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Abstract :  The paper considers the application of the subspace method MUSIC to the es-
timation of rolling, nutation and precession frequencies of a high velocity spinning artillery
shell. The influence of the various parameters such as signal-to-noise ratio and slow drift of fre-
quencies is studied. The formula giving the variance of the estimation is detailed at the light of
the specificities of the application, and a novel result is established stating that when the sought-
after frequency is varying in a time-affine manner over the considered data window, the MUSIC
estimate recovers the average value of the frequency. A typical case-study serves as illustration,
assessing that, at the expense of a increase of the computational load, MUSIC can recover the
nutation frequency of the shell with a standard deviation below 1 rad/s.

1 Introduction and context

The present research work focuses on one particular technique employed for determining the
attitude of smart artillery shells from onboard sensors. In the thesis [3| [4 [5], a new method has
been developed to estimate the attitude from strapdown magnetometers and accelerometers (see
Figure[la). Attitude determination from direction vectors is a central question for guidance and
control applications of such projectiles. Mathematically it can be formulated as the Wahba’s
problem [I4]. At any given instant, determining the attitude requires the measurement of two
linearly independant directions. Interestingly, in free-flight (also termed exterior ballistic phase)
the accelerometers can not be used to determine the direction of gravity as is commonly done on
the ground, as they solely measure the aerodynamic forces which have no common factor with
the gravity (see [3, section 2.5]). This causes an under-determination of the attitude, as one
angle (corresponding to the rotation around the single measured direction) is unknown. The
methodology proposed in [3] is to recover one angle from an unorthodox use of accelerometer
measurements. In a nutshell, the method considers the direction given by the magnetometer
and the pitch angle to determinate the attitude. The pitch angle can be obtained from a study
of the dynamics of the velocity of the shell by identifying it with the slope angle. The velocity
itself can be estimated from a specific treatment of accelerometers measurements. Indeed, a
detailed aerodynamic model of the free flight rotational dynamics of the symmetric projectiles
reveals that it is subjected to an epicyclic motion (see Figure that is measured by the
accelerometers. The frequencies of the epicyclic motion are directly (and analytically) related
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to the translational velocity of the shell [9]. For this reason, the estimation of these frequencies
is a solution to estimate the desired angle enabling the full attitude determination. Estimating
these frequencies can be achieved using various techniques, among which are windowed Fast-
Fourier-Transform (FFT) [2], or, advantageously, subspaces methods such as MUSIC [I1]. This
last class of methods is the topic under consideration in this paper.

(a) Artillery shell and captors (b) Epicyclic motion

Figure 1

There are 3 frequencies in the epicyclic motion (precession, nutation and spin). Those
frequencies are visible in the accelerometer measurements (Figure . The frequencies are
relatively close and vary (drift) over time (Figure . Their magnitudes significantly decay
during the flight and so does the signal. As a consequence, it is difficult to use traditional FF'T
method. Instead, we use a subspace method MUSIC (Multiple Signal Classification) [I1] that is
reported to work well with small windows (over which the drift of frequency is hopefully small),
close frequencies and high level of noise, or equivalently low signal-to-noise ratios. Subspace
methods rely on the spectral decomposition of the autocorrelation matrix. The general question
under study in this article is the estimation of the level of accuracy one can expect in this
particular application, considering the noise, the finite size of windows of measurements and the
drifting frequencies over the window.

The contributions of this article are tow-fold. On the one hand, a numerical estimation of
the theoretical variances of the estimation of the frequencies in the studied case is proposed. On
the other hand, a theoretical result on the impact of frequency drift is established.

The article is organized as follows. In Section [2| notations are introduced and the problem
studied is stated (section [2.1). In Section the MUSIC algorithm is presented. In Section
[Bl the bias, the variance and the dependence on the variability of the frequencies are studied.
For the bias and the variance, the proofs follow the classic presentation of subspace methods
and stress the role of the variation on the first order of the eigenstructure of the autocorrelation
matrix estimation. The main results are Theorem [1| and Theorem [2} Concerning the frequency
drift, we study the convergence of the autocorrelation matrix and use trigonometric developments
to establish the novel Proposition[I2] In Section[d] simulation results are presented, showing that
the relation between the error on the frequency estimation and the size of the autocorrelation
matrix (m) is not simple and has to be considered to choose the best m possible. In gereral, the
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(a) Example of accelerometer measurement from [3]
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(b) Evolution of the frequencies from [3]

Figure 2

error on the frequency estimation decreases then increases when the size of the autocorrelation
matrix (m) increases, which increases the computational burden. In practice, an upper bound
for m has to be considered (m has to remain smaller than the number of observations N = 4032
in the considered window) and for m = 2000 and for the parameters corresponding to our study
case, the standard deviation is approximatively 0.0004 rad.s™*

2 Subspace methods

Roughly speaking, to estimate frequencies of a stationary random process, one needs to estimate
the power spectral density of the process. There exist two main types of methods for this : non-
parametric or classical methods and parametric methods based on a model for the signal [6].
For a sum of sinusoids (usually refered to as multinsinusoids) covered in noise, the subspace
methods are appealing. They rely on the spectral decomposition of the autocorrelation matrix.
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Historitically, the first subspace method was introduced by Pisarenko [10] and is now seen as a
particular case of the MUSIC method introduced by Schmidt [I1]. There exist other subspace
methods such as minimum norm algorithm or eigenvector method [6]. Due to its popularity and
reported solid performances, the algorithm chosen in [3] was the MUSIC algorithm and from
now on we will focus on this algorithm.

2.1 Notations and autocorrelation matrix

The problem we study is the following :

Problem 1. Consider a random process s with N samples : s[0], s[1], ..., s[N — 1]. At time t,
the signal is

s(t) = Z 2 (1) + e(t) with x(t) = oge’@HtTer) (1)
k=1

where e(t) is an additive noise, (Wi )k=1,...p are p unknown frequencies that we want to determine,
the (ou)k=1,.p are unknown amplitudes and (¢i)k=1,..p are unknown phases. The following
assumptions are made:

e P is known

e wy are distinct constants

e . are constants

o ¢y are independent random variables uniformly distributed over [0, 27]

e e(t) is a real white noise with zero mean and variance o2, its covariance is Ele(t)e(v)] =
§P0?, where § is the Kronecker symbol.

o xr(t) and e(t) are independant
The aim is to determine the frequencies (wy)i=1,. p-

The MUSIC algorithm rely on the spectral decomposition of the autocorrelation matrix of
the signal and we need a few notations before introducing the definition of the autocorrelation
matrix.

Notations For a complex valued vector X € C™, we denote X' its complex conjugate, X*
its conjugate transpose, X7 its transpose. A matrix M € C™*™ is hermitian if M* = M. The
considered norm is | X|| = vV X*X.

Definition 1. Let m > p be an integer. The autocorrelation matrix of size m of the signal is
defined as
s(t)

R = Ely(t)y" ()] € C™™ with y(t) = :
st+m—1)

From the , an expression of the autocorrelation matrix depending on the parameters of
the signal can be found. Most of the following properties are recalled from [12].
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. . T
Proposition 1. Note M = N —m + 1, and consider z(t) = (ale’(“’lt*‘pl) ape’(thJ“DP)) ,

T . . T
e(t) = (e(t) ... et+m=1)), a(w) = (1 ... e=mD) A = (afwr) - alwy)) €
C™P and P = diag(af, ...,a2). One has

R = APA* 4+ %I, (2)

The term APA* is associated with the signal part of the process and the term o2I,, is
associated with the noise part of the signal.

Proof. From y(t) = Ax(t) + ¢(t), one deduces

R = E[y(t)y"(t)]
= E[(Ax(t) + (1)) (Az(t) +£(1))"]
_ E[Az(t)a (1) A* + Az(t)e (1) + e(t)a (1) A* + (t)=(t)"]
= AE[z(t)e* (£)]A* + 0+ 0+ Ele(t)e(t)’]
Moreover, Elz(t)z*(t)]jx = Ela;el@ittedagewrtten)] = ajopdk = Pjj so we have R =
APA* + 0%1,,. O

Proposition 2. Note A1, ..., \,,, the eigenvalues of R in decreasing order. They are all reals and
we have
M>X> >N > A1 = Mpy2 = oo = Ay = 07

Proof. APA* is hermitian positive-definite so the eigenvalues of R are real and superior to o2.

Moreover, the rank of APA* is p so m — p eigenvalues of APA* are null and m — p eigenvalues

of R are equal to o2. O
Definition 2 (Eigenstructure of the autocorrelation matrix). Note S = (sl sp) the or-
thonormal eigenvectors associated with {\1,...,\p} and G = <91 gm_p) the orthonormal

eigenvectors associated with {\pi1, ..., \m}. We denote U = (S G) the entire set of eigenvec-
tors of R.

Proposition 3. The vectors of A are orthogonal to the vectors of G : G*a(w;) = 0 fori €
{1,...,p}. And :
a*(w;))GG*a(w;) =0 fori e {1,...,p} (3)

To prove this property, we need the following lemma on hermitian matrices.

Lemma 1. Consider A € My, ,(C) and note W its column space. If A*A is inversible, then
A(A*A)~LA* is the orthogonal projection on W.

Proof of lemma 1. Consider z € C™. z can be written z = xw + xy1 with zyw € W and
zy . € Wt where W+ = Ker(A*) is the orthogonal space of W. There exist ¢ € C" such that
zw = We. zyr € W = Ker(A*) so

Az =0 <= A% (z—aw) =0 <= A'z = Azy <= A%z = A*Ac < (A*A) A"z =c

Hence : my = Ac = A(A*A)~1A*z and A(A*A)~1A* is the orthogonal projection on W. O
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Proof of proposition [3 RS = SA with A = diag(A1, ..., Ap) (because S are eigenvectors of R)
so from APA*S = SA with A = A — 02] so

S = AC with C = PA*SA™! and C~! = §*A (4)
because S*S = I so I = S*AC by multiplying the first term of (4]) by S*. We have GG*+55* =1
and SS* = S(5*S)"18* = A(A*A)~LA* because the column space of A and S coincide (by
the previous lemma). Hence, GG* = I — A(A*A)~1A* and a*(w;)GG*a(w;) = a*(w;)a(w;) —
a* (wi) A(A*A) 7T A* a(w;) = 0 and ||G*a(w;)|?> = 0 so G*a(w;) = 0. O

a*(wi)
Proposition 4. G*a(w) # 0 for w & (wk)keq1,... p}

Proof. If there exists wp11 ¢ (Wk)k=1,...p such that G*a(wps1) = 0 then SS*a(wp+1) = alwps1) —
GG*a(wpt1) = a(wpy1) (85" =1 — GG*) and (a(wl) e a(wp) a(wp+1)) is a basis of the
column space of S which is of rank p so it is impossible. O

The idea behind subspace methods is to use Propositions [3| and [4| to build a (frequency-

discriminating) function :
1

>t cillgia(w)?

(with (¢;)i=1,...m—p coefficients to choose) that will have local maximas at the frequencies
(Wk)k=1,...p- A particular choice will be made next.

h(w) =

2.2 MUSIC Algorithm

Definition 3. The (frequency-discriminating) function used in the MUSIC algorithm is the
function where the c; are equal to 1 :

() 1 1 : (5)
MU (w) = - = = —
SiPllgraw) | [IGFaW)|? a*(w)GG*a(w)
To build this function, we need an estimation of G from the samples of the signal so we need
an estimation of the autocorrelation matrix:

Proposition 5. R = & S M-Uy[n]y*[n] is an unbiased estimator of R and
Vi,j e {1,...,m}, J\/}li}noo E(|R;; — RZ‘J‘Q) =0

Proof. This is exactly the definition of a process being autocorrelation ergodic and s(t) is auto-
correlation ergodic. More details about ergodicity can be found in [6, chapter 3]. O

Lemma 2. As R — R in mean-square sense when M — oo (Vi,j € {1,...,m},limp; o0 E(|f?”—
Rij|*) =0), 8 = S, A=A, S =diag(hps1, ., Am) = 021, S*G = (5= 8)*G = 0, §*G =
(S—9)*G =0, GG* —» GG*, A*G — 0 and & — w.

Proof. This is due to the continuity of the eigenvalues of R and the continuity of the eigenvectors
S (because the multiplicity of their associated eigenvalues is 1). More details can be found in
[8, page 130]. O

Gathering all the ingredients above, one can formulate a streamlined version of MUSIC
algorithm.
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MUSIC ALGORITHM

Compute R = 1 M y[n]y*[n]

Compute the eigendecompositio of R

Compute G with the eigenvectors of R associated with the m — p smallest eigenvalues.

Compute iy (w) = m

Compute the p (dominant) peaks of 7. These are the frequencies estimates (@Wg)g=1....p

3 Statistical analysis of MUSIC

We are interested in the behaviour of the estimator MUSIC when the parameters m, N are
varied and when the frequencies (wy)r=1,. p and the noise change. To address these questions,
we study the bias and the variance of the frequencies given by MUSIC.

3.1 Bias

3.1.1 Perturbation matrix

We need to study the evolution of the eigenstructure of a matrix when it is perturbed by a
e-small random matrix and we have the following proposition (inspired by [7]):

Proposition 6. Consider a hermitian matriz A and a hermtian matrixz with zero-mean random
entries B. Note € a small parameter and consider the perturbed matriz is A = A+ eB. Note
A1, ..., A the eigenvalues of A in decreasing order, A1, ..., Am the eigenvalues ofA U the entire
set of orthonormal eigenvectors of A and U the orthonormal eigenvectors of A . We suppose,

for some p, A\t > A2 > ... > Ay > Apy1 = Apy2 = ... = Ay, Then, one has :
m .
Vie{l,...p} s =u;+ Y ethju; + O(?) (6)
j=1
J#i
i uBug
with t1; = N

Proof. As the p largest eigenvalues are distinct, the eigenvectors 4y, ..., 4, tend touy, ..., up when

e tends to zero (from [§]). For all i € {1,...,p}, we can write @; = u; + Y jo; et} juj +O(e 2) an
JFi

eigenvector of A for the eigenvalue \;. We have to verify that : ||4;||> = 1 + O(£?) :

%1% = u+Z it uz+28t j + O(e2))
jséi J#Z

HfLZH2 wiu; + Za ju;'fuj + 0(52)
J#Z

'R being hermitian, its eigenvalues are real, further they are positive.

2 . 7 _ 1 A Arx — _ & G
or alternatively hyu(w) = T I=5577a0) because GG* =1 — 5SS
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|@:]* = 1+ O(e?)
Now we need to find the coefficients t . Forie{l,..,p} and j # ¢ in {1,...,m}, we have (up
to €2 terms)
A A m . A . .
wiAt; = u;"/\zﬁz = u;)\z(uz + Z e’ftllkuk) = )\Z‘é“tzlj = 8)\1‘1511]-
=

We also have :

m m
ujfml = uj(A+eB)(ui + Z ettug) = ui Au; + uj A Z ethpup + eu;Bu; = E)\jtilj + euj Bu;
5 =

*
u’t Bu;
j 1

e O

This yields t’ij =

We can apply this property to R and R with B = \/M(]fi —R)and e = \ﬁ Thanks to the

central limit theorem, v M (ﬁi — R) is zero-mean with elements asymptotically jointly Gaussian.
Before deriving the expression of the bias, we need the expression of the statistical expecta-
tion of the coefficients t’ij and of S and a development of GG* :

Proposition 7.

E[t{;] =0 and E[S - S] :O(M) (7)

Proof. Elt};] = E[zg_B:;] = 0 because E[B] = 0. It follows that : E[S — S] = O(37)- O
Proposition 8.

GCr = GG 4+ \/1MZ + O(%) (8)

where Z 1s a zero-mean random matrix.

Proof. We have GG* = I,,, — §5*. Thanks to @, we can develop the expression of S5

p p
(55%)ij =D 8ixdfy = D luig + Zethuzq +0(e)][ujy + Z e(ty,) T uf, + O(e)]
k=1 k=1 g=1
q#k 7”3““

p m
:Z“zkugk+z (th ) uzkuﬂ—l—ZEthulun—i—O( ) = (SS*)i; —eZij+ O(?)
k=1

T;k q#k
Where Z; j = — ZLJZ%@’&)*W,W} + 2 =1 5t’fqui7quj+7k]. From : E[Z]=0.
T a7k
So we have, S5* = §5* — ﬁZ +0(3;) and GG* = GG* + WZ + O().
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3.1.2 Bias of the estimator

We need one more result before prooving that it is an asymptotically unbiased estimator.
Lemma 3. A*GG* = —A*S(S — S)*GG* + O()

Proof. A*GG* = A*GG*GG* = A*GG*(GG*+—=Z+0(1/M)) from (8) and because G*G = I.

VM
Then, A*GG* = A*(GG* + =Z + O(1/M)) = ﬁA*Z +O(1/M) so A*GG* = A*GG*GG* +

O(4y). Tt follows that A*GG*GG* = A*(I — 55*)GG* = —A*SS*GG*. Because S*G = 0, one
has A*GG*GG* = —A*S(S — S)*GG*. And from S = S + (S — S) one gets A*GG*GG* =
—A*S(S — S)*GG* — A*(S — S)(S — S)*GG*. Moreover, (S — S)(S — §) = O(4;) which yields
the conclusion. ]

With this lemma, we can find a simple expression of W, — wy and deduce the bias with this
new notations :

o B = S"a(wy)

1 (1 — 51)
. o= : with = GG*d(wy,) with d(wy) = 92(w)
15 (Sp — sp)
hyy = d* (wi) GG*d(wy,)
f(w) = a*(w)GG*a(w)

Proposition 9 (adapted from [12]). The frequencies estimates are such that, for allk =1, ..., p,

Re(ﬁ,{vk) 1

O —wg = I +O(+7) 9)

M

Proof. The proof derives from a perturbation analysis of the maximums. By definition, we
have f'(&r) = 0. Thus, an expansion gives /(&) =~ f'(wg) + f”(wi) (O — wg) with f/(w) =
2Re(a* (w)GG*d(w)) and f"(w) = 2d* (w)GG*d(w) +2a* (W)GG*d' (w) so f"(wi) = 2hi,+O(—).

VM
With lemma [3] this gives
F'(wk) = —2Re(a* (wi)S(S — 8)*GG*d(wy)) + O(1/M)

= —2Re(Bi(S — 8)* ) + O(1/M)

= —2Re(fiv) + O(1/M)

=_2 Re(ﬁ;{vk) +O(1/M)
Hence
(@) = ') + ") @1 — ) = 0= ~2Re(5 ) + O(1/M) + (2hi+ O( ) (@ — 1)

= O —wp = Re(fk%k) +O(1/M)
k
]
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It is now easy to prove that the bias of the estimator approaches 0 when M grows.

Theorem 1. E(®p —wy) = O(ﬁ) so the estimation of frequencies by MUSIC' is asymptotically
unbiased.

Proof. We have : & —wy, = W O(1/M) so : hy x E(Qr, — wi) = Re(BLE[(S
S)*ux) + O(1/M). Moreover, E[(S — §)*] = O(3;) (@) so E(&r — wi) = O(;). O

3.2 Variance and covariance

3.2.1 Preliminary results

To derive the expression of the covariance matrix, we need the statistical expectation of tikt{l
and tﬁk(tjll)‘F and before deriving their expressions we need the expectation of Bu;ujB with
B = +/M(R — R) that can be found in Proposition [10] (from [13]). We denote :

e Qr = Ele(t)e*(t — k)] = Ele(t)eT(t — k)] = 02Jx where (Ji)i; = (5;-““ (and Qr =
Ely(t)y" (t — k)))
o Ry, = E[y(t)y*(t — k)] = APdiag(e®, ..., )k A* + Q = APDFA* + Qy,
Proposition 10. With B = \/M(]:’L — R), then for alli,j € {1,...,m},
m—1

E(Buiu;B) = Z (U;R_lui)Rl =+ Qlu;'u?Ql (10)

Proof. We have

ML Z Z Ely*(g)s(q+ k — Dualy(r)s™(r +1— 1))

M—
ZZE is(q+ k= DuSy(r)s™(r+1—1)]

We use the following lemma (that we can apply thanks to the central limit theorem that states
that when M tends to the infinity, y*(q)u;, s(¢ +k — 1), ujy(r) and st(r+1—1) are Gaussian
random variables) :

Lemma 4. (from [1]) If z1, z2, 3 and x4 are four Gaussian random variables with a least one
with zero-mean, we have :

E[w1x2x3x4] = E[wlmg]E[azgm] + E[ﬂ?lxg]E[$2$4] + E[$1x4]E[x2x3]

10
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BlRuui Rl =15 S 30 Ely(auis(a + k — D]E[ufy(r)s*(r 1~ 1)
q=0 r=0
+ Ely* (Quiujy(r)]Els(g +k = 1)s*(r +1 - 1)]
+ By (Quist (r +1 - 1)]E[s(q + k — D)ujy(r)]
1 M—-1M-1
—W (RO)]:UzU;k(RO)l + U§erqui(qur)k,l + (Qr q)luiu;‘(Qrfq)k;
q=0 r=0
:(Rui R+ — 2 Z — [th[u] R—wi(Re )k + (Q—tuiu; Q1) k]
[t|<M

* 1 *
=(RuijR)g + 7 D iR yui (R + (Qru uf Qi)r)
[t|<M

So we have :

[Ruju’ Ry, = Rujui R + ﬁ Dt n Wy Rogui Ry + Qtu;“uTQt Moreover

E(Buwu;B) = ME((R — R)uju(R — R))
= ME(Rusw;R) — ME(Ruw}R)) — ME(Ruu}(R — R))
= MRul-u;fR + Z u;R,tuiRt + QtujuZTQt — MRuiu;R -0
[t|<M
m—1

> (uR_jui) Ry + Qu uf Q

I=—(m-1)

The statistical expectations of t

t1, and t} (til)+ are now straightforward to establish
Proposition 11.
B[ty (t,)"] = v — )0y — ) > (uk Rewus Royu + ujQuu uf Quuy) (11)
v J [t|]<m
i 4] 1 * * *
E[ty,ty] = v =) 05 — ) > (uf Ryuiu Ry + up Qg uf Qruy) (12)
" J [t|<m

. . . ¥ Bu; u; *Bu,
Proof. FlI‘St,E[tzlk(tju) | = E[A ;fk/\ )\j

| = ooy Lt <m k(U Rogui Ry + Qeufui Q)

which yields E[t{,t},] =

(u;fR_tui)(u;gRtul)+uZQtu;ruzTQtul
uy Bu; uZ‘Buj
= E[,\F,\k AN

| = ()w._)\k)l()\j_)\l) E|t|<m ug (uf R—yu; Ry + Qtul—i_uzTQt)Uj

(uy Ryus) (uf, Rewy) +uf Qe ul Qeuy

O
We need two last lemmas (from [12]) before deriving the expression of the variance

11
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2, (81— 51)
Lemma 5. For all z1, z9 in the column space of G, we denote vy = :

24 ($p — sp)

We have :
1 m—1 5 ~
Elvyws] = A N2 QrzaST R ST+ STQrz021QrSTAT! (13)
k=—(m—1)
1 m—1 5
Elvivl] = 7 S AN Quad STQLS + STQuzd 21 QrS)AT (14)
k=—(m—1)

Proof. First,

(A — o) (Aj — 0®)E[vivzli; = (A — o) (N — UQ)E[ZT(% —si)(8 — Sj)*22]

=\ — o)\ —o? Zstlkukz

k;éi iZ
=\ —o? Z Z 2] ug X
M=
k#i l#]
1 * * * *
[ > (uk Rewgul Royui + uf.Quu uf Quuy)luf 2

(A = M)A — )

[t|l<m

Since z1 and zg are in the column space of G, zjuy, = 0 if k € {1,...,p} and 35 4 % =
*GG* * . . .
z)\l'iaz = )\.Zjo_Q because GG* is the orthogonal projection on the column space of G. So, one has

1 1
Bluivslij = a7 Siipin Dilpi 2 kl=x oo =y 2l <m (Wi Rrww; Ropuituf Qeuf uf Quup)ujzo

* 1 * * *
(\i = 0*)(Nj — o) Elvivs]i; = Vi > A Rezgui Ropui + 21 Qe ug Qrz

|t\<m

— Z letzguTRJru “l‘uTQtZQZthU

|t\<m
because zfA = 0, we have
1 m—1 B B B B
Elvvs] = 4 > Qe AT STRISTAT + AT ST Qraa2 i QrSTAT!
k=—(m-1)

12
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Then,

(i =) (N = 0 E[vivg iy = (N = o) (N — 0Bz (3 — 1) (85 — 55)" 23]

m m
=\ — o2\ — az)z’fE[Z et L u Zst]uulT]z;
k=1 =1
ki 1]
1 m m
= ()\z — 02)()\]‘ — JQ)M Z ZZT’U,]CX
k=11=1
k£i 2]
1
[(/\~ — ) (N —N) > (ui Reyuiui Rywj + uiQuuui Quug)]uy 25
P AR T A o
Since* z1 an(i zp are in the column space of G, zju, = 0 if k € {1,...,p} and 351 % =
??fz = 1 is the orthogonal projection on the column space of G. So :

T _ 1 1 T p+,,+ +, T T .+
E[Ulvg ]zg = EZLpH Elrierl ziﬂuk(i(/\i—Ak)(Aj—Al) Z|t\<m[qutujui Ry U; +U2Qtul U; Qtuj])ul Z9

1 . .
(Ai —0*)(Nj — 0*)E[vivg Jij = i > 2 Ruwujul R 25 + 21 Quzd uf Quuy

[t|]<m
1 k *

= > 2 Quujul Qezd + 21 Quzs ul Quu;

[t|l<m

because 27 A = 0, so we have
1 m—1 B B B B
Evvl] = 7 > ATSTQuad A QuSAT + 21 Qrzd AT STQRSAT!
k=—(m—1)

O

Lemma 6. We denote X = SA1S*A. We have SA™18, = zj, A*X = P! and X =
A(A*A)~tpL,

Proof. o 2, = SA"1S* A, = SA~18, by definition of 3, = S*a(wg)
e PA*X = PA*SA™'S*A=CS*A=CC ' =1 (@) so A*X = P!

e X is in the column space of S which coincides with the column space of A so there exists
a matrix H such that X = AH. We have : [ = PA*X = PA*AH so H = (A*A)~'P~!
and X = A(A*A)~1p~L

O

3.2.2 Expression of the covariance

We now have all the elements to establish the expression of the covariance matrix.

13
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Theorem 2. E[(©; —wj)(@; —w;)] = mRe Zk_ (m—1) M Jk;ﬁbTka —H)TJ/rf,uZ 15 Jkbi+
uijuib;fFka;r + bJTJkuijkbj with b; the jth column of B= A(A*A)~!
Proof. From

E[Re(8] vj) Re(5] vi)]

one gets
Re(x) Re(y) = 3 (Re(zy) + Re(zy")

and B|(@; — w;) (@i — wi)] = g5 E[Re(B] vjv] B;) + Re(Bf vjv} B7)] = g5 [Re(B] Elvjvi 18:) +
Re(B] Elv;v;]16;7)].

m—1

MBI Ejo]18i= > BIAT (15 Quu STQRS + ST Qup 15QkS)AT! B (T
k=—(m-1)
m—1
= ot Z u;Jk,ujx;‘-Fkai+x;‘kauju;kai (lemma@
k=—(m—1)
m—1 bT b b b
=gt Z M;Jk,ujijk* el Jk,ul ,uJJk— lemma@
k=—(m—1) J
4 m—1
o *
= — > MJJk/PLbTkai+bjTJkN;r/~Lijbz‘
Qi e (1)
m—1
MBIEwvi1 = > BIA (1 QruiSTREST + ST Qupip;QrSTAT B (T
k=—(m—1)
m—1
_ * , Tt .+ T % +
= Z 15 Qrepi xRy x; +z5 Qrpip; Qr;
k=—(m-1) — *VR*
=T Ty

=z} (AD"*PA*+02J_})z;
=(P7'D=kpP~1)+02xr J_jz; (lemmalf)
6]" 7,ka 9
=t > + g Qb*J kbj
J i ]

We have: Z?:__l(m_l) e = a(w;)a*(w;) so W _1( 1 ke hwj ;= 0 because piA =
0.

4 m—1
* g * *
MﬁJTE[Uj’Ui]ﬁ;r: 5 Z uijuib;‘»erb;r—I-b]TJkui,uijbf
O k=—(m—1)
Finally : E[(&; — wj)(@; — w;)] = WRG[ i l(m 1 u]Jku+bTka + bTJk,ul W Jkbi +
15 Jepibl Jibi” + 07 T puap’s Jubi - O

14
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Remark 1. The covariance can be written E[(0; — w;)(@; —w;)] = Wm where d depends

only on m and the frequencies and SNRy, = % is the kth signal to noise ratio.

Proof. Consider d = %WRE g”b__l(m D 15 Jep F Ty + bF T 105 Jibi + 3 Jepuib] Jeb +
b;fFJkum;kab;r ~ ﬁthe Zﬁ:l(m,l) JkqubTkal—Fb;[’Jkui ,uijbl—i-uijulb;fFka;r b;f,]kulujl]kb;r.
One has E[(®; — w;)(@; — w;)] = WjSNRi‘ Interestingly, d depends only on m and on the

frequencies because GG and A depends only on m and on the frequencies so does B, u; and
hi. O

3.3 Variation of frequency over a window

Below we study the impact of frequency drift. For simplicity, we consider that only one sinu-
soid is present in the signal. Let p be equal to 2 and we suppose s(t) = apet(woteot)tteo) 4
ageH(woteot)t+eo) 4 e(t) with g9 a small parameter. As formulated below, the frequency found
by MUSIC will be the instantaneous frequency in the middle of the considered window (the

instantaneous frequency at time ¢ is w = wo + 2¢e0t).

Proposition 12. The estimation of the autocorrelation matriz R tends to the matriz Ry as-
sociated with the signal : 5(t) = age!@0t90) 4 et @0t+90) 1 e(t) with Gy = wy + (N — 1)eg.

Proof. Let R be the estimation of the autocorrelation matrix of the signal s and f?k’l the coeffi-
cient of R at the k™ line and I'" column.

]%]{;+1’l+]_ Z s(n + k n + l)

Z 200 cos((wo +eo(n+k))(n+ k) + o) + e(n + k)] x

[2cvg cos((wo +eo(n+1))(n+1)+ @o) +e(n+1)]
| M-l

= Z 4a cos((wo + o(n + k) (n + k) + o) cos((wo + go(n + 1)) (n + 1) + ¢o)
n=0
+ 2 cos((wo +eo(n+ k))(n+ k) + wo)e(n + 1)

+ 2ap cos((wo +eo(n+1))(n+1) + po)e(n + k) +e(n+ k)e(n+1)

As —1 < 2ag cos((wo +eo(n +k))(n+k) +¢o) < 1and £ M Ve(n+1) FYE Ele(t)] =0 we
—00
have : 37 S M1 20 cos((wo+-c0(n+k)) (n+k)+o)e(n+1) Sy 0 and S M1 204 cos((wo +
eo(n+10)(n+1)+ ¢o)e(n+ k) gy 0.
Moreover - M- Ve(n+k)e(n +1) — Ele(t + k)e(t +1)] = o24L.
—00

We denote I1 = E[4a3 cos((wo + eo(n + k) (n + k) + ¢o) cos((wo + €o(n + 1)) (n + 1) + ¢0o)]-
We have :

15
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I = E[203 x cos((wo + co(n + k) (n + k) + 0o — (wo + eo(n +1))(n +1) — o)
+ 20 x cos((wo + eo(n + k) (n + k) + @0 + (wo + o(n + 1)) (n + 1) + ¢o)]
=202 cos(wo(k — 1) +eo(k —1)(2n + k +1))

Kk#l:
M Z IT = Re(+ Z 2a2 i(wo(k=1)+eo(k— l)(2n+k+l)))
M-1
= Re ( 202ei(@o(k—D)+eo (k=) (k+1) 3 geo(k=bn
M
1—ei2Meg(k—1)
T %okl
_ etMeo(k—D) sin(Meq (k1))
eiso(kfl) sin(eq (k—1))
203 sin(Meg(k — 1))
=W sin(eo(h =y S0tk =D +eolk = HM +k+1-1)
Ithk=1:
1 M-
— Z II= 2a0 cos(wo(k —1) +eo(k —1)(N — 1))
n=0
We supposed that : Meg < 1 and g9 < 1 50 : Js\?s(mj\ﬁg(( )))) ~ ]\]/y(iggzig) ~1
Moreover, as 1 < k.l <mform <« M,wehave M +k+l—-1>~M—-1~M+m—-1=N —1.

So :
Riy141 =~ 202 cos(wo(k — 1) + eo(k — )(N — 1)) + 026},

When M tends to the infinity and if Mey < 1, R is almost the autocorrelation matrix associated
with the signal 5(t) = 2aq cos(@ot + ¢o) + e(t) with @y = wo + (N — 1)eo. O

4 Simulation results

All the simulationd’| were done on real-valued signals of the form
2p=p ‘
t) = Z et @rtter) 4 e(t) with Vk € {1, ..., p}, iy p = o, Wigp = —wi and @1, = —pp
k=1

The signal can be written: s(t) = Y1_; 20 cos(wit + @) + e(t).

The results are not modified even if the phases are not independant (see appendix for more
details).

3https://github.com/JulietteGerbaux/MUSIC.git
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4.1 Validation of theoritical results

Simulations were made to illustrate the 3 theoretical results presented in this article : bias
(Theorem , variance (Theorem [2)) and variation of frequency (Proposition (12)).

To validate that the method was asymptotically unbiased when M tends to the infinity (or
equivalently N — o0), we made a large number (100) of frequency estimations of the signal

s[n] = 2accos(wn + ¢) +e(t),n=0,...,N —1

for every N between 50 and 2500 with @« = ¢ = 0.5 and w = 9}%0 rad (fs = 8000 Hz is the
sampling frequency). These values are chosen because they are close to the values of our case-
study. With m = 20, we plot the mean frequency (multiplied by fs) that was found by MUSIC
for each IV in Figure [3] One can see that the method is indeed asymptotically unbiased.

N between 50 and 2500 N between 100 and 2500
Mean frequency Mean frequency
—— Real frequency 966 —— Real frequency
Sliding mean of the mean frequency
965
964
960
962
060 | b e e
%5
958
950
956
5
954
0 =00 1000 1500 2000 200 0 w00 1000 1500 2000 %00
N M

Figure 3 — Frequency estimation by MUSIC with 100 tests for every N with s(t) = cos(960t +
) +e(t), m =20, 0 =0.5, SNR=1 and f; = 8000 Hz

Using the same data, we plot the variance of the estimation for every N in Figure ] One
can see that the experimental variance converges to the theoritical variance when N tends to
infinity which is the expected result.

To have an idea of the influence of m on the variance, we plot for the same signal and
N = 1000, the theoretical variance for different m in Figure One can see that the relation
between the variance and m is not simple and that numerical computation of the variance is
useful to choose the appropriate m.

Finally, to verify the result on the variation of frequency, we applied the MUSIC algorithm
to a signal s such that :
[s

s(t) = cos((960 + 5Nt)t + ) +e(t)

The frequency found by MUSIC is 965 rad.s~! approximately (Figure @)
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10* §
1 Frequency’s variance Frequency's variance

—— Theroritical frequency’s variance —— Theroritical frequency’s variance
Sliding mean of empirical variance Sliding mean of empirical variance

0 1

N\
: \ 20
100 A \ 10 HH-\\‘\

1] 500 1000 1500 2000 500 500 750 1000 1250 1500 1750 2000 2250 500
N N

Figure 4 — Variance of the frequency estimation by MUSIC with 100 tests for every N with
s(t) = cos(960t 4+ ¢) = e(t), m =20, 0 = 0.5, SNR=1 and f; = 8000 Hz

4.2 Case-study

We now show that on a signal typical of our study case, the MUSIC algorithm performs well.
A typical signal is [3]:

s(t) = cos(940t + ¢1) + 0.91 cos(958t + p2) + 0.78 cos(880t + 3) + e(t) (15)

with s[n] = cos(%n +¢1)+0.91 cos(gf%n +p2) +0.78 Cos(g%njL p3) +e(t) forn € {0,...N —1}
with N = 4032 and f, = 8064 Hz. The frequencies 940, 958 and 880 are in rad.s~'. The SNR
is 25 so 0% = \/%.

We tested the MUSIC algorithm on a typical signal (Figure [7]) and we obtained the pseudo
spectrum in Figure |8l The frequencies found are : 880.2, 940.9 and 958.4 rad.s .

The parameter m has to be chosen and we plot the pseudo-spectrum obtained by MUSIC
for different m in Figure [0
Thanks to the theoretical formula of the variance (Theorem , we can compute the expected
standard deviation of each typical frequency for different m (Tab. and it appears that
m = 2000 seems to be a good choice. We could compute the variance for more m to choose
the m corresponding to the minimal variance but a standard deviation of 0.0004 satisfies our
exigences.
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w0 400 €00 800 1000

Figure 5 — Variance of the frequency estimation by MUSIC with s(t) = cos(960t + ¢) + e(t),
N = 1000, 0 = 0.5, SNR=1 and f; = 8000 Hz

Pseudo-spectrum by MUSIC

~—— Constant frequency
Moving frequency

@
B
I / Y
3 10 / AN
£ \
3
pd h
80 > \\\
-
" ™
60 - S~
L ~_
40 ——
»o
550 5 %0 55 570 975 560

Frequency (rad/s)

Figure 6 — Frequency detection with MUSIC for s;(t) = cos(960t + ¢1), sa(t) = cos((960 +
10£4)t + ¢2), N = 20000, o = 0.1 and f; = 8000 Hz

5 Conclusion

When employed on experimental signals, frequency detection methods are facing a list of strong
challenges. Some are data acquisition issues such as missing data due to packet losses, irregular
sampling rates. In our application, some further issues are caused by the physics of the systems
under consideration: closeness of two of the three frequencies of the studied epicyclic motion,
drift of frequencies and decay of the magnitudes, high level of noises. All these issues are
plausible causes for the performance issues observed in [3] which led to discard the MUSIC
implementation and, instead, favor ad-hoc techniques based on envelope filtering.

The present study sheds a new light on this conclusion. It appears that the decrease of the
SNR (caused by the decay of the epicyclic motion) has an nonneglible effect but that it can be
circumvented by heavier computations (by increasing the parameter m in the algorithm). It also
appears that the drift has, assuming that it remains small, an effect that can be predicted, and
if necessary compensated for. However, the closeness of frequencies is indeed a problem, and it
is likely that in practice the two close frequencies will be detected as one.

In this new analysis, the formula of the variance is instrumental as it quantifies the accuracy
one can expect from MUSIC in function of the various parameters (see Tab for parameters
typical of our study case of attitude estimation). Moreover, the result on the variation of
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00 o1 02 03 04 05
Time (s)

Figure 7 — Typical signal

Pseudo-spectrum by MUSIC Pseudo-spectrum by MUSIC - zoom
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Figure 8 — MUSIC function associated with the typical signal with m = 400.

frequency help us to choose appropriate windows for the frequency estimation if we have an idea
of how much the frequency vary.

Rather than resorting to black-box implementation of MUSIC, it is concluded that it is
better to implement the streamlined algorithm described in so that the m parameter can
be directly tuned to the requirements of the specific case-study. Particular attention should be
paid however in determining with a sufficient level of accuracy the eigenstructure of the empirical
autocorrelation matrix.

The effects of other troubles listed above are still unsolved such as the influence of a bad
sampling on the MUSIC algorithm.
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0 — m=100

200 i

100

Amplitude (dB)

-100

-150 —_— — T~

800 825 850 875 00 a5 %50 975 1000
Frequency (radis)

Figure 9 — Pseudo-spectrum of the typical signal obtained by MUSIC for different m

m w; =940 wo =958 w3 =880
200 30.7 22.5 2.86
500 0.169 0.142 0.0215

1000  0.00320  0.00393  0.00107
2000 0.000375 0.000444 0.000419
4000 0.000738 0.000889  0.00114

Table 1 — Standard deviation for the typical signal

Appendix

In this appendix, we are going to show that the results does not change if we consider real
signals.
2p=p .
s(t) = Z akez(“”“tﬂ”“) +e(t) with VE € {1, ..., p}, Qg p = g, Wy = —wp and @1, = —i
k=1

The signal can be written: s(t) = Y1_; 20y cos(wit + @) + e(t).

First, we have R = APA* 4 ¢%I,, because even if the phases are not independant :

E[azei(wjtﬂﬂj)—i(therj)] — a? if j =k
Elz(t)a*(t)]j = Elaje’ @it qpe i rtten)) = & BlaZei@itte+ilwitte] = 0if |j — k| = p
Ela;e’@itt¢i)| Elage~ (@t ter)] = 0 else
So : Elx(t)a*(t)]jk = ajond’ = Py and R = APA* 4 01y,
All the results on the spectral decomposition of R still hold and the MUSIC algorithm is still
working.
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The results on the variance are not modified even if E[y(t)y” (t—k)] = E[y(t)y*(t — k)] = Ry.
Note that the matrix y(¢), R, R, Ry, S, S, G and G are real.

We have :
| M-1M-1
[Ruu; R Ve Ely"(q)s(q+ k — 1)uiu;‘ry(r)5(r +1-1)]
q=0 r=0
| M-1M-1
= > > Bl (@uis(a + k= DI E]y(r)s(r +1—1)]
q=0 r=0
+ Ely" (q)uauly(r)] Els(q + k — 1)s(r + 1 — 1)]
+ Ely" (@uis(r +1 = 1)]Els(q + k — L)u] y(r)]
| M-1M-1
= (R0)£UiU?(Ro)l -+ U?Rr—qui(Rq—r)k,l + (Rr—q)lUiU?(Rr—q)k;
M q=0 r=0
= (Ruju] R)py + M2 > (M —|t)[u] Royui(Re) kg + (R—qusul R_)ix]
[t|<M
1
= (Ruguj R)g + i > [u Rogui(Ro)gg + (Rewjui Ri)g)
[t|<M

So we have : E[RUZU?R]]{’[ = RuiufR + ﬁ E|t|<M U?R—tuiRt + RtujuzTRt'
Hence : B(Buaul B) =S4\ (uF R_jui) Ry + Riujul Ry,

Then :
. . . . T Bu; vl Bu;
B[ty (13)7] = Eltiyty) = BR300 = tomooo=ag Sl uj (uf R—yu; Ry + Ryugu] Ry)u;

(uF Rywy) (uT Reug)+(ul Riw) (ul Reuy)

Let z1,22 be two vectors in the column space of G (not necessarily real) and let vy be
25 (81— s1)

2 ($p — sp)
First :
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(Ai = 0*) (N — 0*)E[n1v3]i; = (Ai — 0°) (N — 0)E[25 (5 — 5:)(8; — 55)" 22)]

m m
=\ —0®) (N = 0*)A B etipur Y _etjuf |z
=R

= ()\z — 0'2)()\]' — UQ)M Z ZZ’TU}CX

k=11=1
ki 1#£7
1
[(/\i — M) (N = N) t|§m(u?Rtulu£Rtuj + ug Rywyu Reg)Ju 2
:()\,-—a))\—a Z Zzlukx
k p+11l=p+1
1
[()\i — Ae) (A —A) t|z<:m(Ui Ryuyug Row; + up Ry Ryug)Juf 22

Z u; thgletUJ +z1Rt22u Ryu;
\t|<m

T
= M > uf Quzaz Quuj + 21 Quzou] Ry

[t|l<m

So we have : E[v1v3] = 37 b ! (m—1) 2FQrzo AV STRSA™ + A 18T Q2027 QrSA™L.
Then :

(Ni =) (N = 0 Elvivg lij = (A — o) (N — 02)E[Z’f(§i — i) (85 — SJ)TZ;]

=\ — o)\ —o? ZstlkukZd jui |z

k;éz l;éj
:<)\i_0))\—0 Z Zzlukx
k: p+11l=p+1
1
[(/\i W0y — ) Z (u,ertuluk Ryu; + u{Rtulu;Rtuj)]ufzj

[t|<m

1
_ T + . * +, T .
=7 Z u; Ryzg 27 Ryuj + 27 Ryzy uj Ry

[t|<m

1 T .
= — Y uf Quzy 21 Quuy + 21 Qi ui Ryuy

[t|l<m

So we have : Elvivd] = g7 X0t AT Qrzl 2 QruSAT! + 21 Qrzg A1 STRLSATY

El(@; —wj) (@ —w;i)] = hlh E[Re(BTv]) Re(BTUz)}
We have : Re(x) Re(y) = %(Re(wy) + Re(zy™).
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SO:E[(U‘}] WJ)(UAJ —w;)] = 2hh [Re(ﬁTv] T/BZ)‘*‘Re(ﬁTUJ *B+)] [Re(,BTE[v] ]5@)
Re(8] Elv;vf]5;)]-

m—1
MBI Ewjv] 18 = Y. B A (1Quui ST RS + ST Qi 1 QrS)ATB;
k=—(m—1)
m—1
= Y wQuui ] Rywi + @) Quui 1 Qrwi
k=—(m—1)

_ There exist | such that 1 < [ < p and |l —i] = p. We have z; = SA1STa(w;) =
SA=ISTa(—w;) = SA—1STat (w)) = a:l+ Then, x?kai =z} Rjz; = 2} (AD *PA*+0%]_p)z; =

J —ikwj

(P~'D kpp-! )ij + olxlr I g = ieaz + %b’&],kb' = QU—QQbTkaZ' because we have :
J ’L 2
an__l(m_l) Jre"™i = a(wj)a*(w;j) so : W e 1( 1 Jke” ’k‘”ﬂ,u = 0 because ;A = 0. We
get :
- m—1 bT b bT b
Mﬁ E[U] ]5@ - O- Z /'L]Jk!)u+ . Jk’i L Jk/l’z lu’]‘]k‘i
k=—(m-1) @) Qi
0_4 m—1
= X MG b] Jkbi by T 1 Jibi
I k=—(m-1)
MB] Elvjv]8f = Z BIA (13 QrpiST RS + ST Qg QiS)A ™ B
k=—(m—1)
m—1
= ) 1Quum o Rywt 2 Qrpits Qur;
k=—(m—1) —
=7 [,

=z} (AD"FPA* +o2J_})x;
:(P7lkappfl)ij+U2$fJ_kIj

6je—ikwj

2
= 22 + ng*J kb;
J 4
0_4 m—1
— * T + T * +
= a?oﬂ. Z ijkuibj kai + bj Jkﬂiﬂijbi
i) k=—(m—1)

Finally : E[(@; — wj)(@i — wi)] = WRG[ W 1y 1 T OF Ty + T gt 15 Jicbi +
105 Joptibd Jibi + 07 Typuiis Jiby]

References

[1] J. S. Bendat and A. G. Piersol. Measurement and analysis of random data. 1966.

24



MINES ParisTech, PSL University

2]

[11]

[12]

[13]

[14]

J. W. Cooley and J. W. Tukey. An algorithm for the machine calculation of complex fourier
series. Mathematics of computation, 19(90):297-301, 1965.

A. Fiot. Attitude estimation of an artillery shell in free-flight from accelerometers and
magnetometers. PhD thesis, MINES ParisTech, PSL University, France, 2020.

A. Fiot, S. Changey, C. Combettes, and N. Petit. Estimation of air velocity for a high
velocity spinning projectile using transverse accelerometers. In Proc. of the AIAA Guidance,

Navigation, and Control Conference, AIAA Science and Technology Forum and FExposition,
2018.

A. Fiot, S. Changey, C. Combettes, and N. Petit. A gyroless adaptation of attitude com-
plementary filtering. In Proc. of the European Control Conference (ECC), 2019.

M. H. Hayes. Statistical digital signal processing and modeling. John Wiley & Sons, New
York, 1996.

M. Kaveh and A. Barabell. The statistical performance of the MUSIC and the minimum-
norm algorithms in resolving plane waves in noise. IEEE Transactions on Acoustics, Speech,
and Signal Processing, 34(2):331-341, April 1986.

P. D. Lax. Linear algebra and its applications. Pure and applied mathematics. Wiley-
Interscience, Hoboken, NJ, 2. ed., 2. print edition, 2008. OCLC: 226093385.

R. L. McCoy. Modern exterior ballistics. Schiffer, 2nd edition, 1998.

V. F. Pisarenko. The retrieval of harmonics from a covariance function. Geophysical Journal
International, 33(3):347-366, September 1973.

R. Schmidt. Multiple emitter location and signal parameter estimation. IEEFE Transactions
on Antennas and Propagation, 34(3):276-280, March 1986.

P. Stoica and T. Soderstrom. Statistical analysis of MUSIC and subspace rotation estimates
of sinusoidal frequencies. IEEE Transactions on Signal Processing, 39(8):1836-1847, August
1991.

P. Stoica and T. S6derstrom. Eigenelement Statistics of Sample Covariance Matrix in the
Correlated Data Case. Digital Signal Processing, 7(2):136-143, April 1997.

G. Wahba. Problem 65-1: a least squares estimate of spacecraft attitude. SIAM Review,
7(3):409, 1965.

25



	Introduction and context
	Subspace methods
	Notations and autocorrelation matrix
	MUSIC Algorithm

	Statistical analysis of MUSIC
	Bias
	Perturbation matrix
	Bias of the estimator

	Variance and covariance
	Preliminary results
	Expression of the covariance

	Variation of frequency over a window

	Simulation results
	Validation of theoritical results
	Case-study

	Conclusion

