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Abstract Carbon fibres have exceptional mechanical
properties and are used for critical structural applica-
tions such as composite pressure vessels and aerospace
components. For such high performance applications,
reliability-based designs and lifetime assessments re-
quire very accurate strength models. Accuracy of the
predictions made by composite strength models depend
on realistic material properties of constituents, which
are used as input. In practice however, fibre strength
properties reported by different sources show signifi-
cant variations. The work described here aims at un-
derstanding the influence of measurement uncertainty
and sampling randomness on the uncertainty in calcu-
lated tensile strength distribution parameters. Tensile
strength data for T700 carbon fibres obtained from sin-
gle fibre testing process has been analysed for uncer-
tainties. A parametric bootstrap method has been used
for the evaluation. It has been shown that although
both the causes studied of uncertainty are critical, the
sampling randomness has a larger influence on the un-
certainty of fibre strength, as compared to the uncer-
tainty due to measurement. Choosing an insufficient
sample size for analysis can thus result in uncertain or
even inaccurate fibre strength properties, which would
limit the reliability of composite strength models. The
knowledge of the causes and effects of these uncertain-
ties can help in taking appropriate measures for improv-
ing the accuracy of results. This would thereby enhance
the capability of composite strength models to estimate
the behaviour of different composite structures more ac-
curately.
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Uncertainty in fibre strength characterisation

1 Introduction

Fibre reinforced composites are known to be light weight,
have high specific strength and excellent weathering
stabilities. These properties make them ideal to be used
for very critical structural applications such as pressure
vessels and components for aerospace applications [2,
3]. These two applications represent about 40% of the
composite market in volume [4]. In-service safety and
reliability assessment are key challenges for these load-
bearing applications and require great care to be taken
during their design. Although using high design safety
factors on the influential parameters make it possible to
secure the structures in a deterministic manner, it con-
ceals the extent of the risk that is being taken in doing
so. Structural reliability analysis based on omnipresent
uncertainties has the capability to provide the required
risk information to engineers, if it could be appropri-
ately conducted. To do that, the inherent variability in
the properties of the constituent materials should be
determined or predicted as best as possible [5,6].

The design of composite material structures is as-
sisted by computational models for predicting their me-
chanical properties at both component and structural
level. Critical structures such as composite pressure ves-
sels which are used for the storage of hydrogen or other
gases at high pressures require very accurate computa-
tional models, so that the predictions can be used with
confidence in industrial applications.

Previous studies of the research group have been fo-
cussed on developing computational composite strength
models to predict the strength and damage behaviour
of composite materials and structures leading to reli-
able lifetime assessment. Since fibres are the principal
load bearing components in fibre reinforced compos-
ites, the effective mechanical and damage properties of
composites are influenced mainly by the properties of
fibres [7,8]. The accuracy of the predictions made by
composite strength models would therefore be highly
dependent on the accuracy of the input fibre strength
distribution.

To assess the predictions made by composite strength
and damage models, worldwide failure exercises have
been conducted [9,10]. The predictions made by the dif-
ferent models analysed were found to spread over a large
range, thus suggesting the reason for the lack of confi-
dence in such models. A small change in input data can
cause a significant variation in model predictions such
as the failure strength or the time to failure of a com-
posite structure and any error in input fibre strength
properties would lead to inaccurate model predictions.
This behaviour has been highlighted in one of the previ-
ous works [11], where the time to failure for composite

structures has been shown to depend strongly on the
uncertainty in input data. For example, the time to
failure for the composite specimen studied increased by
a factor of ten on decreasing the standard deviation of
fibre strength distribution to a third of its initial value.
Similarly, a scatter in the mechanical properties of ac-
tual composite specimens was observed experimentally
in the same study. It is therefore required that fibre
properties used as model input are determined with the
best possible accuracy and any associated uncertainty
in quantified appropriately.

Mechanical properties of fibres available in litera-
ture from different sources are usually not consistent,
even for the same type of fibres. There is significant vari-
ability, especially in the tensile strength. This makes the
selection of input data ambiguous and raises doubts on
the reliability of the model predictions. In practice, the
characterization of fibre properties is known to be very
challenging. Their very small cross-sections, morpholog-
ical variations, or simply the sampling randomness and
sample size used for analysis, directly affect determina-
tion of fibre properties especially tensile strength. They
make the characterization uncertain and may lead to
significant variations in results [12,13]. This paper aims
at understanding the causes of uncertainties in fibre
strength characterization and their effect on the tensile
strength distribution parameters. Accuracy of exper-
imentally determined fibre strength is strongly depen-
dent on measurement accuracy of the instruments used.
No measurement is perfectly accurate and there is some
degree of uncertainty associated with every result [14].
The uncertainty would be even larger for very brittle
materials such as carbon fibre which is one of the most
popular reinforcement for structural composites. Since
fibre strengths are typically represented using statisti-
cal distributions, the distribution parameters are also
affected by these inaccuracies. Apart from the limited
precision of measurement tools used[15], uncertainties
could also arise from many other sources such as the in-
consistency of the individual performing the measure-
ment, choice of sample size used, sampling error, etc.
The representativity of the experimental fibre tensile
strength data set that is used for determining a sta-
tistical distribution to characterize the tensile strength
behaviour can be a major source of uncertainty in dis-
tribution parameters [16]. Since an estimate of uncer-
tainty is essential to the proper interpretation of any
experiment, it is important to understand the influence
of these factors on the tensile strength results and the
uncertainties that they introduce with them. The ac-
curacy of determined fibre strength distribution could
be significantly improved by minimising the effect of
these factors. This would also enhance the capability of
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composite strength models to estimate the behaviour of
different composite materials and structures more ac-
curately.

1.1 Fibre strength and Weibull distribution

Fibre strength is typically represented by using statis-
tical distribution functions. Classical descriptive statis-
tics, describing the main features of a data set in quan-
titative terms such as the mean, the median or the
standard deviation are not sufficient. Statistical infer-
ence, deducing properties of an underlying probability
distribution, should be preferred. Weibull proposed a
distribution that accounts for the intrinsic variation in
strength of brittle fibres and could be used to represent
their strength behaviour [17]. Some studies have pro-
posed modifications to this distribution but the stan-
dard 2-parameter Weibull probability distribution func-
tion given by Equation 1 has been the most widely used
representation’. The present study also uses this func-
tion, whose scope is discussed in a forthcoming work to
be published.

Pr(o) =1 — exp [ (LLO) (;)m} : (1)

where, Pr (o) is the probability of fibre failure for an
applied stress level o, L being the characteristic gauge
length, Ly the reference gauge length, o¢ the scale pa-
rameter, m the shape parameter or Weibull modulus.

by Equation 2, derived from Equation 1. 0p; and og 2
are scale parameter values determined for fibre gauge
lengths of Ly 1 and Ly 2, respectively and m is the shape
parameter of the obtained distribution.

I 1/m
—e

The normalised scale parameter values are also given
in Table 1. Fig. 1(a) shows the reported shape parame-
ter values for different gauge lengths given by different
authors. Fig. 1(b) shows the scale parameter values nor-
malised for a gauge length of 30 mm. Values determined
by using the single fibre testing (SFT) methodology are
depicted with a circle and the size of the circles are
in proportion to the sample size that was used to de-
termine these results, as also given in Table 1. Values
determined by using the fragmentation and bundle test-
ing methodologies are depicted by diamond and square
shaped markers, respectively. The shape parameter is
observed to vary between 3.5-17.5 which is a huge vari-
ation. The normalised scale parameter values are also
observed to have a big variation and lie between 1.9-8.5
GPa.

The possible reasons for the differences in results
need to be discussed in order to have a better under-
standing of the reliability that could be associated with
each result available in literature. Authors usually do
not comment on the uncertainty that can be associated
with their results, or possible sources of errors which

The scale parameter, o, represents the strength at which 63¢2% affect the accuracy of the determined results. It

of the fibres would fail. The shape parameter, m, rep-
resents the scatter in strength around the mean value.
Fibre strengths are typically reported in terms of their
shape and scale parameters.

1.2 Variability in Weibull parameters

It has been observed that there have been differences in
results reported by different authors for the same type
of fibres. T700 carbon fibres are very popular in fibre
reinforced composites for structural applications. The
Weibull distribution parameters for the tensile strength
of these type of fibres resulting from different studies is
given in Table 1. The scale parameter, gg, is dependent
on the gauge length used, so all reported scale parame-
ter values have also been normalised for a gauge length
of 30 mm using the Weibull scaling equation? given

I In this equation, it is assumed that the section of the fibre
remains constant along its length.

2 This extrapolation technique must be used with caution
and various scientific papers address this complex topic [18,
19,12].

has only been mentioned by a few studies that there
are possibilities of uncertainty in results, but the exact
causes and effects have not been investigated in detail.
The present study focusses on studying some possible
sources of uncertainties in estimating the fibre strength
distribution parameters.

Some possible causes for uncertainties in parameters
of Weibull distribution are as follows:

(1) Testing method: Different authors have used differ-
ent experimental techniques for the determination
of Weibull parameters. These mainly include the
single fibre testing process [20], fragmentation pro-
cess [21] and the fibre bundle testing process [22].
Some other less commonly used methodologies have
also been used [12]. The effect of experimental tech-
niques on Weibull parameters have been discussed
by Andersons et al. [23].

(2) Analysis method: To determine Weibull parame-
ters from experimental results by fitting the data
to a model, different data reduction techniques are
used such as the least squares method, maximum
likelihood method, etc. Different rank determining
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methods also exist. The chosen analysis method
may have some influence on the obtained results.

(3) Measurement uncertainty: Another factor that could
affect the results are measurement errors [6]. Mea-
surements are made using instruments and in gen-
eral, every measurement has imperfections which
give rise to an error in the result. This may also con-
tribute to the uncertainty in the final results [14].

(4) Sampling randomness: To determine perfectly ac-
curate Weibull parameters, an infinite number of fi-
bres would have to be tested. Since doing that is im-
practicable, there would always be some doubts on
the representativeness of the chosen sample. This
may be a major source of variability.

(5) Inconsistency in the material itself: Since fibre strength

is controlled mainly by the distribution of defects,
slight variations in manufacturing conditions could
lead to differences in the microstructure of the ma-
terial. This may also impact the properties of the
fibres produced. Moreover, the fibre is often tested
from a bobbin — as it is the case in this work —
but it can also be tested after a few transformation
steps and this can also lead to differences.

Most of the time, none of these details are given in the
publications, which makes the quantitative comparisons
complicated.

The focus of the present study is on the effect of two
causes mentioned in the above list: measurement er-
rors (3) and sampling randomness (4). They have been
discussed in this article in sections 2 and 3, respectively.

2 Uncertainty due to measurement

Uncertainty in theory represents the state of unpre-
dictability or unreliability. Uncertainty of the Weibull
distribution parameters would mean the lack of knowl-
edge or confidence on the values of the calculated quan-
tities. Since the distribution parameters are calculated
using experimentally measured fibre strength data, the
uncertainties or errors in measured fibre strengths would
also be transferred into the resulting Weibull distri-
bution. Fibre strengths are calculated using measured

quantities coming from instruments. Each measured quan-

tity has some amount of measurement uncertainty or
error. This results in an uncertainty or error in the cal-
culated fibre strength as well [15].

Fibre strength data was generated by conducting
single fibre tensile tests using T700 Carbon fibres while
following the guidelines described in ASTM C1557 -
14 [32]. All tests were conducted using a universal ten-
sile tester which was developed by Bunsell [33] and
has been improved over the years with the introduc-
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Fig. 1 Weibull parameter values for T700 carbon fibres re-
ported in literature for: a) Shape parameter b) Scale parame-
ter. Circular, diamond and square-shaped markers represent
results from the single fibre tests (SFT), fibre fragmentation
tests and fibre bundle tests, respectively. The scale parame-
ter values have been normalised for a gauge length of 30 mm
using the Weibull scaling equation (Equation 2). The values
originally reported are also shown.

tion of more advanced transducers and sensors and a
change from the vertical position to the horizontal po-
sition of the system. Those changes have for example
made it possible to study the effect of temperature on
fibre strength and this improved setup has been used
very extensively to study many kinds of technical, nat-
ural and textile fibres [34,35,36,37,38]. Single fibres
were extracted from the fibre bundles and mounted
on paper frames containing cut-out slots of 30 mm in
the middle which fixed the gauge length, L, as shown
in Fig. 2. The diameter of each individual fibre speci-
men was measured at different locations along the fibre
length before the fibre was subjected to the tensile test.
A Mitutoyo laser scanning micrometre (LSM500) sys-
tem was used for the measurements. This system allows
rapid, non-contact, and accurate fibre dimensional mea-
surements. The fibre is usually fixed between two grips
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Table 1 Weibull distribution parameters for T700 carbon fibre in literature (Scale parameter normalized for Lo = 30 mm)

SN Type of Testing Gauge Sample Shape, m  Scale, o9 Scale, oo Author
© fibre method length size, N (Norm.)
(mm) (GPa) (GPa)
1 T700 SFT 20 30 5.6 5.4 5.02 Feih [24]
2 T700 SFT 20 30 5.39 - - Hao [25]
10 20 3.5 7.7 5.63
20 20 5 6.2 5.72
3 T700 SFT 30 20 4 6.2 6.20 Deng [26]
40 20 3.7 6 6.49
50 20 4 5.8 6.59
4 T700 SFT 20 10 4.68 3.63 2.87 Lutz [27]
5 T700 SFT 10 30 12.01 3.92 3.58 Na [28]
6 T700 Fragm. 30 6 4.8 8.5 8.50 Deng [26]
7 T700 Fragm. 20 - 5.6 5.47 - Matveev [29]
8 T700 Bundle 20 15 17.53 1.98 1.93 Ting [30]
9 T700 Bundle 8 - 12.06 4.41 3.95 Zhou [31]

and a perpendicular laser beam scans across the fibre.
The time of obstruction of the light is recorded and the
diameter is calculated. A total of 30 fibres were mea-
sured following the same procedure and tested as per
the given standard. A constant displacement rate of 1
mm/min was applied to stretch the fibres until failure.
The failure load was recorded using a 150 g Sensotec
Model 31 load-cell and the fibre extension was measured
using an LVDT displacement transducer ACT1000A
from RDP Electronics Ltd.

7

single fibre

desired gauge length

Fig. 2 The actual card frame used for preparing the fibre
specimens.

The measurement uncertainty has been calculated
using the law of propagation of uncertainty, and fol-
lowing the guidelines mentioned in the guide to the ex-
pression of uncertainty in masurement (GUM) [14].
The best estimates® for the calculated fibre strengths o
and the corresponding measurement uncertainty .. (o)

3 the value calculated analytically without considering any
uncertainties.

for 30 fibres is given in Table 2, in increasing order of
strength values (taken from [15]).

To determine the effect of measurement uncertainty
on the uncertainty in fibre strength distribution, deter-
mination of the representative Weibull distribution and
its parameters using fibre strength data is described in
section 2.1 and estimation of the corresponding uncer-
tainty on Weibull distribution parameters is described
in section 2.2.

2.1 Fibre strength distribution

Once the fibre tensile strength data set is generated,
the next step is to represent the strength values using
Weibull analysis. The statistical analysis of a series of
tensile tests on single fibres can be carried out in the
following way: The results of n fibres are arranged in
order of increasing failure stresses, i.e. o1 < -+ < 0; <
-+ < 0y, and an experimental cumulative failure prob-
ability (or unreliability) Pr (o;), should be provided
for each fibre of rank ¢ having failed at a stress o;.
Unless an infinite number of fibres are tested, which
is clearly impossible, the most general expression must
take into account the possibility of fibres breaking at
lower stresses than that of the weakest specimen as well
as breaking at higher stresses than the strongest fibre
tested. Rank methods determine the way an estimated
unreliability is associated with each failure level. Vari-
ous expressions of this probability have been proposed,
depending mainly on the sample size. For sample sizes
greater than 100, the problem of small sample bias be-
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Table 2 Best estimates and measurement uncertainty of fibre strength for all tests from [15]

o uc (o) o uc (o) o ue (o)

SN (@Pa) (GPa) | ON (GPa) (GPa) | SN (GPa)  (GPa)
1 1.69 0.07 11 3.23 0.10 21 4.36 0.08
2 1.78 0.07 12 3.28 0.11 22 4.45 0.12
3 1.97 0.06 13 3.48 0.08 23 4.49 0.05
4 2.23 0.03 14 3.50 0.18 24 4.72 0.09
5 2.56 0.06 15 3.52 0.17 25 4.73 0.12
6 2.72 0.03 16 3.68 0.14 26 4.85 0.06
7 2.73 0.05 17 3.75 0.09 27 5.44 0.31
8 2.82 0.05 18 3.82 0.07 28 5.68 0.08
9 2.93 0.06 19 4.04 0.06 29 5.99 0.17
10 3.03 0.09 20 4.15 0.12 30 6.92 0.10

come insignificant and the mean rank method could be
used to estimate the unreliability using Equation 3.

1

Pr(oi) = n+1

3)

For smaller sample sizes, the median rank method
is to be preferred over other methods since it provides
positions at a specific confidence level (i.e. 50%) and
is thus best suited to some further work on confidence
limits. The median rank method, estimates unreliabil-
ity values based on the failure order number and the
cumulative binomial distribution. If the sample size is
sufficient, i.e. more than 50 fibres, Benard’s approxima-
tion can be used, as given by Equation 4.

1—0.3

Prloi) = =07

(4)

However, it is better to use median rank tables or to
directly calculate the median ranks from the cumulative
binomial distribution. The median rank is, at a 50%
confidence level, the value that the true probability of
failure has for the i*" failure out of a sample of n fibres.
It is calculated by solving Equation 5 for p.

0.5 = ki <Z>p’“(1 =)™ where <Z> = kl(nnik)l
(®)

Following this method, the calculated fibre strength
data from Table 2 is fitted to a 2-parameter Weibull
distribution using the maximum likelihood estimation
method and the corresponding Weibull plot is shown
in Fig. 3. The points represent the experimental fibre
strength values and the straight line is the best fit-
ted 2-parameter Weibull distribution model obtained

from the cumulative density function given by Equa-
tion 1. The shape and scale parameters of the obtained
Weibull distribution are m = 3.23 and oy = 4.19 GPa,
respectively. It is also given in Table 3.

—— Weibull (m=3.23, 0p=4.19) <
0951 o

Experimental points

0.30

0.20

Failure probability

0.05

1.0 20 3.0 4.0 50 60 70
Ultimate Tensile Strength (GPa)

Fig. 3 Estimated Weibull plot for experimentally deter-
mined fibre strength

Table 3 Weibull parameters for experimentally determined
fibre strengths

Shape parameter Scale parameter
m oo (GPa)

3.23 4.19
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Each of the calculated fibre strengths has some level
of uncertainty associated with it due to the uncertainty

of measurement. Having a measurement uncertainty prac-

tically means that if it was somehow possible to go
back in time and conduct a tensile test using the same
fibre again to determine the strength, the result ob-
tained may have been different. It would deviate from
the best estimate due to uncertainty in measurement of
the quantities on which it depends. Consequently, the
corresponding Weibull distribution for fibre strength
would also be different, and would have different val-
ues of shape and scale parameters. This means that
there would also be uncertainties associated with the
calculated Weibull shape and scale parameters. The es-
timation of uncertainty in Weibull parameters has been
discussed in the following section.

2.2 Estimation of measurement uncertainty on
Weibull parameters

Since it is practically impossible to physically test fibres
that have already been tested, uncertainty in Weibull
parameters arising from measurement cannot be ob-
tained from experimental results. Simulated values for
fibre strength have thus been used to determine their
Weibull distributions. Measurement uncertainty is usu-
ally assumed to follow a normal distribution [14]. A
large number of fibre strength data sets similar to the
one experimentally determined were simulated, under
the assumption that uncertainty in fibre strength fol-
lows a normal distribution. Taking the experimentally
calculated fibre strength results as reference, virtual fi-
bre strength values were randomly generated from the
assumed normal distribution with the experimental fi-
bre strength value as the mean, and the calculated un-
certainty as the standard deviation of the distribution,
respectively. One hundred virtual fibre strength points
were simulated around each experimental point, as also
depicted in Fig. 4. Virtual fibre strength data sets were
generated by randomly extracting one point from each
of these clusters to form a data set of 30 virtual fi-
bre strength data points. A total of 100 similar data
sets were generated with each set comprising of 30 fibre
strength values, same size as that of the reference data
set. Each simulated data set was fitted to a Weibull dis-
tribution, all of which are plotted in Fig. 4. The shape
and scale parameters for each distribution are deter-
mined and the results are summarized in Table 4. The
shape parameter m was found to vary between 3.09
and 3.38 with an average value of 3.22 and having a
standard deviation of 0.06. The best estimate for m
and the uncertainty Am can be represented by the aver-
age value and the standard deviation, respectively. The

scale parameter oy was found to vary between 4.12 GPa
and 4.25 GPa with an average value of 4.18 GPa and
having a standard deviation of 0.03 GPa. The shape
and scale parameters in terms of best estimates and
associated uncertainties are given as follows:

m = 3.22 with u(m) = 0.06
oo = 4.18 GPa with u(cg) = 0.03 GPa

The guide to uncertainty measurement recommends
calculation of an expanded uncertainty U(x) for a quan-
tity of interest z, for commercial and industrial appli-
cations. The expanded uncertainty is calculated based
on the required level of confidence using Equation 6,
where tgs is a coverage factor for a 95% level of confi-
dence. When the number of degrees of freedom tends
to 0o, the value of tg5 is 1.96, and is determined by using
the T-distribution table. A confidence level at 95% was
chosen because of its wide use but for applications re-
quiring more “confidence”, higher levels can be chosen.

Ugs(x) = tos x u(x) (6)

The expanded uncertainties can be calculated fol-

lowing Equation 6 which gives Ugs(m) = 0.12 and Ugs(0g) =

0.06. The shape and scale parameters in terms of their
expanded uncertainties are given as follows:

m = 3.22 £+ 0.12, for a confidence level of 95%

o9 = 4.18 + 0.06 GPa, for a confidence level of 95%

Table 4 Weibull parameters for virtual fibre strength data
sets

Shape Scale
parameter parameter
m oo
(GPa)
Mean 3.22 4.18
Standard deviation 0.06 0.03
Expanded uncertainty 0.12 0.06

The variation in shape parameter values is about 4%
from the best estimate value on each side whilst the
shape parameter is shown to vary by about 1.5% on
each side from its best estimate. The variation in pa-
rameter values by itself is small. However, for modelling
the strength of composite materials, Weibull parame-
ters are required for very short gauge lengths, some-
times in the range of a few microns. The parameters
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Fig. 4 Weibull distributions simulated by varying fibre
strength data points within the uncertainty region

are usually determined at gauge lengths which are large
enough to be experimentally feasible and the results
are extrapolated to shorter gauge lengths using Equa-
tion 2. When Weibull parameters are extrapolated to
shorter gauge lengths, the uncertainties associated with
them may become very significant. If these values are
used as input to model the properties of any product or
structure which uses such fibres, there would be a signif-
icant uncertainty in those properties as well. Hence, it is
very important that such uncertainties in fibre strength
distribution parameters are clearly reported and also
appropriately incorporated during computer strength
modelling of any structure which uses such fibres.

From this analysis, it can be seen that the uncer-
tainty resulting due to the uncertain measurement of
individual fibre strength is not very substantial. How-
ever, this would be true only if the fibre strength data is
generated using a sufficiently long gauge length. This is
because the effect of measurement limitations is small
for tests conducted at large gauge lengths and the mea-
sured tensile strength is more accurate. However, for
shorter gauge lengths, measurement uncertainty of the
instruments and experimental constraints limits the ac-
curacy of the fibre strength data generated. Their effect
on the uncertainty of the distribution parameters in this
case would also be expected to be significant [15]. For
minimizing the uncertainty due to measurement inac-
curacies, it would thus be recommended that a suffi-
ciently large gauge length is used for generating the
fibre strength data.

3 Uncertainty due to sampling randomness

The determination of uncertainty in fibre strength and
its Weibull distribution parameters described in sec-
tion 2 considers only the effect of measurement. Indi-
vidual measurement uncertainty for each input quan-
tity is considered for obtaining the overall uncertainty
on end results. However, uncertainties in Weibull distri-
bution parameters could also arise due to many other
factors such as the representativity of the chosen sam-
ple to determine the distribution, especially in the case
when single fibre test results are used. Many challenges
are associated with fibre characterization. Due to their
delicate nature testing fibres is a time consuming and
cumbersome process. Only a limited number of fibres
can be tested to determine the Weibull distribution that
could represent the fibre strengths for the whole fibre
population in consideration. This limits the choice of
sample size and conducting Weibull analysis using a
fibre strength data set of an insufficient sample size
may lead to sampling error. To comprehend the effect
of sampling on the uncertainty of results, a confidence
interval can be calculated, as described in the following
section.

3.1 Confidence Interval

Statistics uses a random sample from a larger popula-
tion and estimates results based on this sample. How-
ever, it is uncertain how well the results from the taken
sample represent the underlying population. This un-
certainty can be addressed by computing a confidence
interval which provides a range of values which are
likely to contain the results of the investigated parame-
ter. Confidence intervals are calculated at a given con-
fidence level, since the interval does not necessarily in-
clude the true value of the parameter. For example, a
confidence interval calculated at a 95% confidence level,
also known as a 95% confidence interval, has the fol-
lowing meaning: When a parameter is estimated many
times from samples similar to the original one, then the
real and unknown value of the parameter for the whole
population will lie within the confidence interval, 95%
of the times [39]. The term “confidence interval” refers
to the interval estimate along with its confidence coef-
ficient.

A confidence interval is sometimes considered iden-
tical to a credible interval; the two are however dif-
ferent from each other. The first corresponds to a fre-
quentist approach while the second to a Bayesian ap-
proach. A 95% credible interval has the following mean-
ing: Given an observed data, there is a 95% probability
that the true value of an unknown parameter lies within
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a credible interval. The calculated numerical values for
the two intervals may often be similar, but they have
different meanings and should not be confused with
each other. For the present study, a 95% confidence in-
terval was calculated for the parameters of the Weibull
distribution. The steps involved in the calculation are
described in Section 3.2.

3.2 Calculation of confidence interval for Weibull
parameters

There are different methods of calculating a confidence
interval for Weibull statistics, such as Fisher’s matrix
bounds, Beta-Binomial bounds, likelihood ratio bounds,
Monte Carlo bounds, etc [40,41]. They are breifly de-
scribed as follows:

Fisher’s matrixz bounds The Fisher’s matrix bounds are
parametric in nature, i.e. they follow an underlying
distribution, with parameters. It has been found that
they tend to be more optimistic than rank based non-
parametric bounds, specially for small sample sizes. Thus,
many statisticians prefer to use non-parametric bounds.

Beta Binomial bound The Beta Binomial bound fol-
lows the non-parametric approach, i.e. no underlying
distribution is assumed, for calculating the confidence
interval and is less mathematically intensive. The pro-
cedure is similar to the method of calculating median
ranks.

Likelihood ratio bound The likelihood ratio bound also
follows a simple methodology and are usually preferred
over the Fisher’s matrix bounds, specially when smaller
sample sizes are analysed. They are based on a given
likelihood equation and the results can be represented
graphically as a contour plot. The extreme values of
the contour plots are used for determining the required
bounds.

Monte Carlo bound These could be parametric or non-
parametric and is sometimes called the bootstrap method
(parametric or non-parametric). For the parametric case,
a model is fitted to the data, often by maximum likeli-
hood, and samples of random numbers are drawn from
this fitted model. A more rigorous method of calculat-
ing pivotal confidence bounds also exist.

For the present study, Monte Carlo parametric confi-
dence intervals were chosen as they are relatively straight-
forward to determine and provide good approximations
of the confidence interval estimate. The steps followed

for calculating the confidence intervals for parameters
of the Weibull distribution using the parametric boot-
strap method, are listed as follows:

(1) Calculation of Weibull distribution parameters for
the 100 simulated Weibull distributions incorpo-
rating the effect of measurement uncertainty, also
shown in Fig. 4.

Generation of 100 virtual fibre strength data sets
for each synthetic Weibull distribution generated
in Step 1, by randomly extracting 30 data points for
each set, from the given distributions. This results
in a total of 100x 100 virtual data sets and simulates
the effect of sampling.

Estimation of best fit Weibull distribution param-
eters for all the 10,000 synthetic sample sets.
Calculation of 2.5 and 97.5*" percentile values of
these distribution parameters. These values would
represent the lower and upper bounds of the 95%
confidence region.

(2)

A total of 10,000 different synthetic fibre strength
data sets were randomly extracted following the steps

mentioned above. Each data set comprised 30 fibre strength

values covering the entire possible range of fibre strengths,
within limits. Each synthetic data set was fitted to
a 2-parameter Weibull distribution. The parameters for
each distribution were determined using the maximum
likelihood method. All simulated distributions are shown
in Fig. 5, with the ones based on measurement uncer-
tainty being in the central region and are surrounded by
the ones based on sampling. The shape and scale pa-
rameters for all simulated distributions are tabulated
together. To determine the 95% confidence intervals,
the 2.5 and 97.5*" percentile values were extracted for
the shape and scale parameters. The associated confi-
dence interval estimated from the simulated results is
given in Table 5. The width of estimated 95% confi-
dence interval for shape parameter m is 1.99 which is
more than half of the best estimate value while the in-
terval estimated for the scale parameter og is 0.97 GPa
which is about a quarter of the best estimate value.
The simulated Weibull parameters are also represented
with the help of histograms of the simulated shape and
scale parameters from the tabulated data set, as shown
in Fig. 6. The Weibull parameters can be reported in the
form of best estimates of the parameter along with its
standard deviation. The best estimate is represented by
the mean of the data sets. The uncertainty in Weibull
parameters is represented by the standard deviation of
the data sets, given in Table 5 and also shown as fol-
lows:

m = 3.38 with u(m) = 0.51
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oo = 4.17 GPa with u(og) = 0.25 GPa

The expanded uncertainties can be calculated us-
ing Equation 6 using tg5 = 1.96 for 95% level of confi-
dence which gives Ugs(m) = 1.00 and Ugs (o) = 0.49.
The shape and scale parameters in terms of their ex-
panded uncertainties are given as follows:

m = 3.38 £ 1.00, for a confidence level of 95%
09 = 4.17 +0.49 GPa, for a confidence level of 95%

0.99 7
Simulated Weibull (measurement)

0.95 1 Simulated Weibull (sampling)

0.90 9" === Confidence bound at 95.0%

0.80
0.70 4
0.60 4
0.50 4

e o

W B

S S
L

Failure probability

0.05 1

1.0 ' 2.0 3.0 4.0 50 60 70
Ultimate Tensile Strength (GPa)

Fig. 5 Simulated Weibull distributions based on sampling
and measurement uncertainty

It is observed that the uncertainty in Weibull pa-
rameters arising due to the effect of sampling is very
large. These simulations were done using sample sizes
of 30 fibres. It would therefore be recommended that
to reduce the uncertainty due to the effect of sampling,
a larger sample size is chosen for determining Weibull
distribution parameters from single fibre test results.
None of the works cited in Table 1 relating to single
fibre tests (SFT) had made more than 30 tested fibres.
Moreover, the studies with 30 tested fibres represent
only one third of the SFT results mentioned.

3.3 Confidence Region

From the simulated Weibull distributions, a confidence
region can also be determined. For this, it would be re-
quired to calculate a quantity called B-Strength, which
is defined here.

Table 5 Weibull parameters and associated 95% confidence
interval for overall uncertainty due to measurement and sam-
pling

Shape Scale

parameter parameter

m 00(GPa)
Mean 3.38 4.17

95% Confidence Interval 2.54 —4.53  3.69 — 4.66
Confidence width 1.99 0.97
Standard deviation 0.51 0.25
Expanded uncertainty at 95% 1.00 0.49

B-Strength: It may be of interest to determine the value
at which a given percentage of the specimen popula-
tion will fail. This quantity is similar to the one named
B-life but since we are dealing with strengths in the
present case, we can call it B-strength. Considering B50
strength for example, 50% of the fibre population is ex-
pected to have strength of less than this value. The scale
parameter oy then by definition is the B63.2 strength,
i.e. 63.2% of the fibre population is expected to have a
strength of less than this value. The B50 strength can
be determined by substituting the value for 50% failure
probability, i.e. 0.50 in the Weibull failure distribution
equation given by Equation 1. A direct way to deter-
mine the B50 strength is by drawing a horizontal line
at failure probability of 0.50 in the Weibull plot given
in Fig. 3, finding its intersection with the best estimated
Weibull line, and reading the corresponding strength
value from the horizontal axis. The B50 strength is
calculated to be 3.74 GPa for the present case, which
means that 50% of the fibres in the population are
expected to have a strength of less than 3.74 GPa.
Hence, B50 strength can also be called as median failure
strength.

The steps for the calculation of a confidence region
are as follows:

(1) From a simulated distribution, B-strength is calcu-
lated for all failure probabilities from 0.01 to 1.00,
at intervals of 0.01 (i.e. BO1, B02,..., B99, B100).

(2) Similarly, for all other simulated distributions, B-
strength values are calculated for all failure proba-
bilities.

(3) For a given failure probability, all calculated B-
strength values coming from different simulated dis-
tributions are tabulated together. This is repeated
for each failure probability.

(4) If a 95% confidence level is seek, the 2.5 and 97.5t"
percentile values for each B-strength are then con-
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Fig. 6 Histogram of the observed parameter values of the simulated distributions for: a) Shape parameter b) Scale parameter

nected, to form the upper and lower bounds of the
confidence region, respectively, as shown in Fig. 5.

(5) The region between these two confidence bounds
gives the 95% confidence region.

For selective B-strengths, the best estimated val-
ues along with the 95% confidence intervals for un-
certainty due to the combined effect of measurement
uncertainty and sampling are shown in Table 6. For
the B50 strength, for example, the best estimate is 3.74
GPa. All best estimate values are the results coming
from the Weibull distribution obtained from the exper-
imental results. Considering the uncertainty, the 95%
confidence interval in which the B50 strength is ex-
pected to lie is 3.25 - 4.24 GPa, i.e. within a bound
width of 0.99 GPa. Similarly, other B-strength values
can also be determined. It can be seen from Table 6 that
width of the 95% confidence interval is fairly consistent
for all B-strengths.

3.4 Effect of sample size

Different authors have chosen different sample sizes for
single fibre testing, as shown in Table 1. The sample
size often varies between 10-50 [42]. The choice of the
number of test results introduces an uncertainty on
the estimated Weibull parameters. It is evident that
Weibull parameters determined from large sample sizes
are more reliable than those obtained using a small sam-
ple size [43].

Table 6 Best estimated values for selective B-strengths
along with the 95% confidence intervals for overall uncer-
tainty due to measurement and sampling

95%
B-strength  Best Estimate Confidence Interval ~Width
(GPa) (GPa) (GPa)
B20 2.64 2.19 - 3.16 0.97
B40 3.40 2.96 - 3.91 0.95
B50 3.74 3.25 - 4.24 0.99
B60 4.08 3.58 - 4.55 0.97
B80 4.85 4.30 - 5.30 1.00

To obtain an indication of the effect of sample size
on the estimated confidence interval, more fibre strength
experiments were conducted following the same method-
ology. Three sets of experimental results having differ-
ent sample sizes were extracted to determine their scale
parameters o (i.e. B63.2 strength), and also to esti-
mate the corresponding 95% confidence interval for un-
certainty due to sampling by simulating Weibull distri-
butions using the method explained in section 3.2. The
estimated confidence intervals are given in Table 7. It
can be seen that as the sample size increases, the con-
fidence interval on the scale parameter becomes nar-
rower. The narrower the confidence interval, the less the
uncertainty. Narrow confidence intervals thus represent
more accurately estimated results. It would therefore
be recommended that a sufficiently large set of exper-
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imentally generated fibre strength data is used for de-
termining the representative Weibull distribution. This
would minimize the uncertainty due to sampling ran-
domness, and maximize the accuracy of the estimated
distribution parameters.

Table 7 Effect of sample size on estimated 95% confidence
interval of Weibull scale parameter oo (B63.2 life)

95%
Sample size  Best Estimate Confidence Interval Width
N (GPa) (GPa) (GPa)
15 4.22 3.55- 5.24 1.49
30 4.25 3.77-4.78 1.01
45 4.18 3.81 - 4.57 0.76

4 Conclusions

The influence of practical limitations on the accuracy of
fibre strength distribution parameters has been studied
in this article. Limitations such as unavoidable mea-
surement uncertainties and the randomness introduced
due to the sampling effect have been statistically anal-
ysed with the help of Monte Carlo bootstrap methods.
Any measurement of fibre strength has some level of
uncertainty associated with it, mainly due to limita-
tions of the measuring equipment and the experimen-
tal processes used. It has been shown that when such
a set of experimentally generated fibre strength data
is represented with the help of a statistical function,
these errors in individual fibre strength values are also
propagated into the resulting statistical distribution,
and thus add uncertainty to the distribution param-
eters obtained. The sampling randomness too has been
shown to contribute to the uncertainty of these distri-
bution parameters. The representativeness of the sam-
ple size chosen for analysis is thus very crucial. The
uncertainties arising due to these two reasons, i.e. due
to measurement uncertainty and due to sampling ran-
domness have been quantified in terms of a range of
possible values which the distribution parameters are
expected to take. This confidence interval quantifies the
expected variability in distribution parameters arising
due to overall effect of the measurement inaccuracies
and sampling randomness.

It has been shown that although both the causes of
uncertainty are critical, the sampling randomness has
a larger influence on the uncertainty of the estimated
fibre strength results while the uncertainty resulting

due to the uncertain measurement of individual fibre
strength was not very substantial. However, this would
be true only for fibre strength data generated using a
sufficiently long gauge length. This is because the ef-
fect of measurement limitations is small for tests con-
ducted at large gauge lengths and the measured tensile
strength is more accurate. However, for shorter gauge
lengths, measurement uncertainty of the instruments
and experimental constraints limits the accuracy of the
fibre strength data generated. Their effect on the un-
certainty of the distribution parameters in this case is
also expected to be significant [15].

For minimizing the uncertainty due to sampling ran-
domness, it has been recommended that a sufficiently
large set of experimentally generated fibre strength data
is used, in order to minimize the sampling effect and
maximize the accuracy of the estimated distribution pa-
rameters. It has also been demonstrated with the help
of experimental results that the larger is the size of the
fibre strength data set used for analysis, the greater is
the accuracy of the determined results.

This knowledge about the uncertainty in fibre strength
distribution parameters would empower users to esti-
mate the confidence that can be placed on the predic-
tions made by composite strength models on the dam-
age and failure behaviour of composite structures. This
can be done by using the obtained fibre strength proper-
ties (along with uncertainty) as input for the predictive
models to determine the variability in the model predic-
tions. The knowledge about the contributions of differ-
ent factors which lead to uncertainty in fibre strength
results would also allow researchers to take appropri-
ate measures for minimising these uncertainties. Using
the results from this study, the contribution of the crit-
ical parameters which cause uncertainty in measure-
ment of fibre tensile strength has been determined in
another study [15]. More accurate fibre strength input
data would thus enhance the capability of composite
strength models to estimate the behaviour of compos-
ite structures more accurately.
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