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Abstract

In this note, we investigate through scaling laws and direct numerical simulations

the development of inertia-dominated coiling instabilities in power-law fluids. Our

numerical results are based on an adaptive variational multi-scale method for mul-

tiphase flows. In short, when inertia is balanced by viscous forces in the coil, both

the coiling frequency and the coil radius are given by a power-law function of both

the Reynolds number, and the flow behaviour index.
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1 Introduction

The coiling instability represents one of most fascinating phenomena in fluid

mechanics, being typically observed when free liquid filaments and/or jets

are exposed to compression stresses (Barnes and Woodcock, 1958). Since the

energy related to the coiling deformation becomes smaller than the cost of

compression (Taylor, 1969; Cruickshank, 1988; Yarin and Tchavdarov, 1996;

Mahadevan et al., 1998, 2000), slender viscous fluid filaments tend to buckle,

beyond a critical axial load. For small Newtonian fluid filaments compressed

at a very small Reynolds number (negligible inertial force), for instance, the

folding deformation emerges from a competition between geometrical, surface

tension and viscous effects (Le Merrer et al., 2012). In addition, Newtonian

viscous jet columns can bend, twist and stretch when hitting a surface or a

substrate at higher Reynolds numbers, following the balance between viscous,

gravitational, and inertial forces (Ribe, 2003; Ribe et al., 2006, 2012). Such

instabilities are observed in a variety of contexts, which includes glass plate

fabrication (Pilkington, 1969), polymer processing (Pearson, 1985), and fold-

ing of geological structures (Griffiths and Turner, 1988; Johnson and Fletcher,

1994).

In industry, the coiling instability represents a major source of irregularities

for container-filling processes related to non-Newtonian fluids. Typically, dur-

ing these processes, the superposition of several coils, consecutively formed as

a result of the fluid filament compression, originates a helical fluid column,

the centre of which is filled with air. Later on, this column eventually col-

lapses, entraining a significant amount of air towards the fluid substrate and
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compromising the quality of the final product 1 . Hence, understanding and

controlling the coiling instabilities when dealing with this kind of processes

is crucial. Despite some recent works concerning these instabilities in Newto-

nian contexts (Le Merrer et al., 2012; Habibi et al., 2014; Ribe, 2017) many

aspects of the problem remain unclear, such as the effects of non-Newtonian

signatures (pseudoplasticity, dilatancy, thixotropy, yield stress etc.) 2 on them

(Tomé et al., 2019; Pereira et al., 2019).

In the present work, we study the inertia-dominated coiling process of slender

pseudoplastic, Newtonian and dilatant fluid filaments, of which viscosity is

given by a power-law constitutive equation (Ostwald, 1925; Bird et al., 1987).

In other words, we aim in this note to highlight both shear-thinning and

shear-thickening effects on inertia-dominated coiling instabilities. The coiling

development in time is carefully analysed thanks to an adaptive variational

multi-scale method for two materials (air, non-Newtonian fluid), combined

with a level-set function to provide a precise position of the phase interfaces.

Both the coiling frequency and the coil radius are explored in the light of

scaling laws. According to analyses, the inertia-dominated coiling dynamics of

power-law fluids can be expressed as a function of the Reynolds number.

The organization of the paper is as follows. The description of the physi-

1 movie-1: experimental movie showing the collapse of a 330 Pas silicone oil

spire column is shown in a supplemental movie (also available on https://

anselmopereira.net/videos/).
2 movie-2: experimental movie showing coiling instabilities in a non-Newtonian

suspension of small glass spheres (diameter ≈ 200 µm) dispersed in a 330 Pas

silicone oil matrix (volume fraction ≈ 55%) is provided to illustrate Section 1 (also

available on https://anselmopereira.net/videos/).
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cal formulation and numerical method is presented in Section 2. Our main

results are discussed in Section 3, where the inertia-dominated coiling of non-

Newtonian fluid filaments is analysed. Finally, conclusions are drawn in the

closing section.

2 Physical Formulation and Numerical Method

As illustrated in Fig. 1, we consider in this note coiling instabilities developed

in a viscous power-law filament (yellow part) surrounded by air (blue part).

The non-Newtonian fluid of density ρ and viscosity η leaves a hole of radius r0

with a velocity Uz,0 and falls onto a plate (Figs. 1a and 1b) on which it forms

a helical coil of radius R that rotates with an angular frequency Ω around a

vertical axis z (Figs. 1c and 1d). The fall height is the distance H from the

upper hole to the first point of contact of the free portion of the power-law

filament with the pile of fluid accumulated on the plate. The radius of the

trailing part of the filament, called tail, generally varies downward, and its

value in the coil is r1. At the steady state configuration the filament develops

an axial velocity Uz,1 = Q/(πr2
1) at the contact point, where Q denotes the

volume flow rate (a supplemental movie illustrating this process is available) 3 .

The computational approach used to simulate the coiling process is based

on a general solver (CIMLIB-CFD, a parallel, finite element library; Coupez

and Hachem, 2013) which takes into account the rheological behaviour of each

fluid as well as surface tension effects (Valette et al., 2019; Pereira et al., 2019).

3 movie-3: numerical results showing the formation of ten consecutive spires for

a Newtonian jet (300 Pas; 1000 Kg/m3) that leaves a hole at Uz,0 1.5 m/s. This

movie is also available on https://anselmopereira.net/videos/.
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More precisely, the Cauchy stress tensor σc is defined as

σc = −pI + τ , (1)

where, p is the pressure, I denotes the identity tensor and τ the extra stress

tensor. The extra stress tensor is given by

τ = 2ηD(u) , (2)

D(u) representing the strain rate tensor and u the velocity vector. The effec-

tive viscosity η is computed by using the power-law constitutive model. The

latter includes the Papanastasiou regularization (Papanastasiou, 1987):

η = kγ̇m−1
(
1− e−γ̇/n

)1−m
, (3)

where k is the flow consistency index, m denotes the flow behaviour index,

γ̇ represents the second invariant of the strain rate tensor (Bird et al., 1987)

and n is the Papanastasiou coefficient that allows to bound the value of the

effective viscosity for vanishing γ̇. In addition, the momentum equation reads:

ρ

(
∂u

∂t
+ u · ∇u− g

)
= −∇p+∇ · τ + fst , (4)

in which ρ, ∇, g , ∇· and fst are, respectively, the fluid density, the gradient

operator, the gravity vector, the divergence operator, and a capillary term

related to the surface tension force. Because surface tension has a relatively

minor effect on the coiling frequency for typical experimental fluids (between

1% and 20%, as pointed out by Ribe et al. (2012), we neglect it in the following

discussion, i.e. fst is null.

Our numerical methods are based on a Variational Multi-Scale (VMS) ap-

proach combined with anisotropic mesh adaptation with highly stretched el-
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ements (black lines in Fig. 1), as presented by Riber et al. (2016). In order

to capture the fluid/air, fluid/pistons and pistons/air interfaces as a function

of time, t, a level-set method, which enables the localization and the captur-

ing of interfaces has been used (Hachem et al., 2016). Velocity and pressure

fields are primitive unknowns that are computed using a unified framework,

where all fluids occupy a single computational mesh, by simply mixing the

different fluid properties (viscosity, density, etc.) using smoothed Heaviside

functions (built from each level-set function) to take property discontinuities

into consideration.

The numerical configuration taken into account in this work is illustrated

in Fig. 1, where the mesh is depicted, adapted around each interface (the

number of mesh elements per unit heightN/H is equal to 2500000; a sensitivity

analysis is presented in Appendix). The corresponding zero-isovalues for the

level-set function are also shown. The upper hole radius r0 is kept constant.

Nevertheless, a wide range of filament fluid properties, initial filament velocity,

and fall height is considered: 1000 < ρ < 5000 kg/m3; 0.7 ≤ m ≤ 1.3; (O)100 <

k < (O)102 Pa·sm; 0.4 < H < 1m; and (O)10−1 < Uz,0 < (O)100 m/s.

Additionally, both the air viscosity ηair and the air density ρair are constant

and respectively equal to 10−5 Pa·s and 1 kg/m3. The Papanastasiou coefficient

is kept constant n = 10−5 (for more details, see Appendix). Lastly, initial and

boundary conditions for the flow equations are, respectively, initial velocity

Uz,0 at the upper hole, and zero normal stress in the air domain.
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3 Results and Discussion

As previously reported by Ribe et al. (2012), in viscous fluids, coiling instabil-

ities can develop basically four different regimes, each of them corresponding

to a different balance among the viscous, gravitational, and inertial forces that

controls the motion of the filament. In the first regime, which is called viscous,

the fall height is very small and consequently the coiling is so slow that both

gravity and inertia are negligible when compared with viscous forces. The sec-

ond regime, the gravitational one, takes place when gravity balances viscous

forces in the entire filament, while the third one, called inertio-gravitational,

is observed when inertia becomes relevant and is balance by gravity and the

viscous forces within the tail (dominated by stretching). The last regime ap-

pears when the gravity becomes negligible relative to inertia and consequently

the latter is balanced by viscous forces in the coils (in which the deformation

is dominated by bending). This regime is called inertial and, as will be shown,

the following results are related to it.

Figure 2 illustrates the time evolution of the buckling process for two power-

law fluids, as well as the formation of their first three coils. The initial fluid

vertical velocity Uz,0 (1.75 m/s), the flow consistency k (300 Pa sm), and the

fluid density (1000 kg/m3) are kept fixed, while two flow behaviour indexes

are considered: m = 0.7 (Fig. 2a; pseudo-plastic or shear-thinning fluid in

blue) and m = 1.3 (Fig. 2b; dilatant or shear-thickening fluid in red). Fol-

lowing the jet descent and its subsequent impact on the bottom part of the

container (leftmost image in Fig. 2), the power-law filaments initially tend to

fold. Clearly, a more pronounced filament deflection is observed for the shear-

thickening fluid (red fluid in Fig. 2b). This material develops higher viscosity

values within the buckled regions, as indicated by the contours displayed in
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the folding plane at t = 0.33s (see the viscosity contours on the left side of

the filaments; its right side represents zero iso-values of the level-set function).

A fluid column is then formed by the superposition on successive folded fluid

layers (t = 0.43s), which later on collapses (t ≈ 0.53s) perturbing the jet and,

finally, trigging the coiling process (Ribe et al., 2012). Helical coils of radius

R that rotate with an angular frequency Ω are then formed (t > 0.63s; see

also supplemental movie-4) 4 . During the coiling formation, the tail remains

perfectly vertical for the m = 0.7 case (which is an important signature of

the inertial regime), while almost half of it appears perturbed for the m = 1.3

case.

Because of the development of larger viscous forces within the twisted parts of

the shear-thickening filament, the latter exhibits a more pronounced resistance

to deformation and hence a bigger coil diameter R than the shear-thinning

fluid, as illustrated by Fig. 3, where the contours represent both the air and

the viscous filament viscosity in the centre x − y plane 5 . However, since the

energetic cost of compression at m = 0.7 is relatively smaller, the downward

part of the shear-thinning jet tends to swell as a result of the compression

stresses. In consequence, its radius r1 becomes larger than that observed in

the shear-thickening fluid (the swelling of the downward part of the shear-

thinning jet is indicated by the black arrows in Fig. 2).

4 movie-4: supplemental movie comparing coiling instabilities of power-law fluids

of m = 0.9 and m = 1.1 is provided (also available on https://anselmopereira.

net/videos/).
5 Since the coils can eventually exhibit an elliptical shape as the Reynolds number

decreases and, consequently, the coiling dynamics approaches the boundaries of the

inertio-gravitational regime (Fig. 3b), in this note we define 2R as the maximum

distance between the interfaces of a single coil, as indicated in Fig. 3.
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It is important to emphasise that, as the inertial forces are attenuated with

the increase of m, the coiling dynamics approaches the boundaries of the

inertio-gravitational regime and, thus, elliptical coils are eventually formed,

such as that displayed in Fig. 3(b) (even though inertia is still dominant for

the m = 1.3 case, as shown in the following lines of this note).

Viscous dissipation W , kinetic energy KE, and gravitational potential energy

G rate terms are displayed in Fig. 4 as a function of time, t, for the two

power-law fluids mentioned above: (a) m = 0.7; (b) m = 1.3. These terms are

respectively defined as

W =
∫
V
ηγ̇2dV (viscous dissipation rate, J/s) , (5)

KE =
1

2

∂
∫
V ρ‖ u ‖

2dV

∂t
(kinetic energy rate, J/s) , (6)

and

G =
∂
∫
V ρghdV

∂t
(gravitational potential energy rate, J/s) , (7)

V being the volume of the power-law fluid. Actually, the energy variations are

primarily located at the coil being formed.

The pink, gray and white regions in Fig. 4 indicate the formation of a single

coil. The length of this regions (which is denoted by the black arrows) rep-

resents the time required to form a coil, ∆t (∆t = 0.15s at m = 0.7; and

∆t = 0.21s at m = 1.3). Therefore, during the time interval of 0.5s consid-

ered in Fig. 4, three consecutive coils are completely formed at m = 0.7 (blue

structures), while only two of them are formed at m = 1.3 (red structures).

Regarding the energy rate terms Π (where Π can represent G, W or KE),

we easily note that, for both materials shown in Fig.4, G (gray circles/line)

is practically negligible when compared with W (blue triangles/line) and KE
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(red diamonds/line). In addition, more pronounced viscous dissipation rate

values are observed for the shear-thickening fluid (Fig.4b), which is related to

its viscous resistance to deformations, as discussed previously. Interestingly,

for both cases, W and KE appear as being strongly correlated, i.e. KE ∼

−W . This leads us to conclude that the kinetic energy of the filament is

primarily dissipated by viscous effects during the coil formation (the inertia is

balanced by viscous forces in the coil; see also Mahadevan et al., 1998, 2000).

Furthermore, these results allow us to stress some coiling instability scaling

laws based on a global energetic approach, as shown in the following lines.

Globally, the kinetic energy variation during the formation of a single coil,

KE1,c, can be expressed as

KE1,c =
∆E1,c

∆t
∼
m1,cU

2
1,z

Ω
, (8)

where E1,c denotes the kinetic energy of a single coil, and Ω represents the

coiling frequency. The mass of a coil, m1,c, is m1,c ∼ ρr2
1R. Thus,

KE1,c ∼ ρr2
1RU

2
1,zΩ . (9)

However, the velocity Uz,1 can be expressed as a function of the flow rate Q:

Uz,1 ∼ Q/r2
1. Consequently, KE1,c takes the form

KE1,c ∼
ρRQ2Ω

r2
1

. (10)

In addition, the variations of viscous dissipation energy during the formation

a coil, W1,c, is defined as

W1,c =
∫
V1,c

ηγ̇2
1,cdV1,c ∼

∫ r1

0
kγ̇m−1

1,c γ̇2
1,cRr1dr1 , (11)

in which V1,c denotes the volume of the coil, and γ̇1,c represents the character-

istic coiling strain rate. In order to calculate γ̇1,c, we take into account both
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folding and rotation deformations. The former is given by 2πr1/2πR, and the

latter is computed as b2πr1/2πR (b denoting the twist percentage, b > 0).

Therefore,

γ̇1,c =
∆γ1,c

∆t
=

[(
2πr1
2πR

)
+
(
a2πr1
2πR

)]
(

2π
Ω

) ⇒


(

2πr1

2πR

)
︸ ︷︷ ︸

folding

+
(
a2πr1

2πR

)
︸ ︷︷ ︸

torsion


(

Ω

2π

)
, (12)

or simply

γ̇1,c ∼
rΩ

R
. (13)

An expression for W1,c is then found by replacing Eq. 13 in Eq. 11:

W1,c ∼
(

1

m+ 3

)
rm+3

1 Ωm+1

Rm
. (14)

Assuming that KE1,c ∼ W1,c (as indicated in Fig. 4; Eq. 10 = Eq. 14), and

that R ∼ Uz,1/Ω ∼ Q/(Ωr2
1), we find:

Ω ∼
(
ρ Qm+3

k r3m+7
1

) 1
2m+1

. (15)

Since R ∼ Q/(Ωr2
1), we can replace Ω in this equation by the expression given

above and rewrite the coil radius as

R ∼
(
k r5−m

1

ρ Q2−m

) 1
2m+1

. (16)

For a Newtonian fluid, m = 1 and then Ω ∼
(
ρ Q4

k r101

) 1
3 and R ∼

(
k r41
ρ Q

) 1
3
,

as previously reported by Mahadevan et al. (1998, 2000). Finally, rewriting

both Eqs. 15 and 16 as a function of the Reynolds number defined as Re =(
8m

6m+2

)(
ρU2−m

z,1 2mrm1
k

)
(see Metzner and Reed, 1955),

Ω
r1

Uz,1
∼ Re

1
2m+1 and

R

r1

∼ Re
−1

2m+1 , (17)

Equations 17 are in excellent agreement with all the 200 flow cases concern-

ing inertia-dominated coiling instabilities of power-law fluids explored in the
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present note. Some of these cases (45 of them) are displayed in Figs. 5(a) and

5(b), in which Ω and R (made dimensionless by r1 and Uz,1/r1) appear as a

linear function of Re
−1

2m+1 and Re
1

2m+1 , respectively (both R and Ω are mean

values calculated by taken into account over 20 consecutive coils). In other

words, R/r1 = (1/a)Re
−1

2m+1 and Ωr1/Uz,1 = aRe
1

2m+1 , where a is a prefactor

related to each power-law fluid. Clearly, at a fixed Re
1

2m+1 , the increase of m

leads to a higher dimensionless coiling frequency, as well as a smaller dimen-

sionless coil radius. Furthermore, when Re
−1

2m+1 → 1, R becomes comparable

to r1 (R ≈ r1) and, then, coiling ceases (as shown in supplemental movie-

5; this movie is also available on https://anselmopereira.net/videos/) 6 .

Finally, as displayed in Figs. 5(c) and 5(d), our points collapse onto a sin-

gle curve when both the dimensionless coil radius and coiling frequency are

redefined as aR/r1 and (Ω/a)/(Uz,1/r1).

4 Concluding Remarks

We have presented in this note some new results in an attempt to highlight

inertia-dominated coiling instabilities of power-law fluid filaments. Our anal-

yses were conducted through scaling laws and direct numerical simulations

of multiphase flows (power-law fluid/air). A level-set function was used to

provide a precise position of the fluid interfaces.

6 movie-5: numerical results showing that the coiling process ceases for power-law

jet of m = 0.7, k = 300Pasm, and ρ =1000 Kg/m3 at higher Re
−1

2m+1 . This effect is

expressed through the increase of Uz,0. At Uz,0 =0.75 m/s (a), coiling instabilities

develop with a small R (close to r1). However, at Uz,0 =1.25 m/s, these instabilities

tend to vanish (b), being finally suppressed at Uz,0 =1.75 m/s (c).
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In short, when inertia is balanced by viscous forces in the coil (inertia-dominated

coiling), both the coiling frequency, Ω, and the coil radius, R (made dimen-

sionless by Uz,1/r1 and r1, respectively) appear as a function of both the

Reynolds number, Re, and the flow consistency index, m. More specifically,

Ωr1/Uz,1 = aRe
1

2m+1 , while R/r1 = (1/a)Re
−1

2m+1 (in which a is a prefactor

related to each power-law fluid). For instance, for a Newtonian fluid, m = 1

and, consequently, Ωr1/Uz,1 ∼ Re
1
3 and R/r1 ∼ Re−

1
3 , as previously reported

by Mahadevan et al. (1998, 2000).

It would be interesting to consider in future works supplemental coiling regimes,

such as the viscous, and the gravitational ones, as well as the effects of other

non-Newtonian entities (such as the yield-stress) on them.
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Appendix: sensitivity analysis

As exposed in Section 2, our numerical analyses are based on an adaptive

stabilized finite element framework able to compute efficiently free surface

flows of highly non-Newtonian materials. We choose to focus on the power-

law model. Momentum and mass equations are solved by using the Variational

MultiScale method coupled with a regularization technique and anisotropic

mesh adaptation. A convective self-reinitialization Level-Set method is used
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to describe the interface evolution. Detailed descriptions and validations of this

framework for different flow cases (such as the stretching and the compression

of non-Newtonian filaments) can be found in Coupez and Hachem (2013);

Hachem et al. (2016); Riber et al. (2016); Valette et al. (2019); Pereira et al.

(2019).

Regarding the numerical simulations presented in this note, Fig. 6 shows a

sensitivity study for the non-Newtonian fluids considered in Fig. 2: ρ = 1000

kg/m3; k = 300 Pa·sm; m = 0.7 (blue triangles); and ρ = 1000 kg/m3; k = 300

Pa·sm; m = 1.3 (red diamonds).

Computations linking both R/r1 and Ωr1/Uz,1 with the number of mesh el-

ements per unit height (N/H) are shown in Figs. 6(a) and Figs. 6(b), re-

spectively. Each curve is constructed by keeping the channel-based Reynolds

number fixed, Re0 =
(

8m
6m+2

) (
ρU2−m

z,0 2mrm0
k

)
(we do not use here the impact-

based Reynolds number presented in the main part of this note because the

impact parameters R, r1, and Uz,1 can be affected by small values of N , as

exposed in the following lines). Clearly, both R/r1 and Ωr1/Uz,1 become mesh

independent for N/H > 1750000 m−1 (gray regions).

A sensitivity analysis regarding the impact of the Papanastasiou coefficient

n on R/r1 and Ωr1/Uz,1 is presented in Figs. 6(c) and 6(d), respectively, for

N/H = 2500000. Since the inertia-dominated coiling cases discussed here are

related to relatively high strain rate levels ((O)102 < u1/r1 < (O)103 s−1), no

effects of n on R/r1 and Ωr1/Uz,1 are observed for 10−3 ≤ n ≤ 10−5. In other

words, the employed Papanastasiou normalization has no effect on the coiling

mechanism, and exclusively bounds viscosity values far from the centre spire

column, where the local strain rate can eventually become close to zero.
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Fig. 1. Time evolution (t1 ≤ t ≤ t4) of the buckling process of a power-law fluid

filament. Yellow parts: zero iso-values of the fluid filament level-set function. Blue

part: air. Left in (b) and (d): adapted mesh (≈ 106 elements) of the computational

domain.
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Fig. 2. Time evolution of the coiling process in two power-law fluids. The initial

fluid vertical velocity Uz,0 (1.75 m/s), the flow consistency k (300 Pa·sm), and the

fluid density (1000 kg/m3) are kept fixed, while two flow behaviour indexes are

considered: m = 0.7 (a; fluid in blue) and m = 1.3 (b; fluid in red). Eight different

instants are considered: 0.28 ≤ t ≤ 1.03s).
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Fig. 3. Typical coil profiles of two power-law fluids together with viscosity contours

in the horizontal x−y plane: m = 0.7 (a) and m = 1.3 (b). The initial fluid vertical

velocity Uz,0 (1.75 m/s), the flow consistency k (300 Pa·sm), and the fluid density

ρ (1000 kg/m3) are kept fixed.

Fig. 4. Viscous dissipation W , kinetic energy KE, and gravitational potential energy

G rate terms as a function of time, t, for the two power-law fluids: m = 0.7 (a) and

m = 1.3 (b). The initial fluid vertical velocity Uz,0 (1.75 m/s), the flow consistency

k (300 Pa·sm), and the fluid density ρ (1000 kg/m3) are kept fixed.
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Fig. 5. Coil radius R (a/c) and coiling frequency Ω (b/d) made dimensionless by

r1 and Uz,1/r1 appear as a linear function of Re
−1

2m+1 and Re
1

2m+1 , respectively.

Numerical results are denoted by symbols (each point representing a flow case),

while scaling laws are represented by solid lines (a denoting their slopes).
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Fig. 6. Sensitivity study for the non-Newtonian fluids considered in Fig. 2: ρ = 1000

kg/m3; k = 300 Pa·sm; m = 0.7 (blue triangles); and ρ = 1000 kg/m3; k = 300

Pa·sm; m = 1.3 (red diamonds). Computations linking both R/r1 and Ωr1/Uz,1 with

the number of mesh elements per unit height (N/H) are shown in (a) and (b), re-

spectively. Each curve is constructed by keeping the channel-based Reynolds number

fixed, Re0 =
(

8m
6m+2

)(
ρU2−m

z,0 2mrm0
k

)
. The impact of the Papanastasiou coefficient n

on R/r1 and Ωr1/Uz,1 is presented in (c) and (d), respectively, for N/H = 2500000.

Since the inertia-dominated coiling cases discussed here are related to relatively

high strain rate levels (u1/r1 > 100 s−1), no effects of n on R/r1 and Ωr1/Uz,1 are

observed for 10−3 ≤ n ≤ 10−5.
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