of problems involving damage leads to numerical results that
heavily depend on the size and orientation of the mesh elements [12, 21, 24, 26]. Lots of solutions
have been proposed to restore numerical modelings’ objectivity of the finite element approach
[2, 4, 13, 15, 19, 20, 23, 28]. Among these regularizing methods, the non-local damage theory
based on a spatial smoothing of damage variable is widely used [2, 5, 6, 20]. In this study we
consider the non-local damage model derived from the implicit gradient formulation.

The paper is structured as follows: first the adopted theoretical modeling of the constitutive
law with ductile damage as well as the formulation of the mechanical problem in the mixed
formulation are shortly presented in section 2. Numerical integration of constitutive equations
and levels of coupling are treated in section 3. The non-local implicit formulation is shortly
recalled in section 4. Finally, some numerical results are presented in section 5, which compare
the effect of the different levels of coupling considered here and illustrate the effectiveness of the
developed approach in damage prediction problems.

2 Theoretical modeling

Fractographic observations show that large plastic strains may bring about microscopic struc-
tural change of the material during the loading process. This evolution of microstructure includes
micro-cracks and micro-voids nucleation, growth and coalescence leading to materials’ soften-
ing. As a result, the macroscopic behavior of the structure is affected by these microscopic
degradations.

Material degradation is modeled here using an elastic-plastic damage constitutive law that
is based on the phenomenological approach. This approach is built at the macroscopic level
by introducing internal variables to represent the microstructural phenomena. In particular, a
damage variable is used to reflect materials’ deterioration in their behavior.
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2.1 Damage modeling

Damage variable, which is associated with material degradation, is defined as the ratio of the
area of micro-voids and micro-cracks to the material’s overall area [17]. Besides, it is assumed
that the damaging process is isotropic and the scalar damage variable w represents the loss of
structure stiffness. This variable is defined by the following stress-strain relationship [17]:

σ = (1− w)C : εe (1)

where C is the elastic constitutive tensor, σ the stress tensor and εe the elastic part of the strain
tensor. Damage variable w varies from 0 for a sound material to 1 for a completely damaged
material.

The evolution of damage obeys to a Lemaitre model [17]. The damage rate is considered
as a function of both the damage strain energy release rate Y given by (3) and the equivalent
strain rate ε̇ as follows:

ẇ = ε̇

(
−Y
s0

)b
δ{ε≥εd} δ{ε≥εd} =

{
1 if ε ≥ εd
0 if ε < εd

0 ≤ w < wc or w = 1 (2)

where s0 and b are material parameters, εd is the critical value of accumulated plastic strain ε
from which the micro-cracks and micro-voids begin to have an impact on material response. wc
is a critical damage value which corresponds to macroscopic crack initiation, i.e. the macroscopic
crack appears when w = wc.

The expression of the damage strain energy release rate is given by [17]:

Y =
−1

2E(1− w)2

[
(1 + ν)σ : σ − νtrσ2

]
(3)

where ν is the Poisson’s ratio, and E is the Young’s modulus.

2.2 Elastic-plastic damage law

An elastic-plastic model together with isotropic hardening and von Mises stress criterion are
assumed in this work. Using the spherical/deviator decomposition of second-order tensors, the
equations of elastic-plastic constitutive law coupled with isotropic damage can be written as
follows:

• elastic-plastic decomposition of the deviatoric part ė of the strain rate tensor ε̇ into an
elastic part ėe and a plastic part ėpl: ė = ėe + ėpl

• elastic law coupled with damage: ṡ = 2µ(1− w)ėe − ẇ
1−ws

• von Mises yield function: f(s, r, w) = 1
1−w

√
3
2s : s− σ0(r)

• plastic flow: ėpl = 3λpl

2(1−w)2σ0(r)
s , r = (1− w)ε , λpl = (1− w)ε̇

where σ0(r) represents the isotropic hardening law, µ is the second Lame parameter, λpl is the
plastic multiplier and s is the spherical part of the stress tensor.

Numerical integration of these nonlinear equations is widely discussed in the next section.
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2.3 Mixed velocity-pressure formulation

Let’s consider a structure belonging to a domain Ω ⊂ Rd, where d is the spatial dimension.
For d = 2 plane strain hypothesis is considered. The structure is loaded with a displacement
applied at the boundary Γ1 ⊂ ∂Ω, and a load is applied on the complementary part Γ2. Due to
plastic deformation incompressibility the mechanical problem has been formulated as a system
of equations with two unknowns, velocity and pressure fields. Using the velocity vector v and
the pressure scalar p, the conservation equations, for large elastic-plastic strain coupled with
damage, can be expressed as follows:{

div(s)−∇p = 0

−div(v)− 1
χ(1−w) ṗ−

ẇ
χ(1−w)2

p = 0
(4)

where χ is the bulk modulus.

The mixed velocity-pressure formulation for this problem takes the following form: find
(v, p) ∈ V × L2(Ω) such that:

∫
Ω
s(v) : ε̇(u)−

∫
Ω
pdiv(u) =

∫
∂Ω

(σn).u ∀u ∈ V 0

−
∫

Ω
qdiv(v)−

∫
Ω
q

(
1

χ(1− w)
ṗ+

ẇ

χ(1− w)2
p

)
= 0 ∀q ∈ L2(Ω)

V = {v ∈ (H1(Ω))3; v = v0 on Γ1}, V 0 = {v ∈ (H1(Ω))3; v = 0 on Γ1}

(5)

where ε̇(u) = 1
2(∇u+ (∇u)T )

A stabilized discretization P1+/P1 has been considered to define the interpolation spaces.
This finite element belongs to the family of mini-element initially used in the stokes equations
[3]. This is a first order element with a linear continuous interpolation of both the pressure
and the velocity fields, and also an enrichment of the velocity interpolation by a linear bubble
function at the center of each finite element. This bubble function is used to ensure the stability
condition [14]. The degrees of freedom associated to the bubble function are not linked to any
other degree of freedom than those of the element, which allows to eliminate them at the element
level. Therefore, this condensation procedure leads to a discrete global problem having the same
degrees of freedom without bubble functions.

The computation scheme of the global problem is based on an incremental updated La-
grangian description. Due to the nonlinear elastic-plastic damage constitutive law, the finite el-
ement method leads to a nonlinear system of equations, which is solved using a Newton-Raphson
algorithm. For each iteration, the equations are linearized and a correction is computed to im-
prove the current estimate of the solution. The reader is referred to [11] where exhaustive details
of this resolution are given.

3 Integration of constitutive equations

This section describes the numerical integration of the elastic-plastic damage constitutive equa-
tions (section 2.2) in an incremental computation procedure. Knowing the values (ėpn, wn, sn) at
tn and given a strain rate increment ėn+1 corresponding to the interval [tn, tn+1], the numerical
integration has to determine the updated values at the end of the interval, (ėpn+1, wn+1, sn+1).

4



The Newton-Raphson method has been combined with the radial return algorithm to achieve
this integration.

At each Newton’s iteration, a classical two-step method consisting of elastic predictor and
plastic corrector has been applied. We start by testing a purely elastic evolution, then we check
whether the trial yield stress lies inside of the trial yield surface. If this is true, the elastic trial
state coincides with the updated state at tn+1, and there is neither plastic flow nor damage
evolution during the increment. Otherwise, the radial return method allows to determine the
updated state at tn+1.

A discretization of the constitutive equations, using the Euler implicit numerical scheme,
leads to the following system of equations:

sn+1 =
sn + 2µ(1− wn+1)∆tėn+1

1 +

(
3µ∆tλpln+1

(1−wn+1)σ0
+ ∆tẇn+1

1−wn+1

)
sn+1 : sn+1 =

2

3
(1− wn+1)2σ2

0(rn+1)

wn+1 − wn = ∆tẇn+1

λpln+1 = (1− wn+1)ε̇n+1

(6)

The unknowns of the system are sn+1, wn+1 and λpln+1 (or ε̇n+1 ). By injecting the first equation
in the second we obtain the following system of equations:{

(1− wn+1 + ∆tẇn+1)σ0(rn+1) + 3µ∆tλpln+1 −B0 = 0
wn+1 − wn = ∆tẇn+1

(7)

where B2
0 = 3

2s
T
n+1 : sTn+1 and sTn+1 = sn + 2µ(1− wn+1)∆tėn+1 is the trial deviatoric stress.

By substituting some variables, the following system can be obtained, which has two un-
knowns i.e. plastic strain rate and damage:

f1 =

(
1− wn+1 + ∆t

(
−Yn+1

S0

)b
ε̇n+1δ{εn+1≥εd}

)
σ0(rn+1) + 3µ(1− wn+1)∆tε̇n+1 −B0 = 0

f2 = wn+1 − wn −∆t

(
−Yn+1

S0

)b
ε̇n+1δ{εn+1≥εd} = 0

(8)

where Yn+1 =
−σ2

0(rn+1)
6 +

−p2n+1

2k(1−wn+1)2
, rn+1 = (1− wn+1)(ε̇n + ∆tε̇n+1)

This system (with unknowns wn+1 and ε̇n+1) is nonlinear. The Newton-Raphson procedure

has been used for its resolution. Then the plastic multiplier can be obtained by λpln+1 = (1 −
wn+1)ε̇n+1. Finally, the deviatoric stress is given by:

sn+1 =
sn + 2µ(1− wn+1)∆tėn+1

1 +

[
3µ∆tλpln+1

(1−wn+1)σ0
+ ∆tẇn+1

1−wn+1

]
δ{λpln+1>0}

(9)

3.1 Integration algorithms with different levels of coupling

The efficiency of numerical integration of the constitutive equations has a direct impact on the
overall efficiency of the finite element approximation. As a result, the use of more complex
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constitutive models can potentially involve a drastic increase in terms of computation time.
To deal with this issue, three integration algorithms with different levels of coupling between
damage and elastic-plastic behavior are studied here. These couplings are defined as follows:

1. The first one is called strong coupling: it consists in solving the nonlinear system (8)
considering the two unknowns (damage and generalized strain rate) for each element and
at each Newton-Raphson iteration.

2. The second one is called intermediate coupling: the system (8) is reduced to a nonlinear
single equation where the unknown is the generalized strain rate. The damage value
corresponding to the previous iteration is used to simplify the system. Then the new
damage value is obtained using the second equation once the new generalized strain rate
has been computed.

3. The third one is called weak coupling: it is similar to the intermediate coupling except
that the damage value is not updated at each Newton-Raphson iteration but only at each
time step of the incremental resolution.

3.2 Consistent tangent operator

To solve the nonlinear mechanical system, it is required to compute the deviatoric tangent
operator, i.e ∂s

∂ε̇ in the mixed velocity pressure formulation (section 2.3). Simo et al. [27] have
highlighted the importance of using a tangent operator consistent with the integration scheme
used for the constitutive law.

L =
∂sn+1

∂ε̇n+1
=
∂sn+1

∂ėn+1

∂ėn+1

∂ε̇n+1

=
∂sn+1

∂ėn+1
(I4 − I2 ⊗ I2)

(10)

where (I4)ij,kl = δikδjl , (I2 ⊗ I2)ij,kl = δijδkl
After several derivations and simplifications, the final expression is given by:

L = ∆t

[
2µ(1− wn+1)2 σ0

B0
(I4 −

1

d
I2 ⊗ I2)− δ{λpl>0}2µcsn+1 ⊗ sn+1

]
(11)

where

c =

(
3µλpln+1 + σ0ẇn+1

2B0λ
pl
n+1

−
3µ∆tλpln+1

2B0σ0

∂σ0

∂r

)(
3λpln+1

3µσ0λ
pl
n+1 + (B0 − 3µ∆tλpln+1)λpln+1

∂σ0
∂r + σ2

0ẇn+1

)
A deviatoric tangent bubble matrix is also needed to solve the mechanical problem. This matrix
corresponds to the linear part of (11) [11]:

Lb = ∆t

[
2µ(1− wn+1)2 σ0

B0
(I4 −

1

d
I2 ⊗ I2)

]
(12)

3.3 Resolution algorithm

Let us consider the ith Newton-Raphson iteration. The velocity vi and therefore the strain rate
ε̇(vi) are known. The following operations are performed at the next iteration:
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• calculate ė = ε̇(vi)− 1
d trε̇(vi)I

• calculate Bi
0 =

√
2
3 [sn + 2µ∆t(1− wi−1

n+1)ėin+1] : [sn + 2µ∆t(1− wi−1
n+1)ėin+1]

• apply an elastic predictor and a plastic corrector:

– if (1− win+1)σ0(ri−1
n+1) > Bi

0 the increment is assumed purely elastic:

ε̇
i
n+1 = 0 and win+1 = wi−1

n+1

– otherwise, apply the plastic-damage corrector:

calculate ε̇
i
n+1 and win+1.

• calculate the plastic multiplier λpl
i
n+1 = (1− win+1))ε̇

i
n+1

• evaluate sin+1, Li and Lbi by their expressions (9), (11) and (12);

• finally, knowing sin+1, Li and Lbi

pi+1
n+1 and vi+1

n+1 are obtained by solving the mechanical problem.

This process is iterated until convergence of the Newton-Raphson algorithm.

4 Non-local damage model

The straightforward finite element implementation of the standard damage formulation leads to
mesh dependent results. The localization phenomenon occurs in very small areas and pre-
mature cracks onset can arise when the mesh is refined. Therefore, mesh refinement does
not ensure convergence towards a physical solution. Many enhanced models have been pro-
posed to overcome this deficiency and various numerical solution strategies have been developed
[2, 4, 13, 15, 19, 20, 23, 28]. The non-local implicit gradient formulation [28] is one of these
regularization methods, it has been employed in this study.

In order to describe correctly the localization phenomenon regardless spatial discretization,
the non-local damage model introduces a non-local damage variable w(x) to reflect the degree
of material’s degradation into the constitutive law. This non-local variable is considered as a
weighted average of the standard damage variable w. Moreover, a new characteristic length
parameter lc is introduced to determine the size of the surrounding volume that effectively
contributes to the non-local variable.

The gradient implicit formulation is obtained using a well-chosen weight function and the
Taylor expansion. This leads to the following equations:{

−l2c4w + w = w in Ω
∇w.−→n = 0 on ∂Ω

(13)

where −→n is the unit outward normal to the external boundary ∂Ω.

Non-local damage variable w is implicitly related to the local damage variable w (13). More-
over, l2c acts as a diffusion term in this equation, and this parameter has a much greater influence
on the size of localization areas than the mesh size does. Unfortunately, so far the physical def-
inition of this characteristic length is not straightforward when dealing with metals [16].

The characteristic material length lc corresponds to the grains average dimensions [22], or
it is sometimes defined as the mean distance between micro-particles. In practice, it is usually
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identified at the same time as the other material parameters. The inverse analysis approach is
widely used in this identification of material parameters. In addition, some additional conditions
have to be considered when choosing this characteristic length. For example, it is generally
recommended to have lc > h, where h is the mesh size, when the implicit gradient formulation
with the non-local damage model are used.

The system of equations (13) has been solved by a linear finite element approximation. The
obtained non-local damage variable w substitutes to the standard damage variable w in the
coupling with the behavior law.

5 Numerical results

Numerical examples presented in this section have two main focuses. The first one is to analyze
the three integration algorithms with different levels of coupling of damage with the elastic-
plastic behavior. The second one is to illustrate the effectiveness of the implicit gradient for-
mulation with a non-local damage variable to ensure an objective damage analysis in our finite
element approach.

Let’s consider a rectangular plane plate submitted to a tensile test as depicted in figure
1. The contact between the tools and the specimen has been chosen as bilateral sticking (no
decohesion and no tangential displacement). A vertical displacement u = 0.88 mm has been
imposed. Loading time T = 0.88 s has been divided in uniform time steps, ∆t = 0.005 s. The
material parameters of an aluminum alloy have been used: E = 70000MPa, ν = 0.3, εd =
0, wc = 0.98, b = 1, s0 = 1.25MPa, and σ0(r) = 596(10−4 + r)0.31 MPa.

Figure 1: Geometry (mm) and boundary conditions

5.1 Numerical analyses of the three levels of coupling

Let’s consider a uniform triangular mesh with a mesh size h = 0.12mm. Figure 2 shows load-
displacement curves obtained by the three levels of coupling. Damage variable versus plastic
strain, at the center of the specimen, are depicted in figures 3 and 4.

Strong and intermediate couplings seem to conduct to similar results both in term of load
versus displacement and damage versus plastic strain (figures 2-b and 3). On the contrary, one
can notice a slight difference when the weak coupling is used; figure 4 shows that the weak
coupling leads to slower damage evolution in comparison to the strong coupling. This induces
a slower softening of the behavior at the end of the tensile test, and thus a slower drop of the
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Figure 2: Load-displacement curves. (a) comparison between strong and weak couplings and
(b) between strong and intermediate couplings.

Figure 3: Damage evolution at the center of the specimen versus plastic strain: comparison
between strong and intermediate coupling

load as shown in figure (2-a).

In order to assess results’ sensitivity regarding time discretization, the same simulations were
performed with two different time steps ∆t1 and ∆t2 and using the different levels of coupling.
Figure 5 shows the load-displacement curves obtained for ∆t2 = ∆t1/2.

By using both strong and intermediate couplings, figures 5-a and 5-b show no sensitivity
of the curves with respect to time discretization. On the contrary, the curves obtained using
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Figure 4: Damage evolution at the center of the specimen versus plastic strain: comparison
between strong and weak coupling.

weak coupling depend on the time discretization, especially at the end of the simulation. This is
due to softening phenomenon which develops at this stage and affects heavily load-displacement
curves. To avoid this inconsistency, a fine time discretization is necessary at least in the late
stage of damage growth when weak coupling is considered.

Discussion

Weak coupling is sensitive to time discretization at the critical phase of the damage evolution.
Indeed, updating the damage variable only at the end of each time increment is a simplifying
assumption, which leads to an underestimation of the damage evolution when using a large time
step. This is illustrated on load-displacement curve through a slower softening and a slower load
drop when using the large time step ∆t1. The use of weak coupling requires therefore a time
discretization as fine as possible particularly when the softening phenomenon is triggered.

Otherwise, weak coupling can be easily implemented in computational codes. It can be
associated, without much difficulty, with the fracture modeling in the post critical stage of
damage evolution. Moreover, it can reduce the cpu time due to the simplified method of updating
the damage variable. This can lead to a lower influence upon convergence rate of mechanical
problem, especially in the late stage of damage evolution.

Strong coupling requires a local integration at each element (when P 1+
/P 1 is used) of a

nonlinear system with two unknowns. This involves a local integration of the constitutive law
more expensive compared to the other levels of coupling where resolution of a single equation is
required.

Intermediate coupling is considered as an alternative solution. It minimizes the drawbacks
of the two other levels of coupling. Indeed, on the one hand, it simplifies the local integration of
the constitutive law compared to the strong coupling. On the other hand, although it can lead
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Figure 5: Load-displacement curves for two different time steps (∆t1 = 1.10−2s) and (∆t2 =
5.10−3s) for the three different levels of coupling.

to more computational cost than the weak coupling does, it provides a good approximation of
the behavior law at each Newton-Raphson increment. Moreover, it is less sensitive to the time
discretization and does not require a very fine time-step to allow an accurate integration of the
constitutive law.

5.2 Numerical analyses of non-local damage model

In order to show the effectiveness of non-local damage model to regularize softening and localiza-
tion phenomena as well as to reestablish results’ objectivity in damage prediction analysis, the
previous tensile test on a plane plate specimen has been used. Damage and plastic strain tend
to localize in well-known shear bands in this test. Moreover, this numerical test is particularly
useful to validate regularizing methods. Indeed, the load-displacement curves as well as the
width of localization bands are very sensitive to the spatial discretization when the standard
damage model is adopted.

Let’s consider four uniform triangular meshes of the plate: h = 0.01mm (100454 elements),
h = 0.02mm (24806 elements), h = 0.03mm (11137 elements), h = 0.04mm (6139 elements).
The intermediate coupling, the previous material parameters and a characteristic material length
lc = 0.06mm have been also used to carry out simulations. Figure 6 depicts load-displacement
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curves obtained by these different meshes.

Figure 6: Load-displacement curves obtained with four different mesh sizes and the non-local
damage model.

For each mesh, the load-displacement curve (figure 6) suggests that the elastic-plastic be-
havior is not influenced by damage at the beginning of the test. Beyond a given displacement
value, a softening behavior is observed. This softening is due to the coalescence stage of micro-
voids and micro-cracks, and it leads to an important decrease of the structural strength of the
material. Furthermore, when the mesh size decreases, curves tend toward the one obtained with
the finest mesh. Therefore mesh convergence is attained.

Damage is the main cause of softening phenomenon in the elastic-plastic damage law. This
softening is at the origin of the localization phenomenon, which leads to numerical results con-
trolled by the spatial discretization when using the standard damage model. The isovalues of
damage and plastic strain variables throughout the simulation, especially in the post critical
stage and just before the macroscopic fracture, are also important indicators of the effectiveness
of the regularization method.

Figures 7 and 8 present respectively damage and plastic strain isovalues for the four consid-
ered meshes. For each mesh size, the image presents the physical distribution of these fields:
damage is localized at the center of the specimen and the plastic strain illustrates the forma-
tion of physical shear bands. Moreover, the shape and the size of these shear bands are not
significantly influenced by the mesh size. This objective prediction is obtained thanks to the
non-local damage model, which introduces a characteristic length to regularize the localization
phenomenon.

In order to illustrate more clearly the non-local damage model effect on the size of localization
areas and to see how different the results are in figure 8, figure 9 depicts line plots of plastic
strain through the center cross-section of the specimen. This is the most damaged part of the
plate wherein the steepest gradients occur.
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Figure 7: Damage isovalues for a vertical displacement u = 0.88 mm for different values of mesh
size h.

Figure 8: Plastic strain isovalues for a vertical displacement u = 0.88 mm for different values of
mesh size h.

Unlike standard damage model, where the plastic strain is generally highly localized in one
element row, the localization zone of the plastic strain cannot be reduced to a strip of elements.
Its size is thus different from the finite element size in the post-critical phase. In addition, we
note that the amount of elements belonging to shear bands is getting lower when the mesh size
increases (figure 9). First, this allows to avoid a unphysical, frank localization phenomenon when
refining the mesh. Second, it enables to get a size of the shear bands less-sensitive regarding
mesh size.
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Figure 9: Center cross-section: plastic strain isovalues for a vertical displacement u = 0.88 mm
for different values of mesh size h.

It is also important to stress that this regularization model allows to avoid premature fracture
onset when using a very refined mesh. Mesh refinement is required to ensure reliable results
for damage analysis, especially as mesh has to be refined enough around the localization ar-
eas in order to capture the locally steep gradient. Nowadays, adaptive mesh technique, which
improves the accuracy without compromising the computation cost, is increasingly used for
damage problems. However, adaptive mesh may lead to a severe mesh refinement in localiza-
tion areas, therefore a premature fracture onset may occur when using a standard damage model.

Figure 10: Center cross-section: mesh and line plots of damage for a vertical displacement
u = 0.872 mm.
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Figure 11: Center cross-section: mesh and line plots of damage for a vertical displacement
u = 0.882 mm.

Figure 12: Center cross-section: mesh and line plots of damage for a vertical displacement
u = 0.884 mm.

Figures 10, 11 and 12 illustrate line plots of damage at the center cross-section along with the
mesh evolution at the late stage of the previous simulation. An anisotropic mesh h-adaptation
has been used to drive the mesh throughout the simulation, this mesh adaption relies on an error
indicator based on the interpolation error estimate and taking into account w and ẇ variables
[12]. The maximum and minimum mesh sizes have been respectively set at hmax = 0.1mm and
hmin = 0.005mm. Fracture has been modeled by the kill element method, i.e. when the damage
variable w reaches the critical damage value wc at one mesh element, this element is deleted
from the mesh.

Figures 10, 11 and 12 show an anisotropic mesh around the localization areas. In addition,
mesh elements are stretched in directions of low gradient of damage, and they are narrowed
in directions of high gradient of damage in order to capture correctly the local steep gradient
of damage. The non-local damage model is crucial in this case, indeed it enables to avoid
a premature fracture onset when using a very small mesh size, which allows to conduct the
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simulation till its latest stage.

Finally, macroscopic crack appears at the intersection of the two shear bands, then it propa-
gates along one of the shear bands until the complete fracture of the plate. (Cette phrase j’hésite
à l’enlever, qu’est ce que tu en pense? egalement je ne me suis pas trop tardé sur l’adaptation
du maillage, car je pense que ça sort du framework)

6 Conclusion

Numerical integration of an elastic-plastic damage constitutive law has been thoroughly ad-
dressed. This law is widely used in numerical modeling of materials processing involving large
plastic strains together with the induced progressive degradation of material’s properties.

To deal with the incompressibility of plastic deformation, a mixed velocity-pressure formula-
tion and a stabilized finite element discretization P 1+

/P 1 have been used to solve the mechanical
equations.

Three integration algorithms with different levels of coupling of damage with plastic strain
have been presented and discussed. Intermediate coupling allows to simplify the constitutive
law integration in comparison with the strong coupling. Moreover, although it is more difficult
than the weak coupling, it provides a better approximation of the behavior law as well as of
the damage evolution. Weak coupling can be easily implemented in computational codes and
can lead to a less computational cost. However, a fine time discretization in the late stage of
damage evolution is required in order to ensure an accurate integration of the constitutive law.

The finite element approximation of problems involving damage leads to numerical results
severely sensitive to the spatial discretization. The implicit gradient formulation with a non-local
damage variable, which introduces a characteristic material length to regularize the localization
phenomenon, have been used to restore numerical results’ objectivity.

Finally, tensile test on a plane plate specimen, where damage and plastic strain tend to lo-
calize in the well-known shear bands, has successfully proven both objectivity and effectiveness
of the developed approach.
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