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Abstract

The potential and the interest of the development of mechanical approach based on concepts issued
from the physics of polymers, as well as of the use of the time temperature equivalence principle, are
illustrated. To achieve that point, a revisited constitutive model [1], [2] was used to model the
mechanical behaviour of amorphous PMMA with different molecular weights. The model accounts for
the elastic contribution of an equivalent network which experiences inelastic mechanisms coming from
the evolution of internal state variables when the polymer is deformed. The experimental database
included non-monotonic tensile tests at targeted “equivalent strain rate at reference temperature”
coupled with DIC for obtaining local boundary conditions. Model exhibited good capabilities to capture
the mechanical response of the material at different temperatures and strain rates corresponding to
material state ranging from the end of the glassy state to near-liquid state going through viscoelastic
and rubbery regime. Analysis of the parameters allowed introducing empirical equations to consider
the time/temperature dependence into the model. It was possible to pretty well reproduce the
behaviour of PMMAs from rubbery like domains to their glassy state with one unique formalism and
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one unique and of reduced number set of parameters. Effect of molar mass and crosslinking are
discussed.

1 Introduction

To take advantage of polymer materials, it is of main importance to describe their mechanical
behaviour in a specific manner and to understand how the mechanical behaviour varies with the
polymer nature and its use conditions, especially close to the glass transition temperature, Tg. From
this point of view, temperature, loading rate, entanglement and crosslink density greatly affect the
mobility of the polymer chains, which bring strong evolution of the mechanical properties of the

material.

In the literature, it is possible to find many works devoted to describe the mechanical behaviour of
amorphous or semi crystalline polymers (see in example [3] for a review) using either
phenomenological or physical routes. Despite sometimes good results in tensile and compression
loadings, phenomenological models [4]-{10] still have difficulties in predicting the mechanical
response over a wide range of temperature and/or strain rate and particularly for cyclic loading. Some
studies have attempted to describe the complex mechanical behaviour of amorphous polymers under
large deformation by combining phenomenological and physical approaches. Examples can be found
in constitutive modelling proposed by Hasan et al. [11], Muliana et al. [12], Guo et al. [13], Yu et al.
[14], Li et al. [15], Gu et al. [16] and Praud et al. [17] which displayed satisfactory results for monotonic
and non-monotonic loadings. However, these models were applied up to true strains of 20%, leaving
the domain of larger strain level unexplored.

Works from Buckley et al. [18], [19] on PET, Dooling et al. [20] on high molecular weight PMMAs,
Sweeney et al. [21] on PP and Dupaix and Boyce [22] on amorphous PETG, proposed constitutive
models which aim at capturing the rate-dependent behaviour at temperatures near the glass transition
by accounting entropic and viscous effects on the polymer network. These models captured the
mechanical behaviour of polymers at large deformation under monotonic uniaxial and biaxial testing at
increasing temperature. However, they were not developed for reproducing the response during
unloading stage. Ayoub et al. [23] proposed a physically-based inelastic model for reproducing
loading-unloading large deformation tests on HDPE. The inelastic mechanisms were described by
using two parallel elements: a viscohyperelastic network resistance and a viscoelastic-viscoplastic
intermolecular resistance. The network resistance was constituted by the eight-chain rubber model
[24] and an inelastic shear strain rate given by Bergstrom and Boyce [25], [26]. The intermolecular
resistance was composed by an initial elastic response followed by a non-linear transition to the



inelastic flow (Colak [27]). The nonlinear unloading behaviour was well described by this model, which
is a remarkable achievement. However, the stress during the loading stage was underestimated up to
a strain of 90% and beyond this deformation, stresses were highly overestimated. Srivastava, Anand,
Ames et al. [28]-{30] introduced macroscopic internal state variables to represent important features
of the microstructure resistance to plastic flow and strain hardening. Intermolecular resistance was
described by nonlinear springs and thermally activated dashpots in parallel with another nonlinear
spring. The molecular network resistance was described using a phenomenological form of the free
energy function (see Gent [31]) and the viscous part was included by using evolution equation for
internal state variables. The model is in good agreement with the experimental results of amorphous
polymers at large deformation levels from room temperature to approximately 50 °C above the glass
transition temperature. Despite of the model accuracy, the number of parameters is quite high which
makes the identification of the model parameter more demanding. More recently Wang et al. [59]
developed a viscoelastic-viscoplastic model based on intramolecular interaction and intermolecular
interaction they decomposed into chain entanglement and secondary bonding such as van der Waals
interactions. The model shows its capability to capture the polymer response under cyclic loading as
well as stress relaxation and strain recovery. We can also refer to [60] regarding the development of a
thermomechanical elastoviscoplastic model that showed capabilities to reproduce tensile tests at low
and medium strain rates. However in both cases, models were developed and validated for polymers
only in their glassy state. Rare are the models that are capturing polymers behaviour from their glassy
to near the liquid state of the material.

In front of these drawbacks, Billon et al. [1], [2] proposed to combine the hyperelastic model of
Edward and Vilgis [32], which accounts for the density of entanglements and crosslinks, with the
evolution of internal state variables (ISVs) to incorporate inelastic mechanisms. In this attempt, good
results were obtained for capturing the response of PMMA and PA66 under non-monotonic loadings.
However, the initial “rigidity” of the material was underestimated. Then, Gehring et al. [33] proposed to
enrich the model by adding additional processes to account for the effect of secondary bonds. Despite
satisfactory results on PET, the accuracy of the model was tested just at moderate strain levels,
around 30%. Therefore, the domain of large deformations is still unexplored. Additionally, the use of
the “equivalent strain rate at reference temperature”, which have proven to be efficient from an
experimental point of view [34], is still not totally included in this way of modelling. In addition, this
model has not yet been validated for a wide range of conditions, corresponding to near-liquid, rubbery
state, viscoelastic and near glassy states. Moreover, another key issue could be to understand how
the internal state variables (such as the entanglements or weak bond interactions) depend on molar
mass and crosslinking degree.



In this work, we aim at validating the versatility of the model proposed by Billon et al. [1], [2] and
extended by Gehring et al. [33]. Thus, the purpose of this present effort is to extend the model
validation by exploring its capabilities to capture non-monotonic tensile loadings at large deformation
for a high number of experimental conditions, while accounting for the concept of equivalent strain rate
for PMMAs of different molecular weights and crosslinking degree.

This paper proceeds first by a mechanical characterization of PMMAs with different molar masses in
low and large deformation domains. Both dynamic mechanical thermal analysis experiments and uni-
axial tensile tests coupled with digital image correlation are performed over a wide range of
temperatures and strain rates under non-monotonic loading. Then, the formalism of the model,
proposed by Billon [1] and Gehring et al. [33], is described. Following, a comparison between
experimental results and constitutive modelling is presented. Finally, constitutive parameters are
discussed.

2 Materials and methods

2.1 Materials

ALTUGLAS® PMMAs of different molar masses and supplied by Arkema Company were used.
Depending on mass they were available either as injection molded, extruded or casted 3-mm thick
plagues. All samples were tooled to dimensions suitable for given experimental technics with special
attention to avoid any heating. Table 1 summarizes the physical properties of the materials: weight
average molar mass, Mw, number average molar mass, Mn, density at room temperature, p, a
transition temperature at 1 Hz, T, (or glass transition temperature determined from DMA tests
performed at a heating rate of 1°C/min), glass transition temperature, Tg, as measured by differential
calorimetric analyses (DSC), and processing technics. The calorimetric analyses were carried out in a
DSC Perkin Elmer 8500®, calibrated with indium. All the DSC tests were realized in a nitrogen
atmosphere at a heating rate of 10°C/min from room temperature up to 160°C. Materials did not
exhibit any relevant optical nor mechanical anisotropy, so orientation of molecules was assumed to be
negligible. As all data were gathered above glass transition temperature, aging effects did not have to
be accounted for, i.e. PMMAS were renewed by pre-heating. Experiments were then performed
without any additional annealing or conditioning. For clarity in the following, the PMMAs are referred
by using their molar mass in weight.

Table 1: Material Properties

P . R ( 5 T, at Tg (°C) M, M, (K D
rocessing ef. p (g/em 1H(C) (Kg/mol) » (Kg/mo

Injection molding PMMA 80 1.18 108 108 80 42




Extrusion PMMA 120 1.19 120 113 120 62
Casting molding PMMA 3500 1.20 132 119 3500 880
Casting molding PMMA CL 1.20 133 122 Cross-linked Copolymer

2.2 Tensile testing

Mechanical response at large deformation was addressed using loading-unloading tensile tests
performed on an Instron 596 electro-mechanical load frame with a thermal chamber. To make strain
rate as constant as possible during test, machine was driven through an exponential ramp. The
samples geometry was a home designed dog bone shape (see Fig. 1 a)). Design was made for the
strain field in the process zone to remain homogeneous and strictly uniaxial. Such homogeneity was
verified through the use of Digital Image Correlation (DIC) during tension. Two cameras in stereo-
correlation were used (Fig. 1 b)) for measuring the strain fields using digital image correlation [35], [36]
on painted random speckle patterns. Those latter were obtained by spraying black and white paints.
Stereo-correlation enabled addressing the 2D strain field on the face of the samples accounting
properly for out of plane displacements (parallel to thickness). DIC was carried out using VIC-3D®
software. An example of the true longitudinal strain field is presented in Fig. 1 c¢) for a tensile test
performed at 130 °C and 1.5x102 s'"on PMMA 80. To obtain accurate results, a mesh sensitivity study
was performed [34], [37]-[40], concluding that a subset size of 21 by 21 pixels, a step size of 2 pixels
and a filter size of 15 were appropriated for the correlation.
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Fig. 1: a) Geometry of tensile sample. b) Experimental set-up displaying the mechanical testing
machine with a thermal chamber, stereovision system and lightening. c) Iso-longitudinal Hencky’s
strain maps of PMMA 80 stretched at 130 °C and 1.5x102 s,



The local constant true strain rates ranged from 10 s' to 102 s'. All the tests were performed by
loading the material up to a local true strain of 80% and then unloading to zero forces at the same
constant local strain rate. The data used to generate the true stress-true strain curves, i.e. longitudinal,
&y, and transversal, ¢,,, Hencky's strains, was obtained from the information within the central zone of
the samples where deformation was homogeneous, as indicated in Fig. 1c). Assuming transverse
isotropy (i.e., strain in the Z- direction equal to strain in the X- direction) [41], [42], the true stress could
then be expressed as:

_F F
A(t) Aoexp (stx)

or (1)
where Ay and Ao are the local cross section and the initial local cross section of the sample in the

measuring area, respectively.

Such assumption was validated by observing the local deformation from the specimen front and
thickness.

All the samples were pre-heated during ten minutes for ensuring a homogeneous temperature
(ranging from 100 °C up to 200 °C).

2.3 Experimental database

It was previously demonstrated that dependences of mechanical behaviour of PMMA upon
temperature and strain rate can be merged in the dependence upon one unique parameter, i.e. the
equivalent strain rate at a reference temperature issued from classical time temperature superposition
principle. This approach was successfully applied for various polymers [2], including PMMA [34], [43].
Usual William-Landel-Ferry, WLF, equation [44] was used.

According to that approach any testing, characterised by the set of conditions: (testing temperature,
Ty, strain rate during loading and unloading,é,), is mechanically equivalent to all other conditions, ( Tk,

&) such as (Eq.(2):
ar, 1€ = aTk/Toék = &eq (2)

where é.4is the equivalent strain rate at reference temperature. To and arr are the reference
temperature and the so-called shift factor whose more usual form is the WLF one (Eq. (3)):

_Cl(Tj_TO)

aT]./TO = 10 C2+Tj_TO (3)



In this study, a common-to all PMMAs reference temperature of 130 °C was chosen that remained
close to glass transition temperature of any materials. Time-temperature superposition principle was
addressed through dynamic mechanical thermal analysis (DMTA) by frequency at various isotherms
(more information is given in [34]). Master curves of viscoelastic propoerties were built, obtining
different C; and C- parameters that are gathered in Table 2.



Table 2: WLF parameters, To = 130 °C

Coefficient PMMA 80 PMMA 120 PMMA 3500 PMMA CL
Ci 4.5 6.5 8.8 11.5
C, (°O) 66.3 64.7 68.1 79.2

Efficiency of the equivalent strain rate approach was illustrated in [34]. Relation between
technological conditions and equivalent strain rate are summarised in Table 3. As displayed in Figs. 8
to 11, it is clear that, depending on loading conditions and molar mass, mechanical behaviour of
PMMA can appear to be elasto-viscoplatic, visco-elastic or even hyperelastic body. Obviously,
modelling those large evolutions using one model is a challenge. This is the topic this paper deals
with.

Table 3: Temperature and strain rate pairs for obtaining the same equivalent strain rate at a
reference temperature of 130°C.

Equivalent Strain Rate (s)

PMMA 108 10® 10 102 100 102
80 130°C/0.017s" | 110°C/0.017s" | 97°C/0.017s™
119°C/0.002s" | 103°C/0.002s" | 93°C/0.002s™
120 157°C/0.017s™" | 130°C/0.017s" | 115°C/0.018s™ | 106°C/0.020s
140°C/0.002s™ | 120°C/0.002s™ | 107°C/0.002s" | 101°C/0.002s™
3500 | 196°C/0.019s | 177°C/0.018s" | 150°C/0.017s™" | 130°C/0.019s”" | 118°C/0.019s™ | 109°C/0.021s"
185°C/0.002s™" | 170°C/0.002s" | 140°C/0.002s™" | 124°C/0.002s™" | 114°C/0.002s™ | 107°C/0.002s
CL 173°C/0.016s" | 147°C/0.016s™ | 130°C/0.016s™" | 118°C/0.017s" | 109°C/0.026s
160°C/0.002s" | 138°C/0.002s™ | 122°C/0.002s™" | 113°C/0.002s™" | 106°C/0.002s"

3 Theoretical

The model used in this paper was inspired by studies on the viscohyperelastic nature of polymers
above Tg [1] [46]. This model was written in 3D form in the frame of thermodynamics [2]. Further

improvements were then suggested to offer a better fitting of initial rigidity of PET [33] .

Main interest of this model is its ability reproducing visco-elastic loops (loading-unloading) using only
a few parameters. Second interest is that it relies on concepts from polymer physics, which is
expected to help drawing of relationships with polymers structure.

Following this model, the behaviour of the polymer is considered to be equivalent to that of a
homogeneous equivalent statistical network of chains of limited extensibility (that provides

hyperelasticity), constrained by entanglements and crosslinks. Such network may experience



inelasticity when deformed. Those changes should result in gain or loss of extensibility of active chains

or in the nature of the entanglements.

For accounting all these factors, Billon [1] suggested to use the non-Gaussian hyperelastic strain
energy function, y, proposed by Edward and Vilgis (EV) [32]. The function considers that the storage
energy in the polymer network is associated to the entanglements and the crosslinks. Other authors
[18]-[21], [47]-[51], have used the Edward and Vilgis’ strain energy to reproduce the mechanical
response under tensile and compression loadings for amorphous and semi-crystalline polymers in a
more usual manner, i.e. as an element in analogical models.

The inelastic part of the strain rate is ruled by the energy balance to compensate the changes in
energy induced by the evolution of the microstructure and/or changes of the topology when the
material is deformed. Last works [33] suggested that elasticity and hyperelasticity in amorphous
polymers come from changes in entropic conformational energy enables by three main topological
factors: entanglements, crosslinks and weak bonds (van der Waals, hydrogen bonds).

Mechanical effects sensitive to entanglements and crosslinks, on one hand, and to weak bonds, on
the other hand, are set into two parallel revisited Edward and Vilgis [32] networks (branches 1 and 2
as displayed in Fig. 2).

Strain energy is ruled by Edward Vilgis’ potential in each branch. The initial equation was reported in
the literature as a function of the principal stretch ratios but can easily be rewritten as a function of the
stretch ratio tensor invariants (Eqg. (4)).

N
N (1-a)i ).Ill+ln(1—ai211i) +

i2
I I L-ath
N 1 _ . . . A
W NONE [ =Sk0) (1t (1 - o) (1 + 20" B+ 30t 1) 1 \ C))
r]i,ai + |

Ni| (1= a® 1) (1t f 0t i 1)

\ln ((1 - aiz 11‘) (1 + ni Ili + niz 121‘ + r]i3 Ié))/

In Eq. (4) index i refers to the given branch (1 or 2). I}, IL and I} are the invariants of the elastic
stretch ratio tensor in branch i. k is the Boltzmann’s constant and 8 is the absolute temperature. N/} is
the number of crosslinks per unit volume in branch i. NI is the number of entanglements per unit
volume in branch i. a® is the chain extensibility factor (being 0 in the case of a Gaussian chain) and 7’
is related to the degree of mobility of the entanglements. A zero n-value corresponds to a permanent
node (crosslink).
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Fig. 2: Schematic representation of topological interactions responsible for microstructural changes
when the polymer is deformed. Red dots correspond to crosslinks and dotted blue lines represent

weak interactions.

To study the model capabilities, we will restrain our study to the description of tensile loading in 1D

assuming incompressibility. Due to incompressibility I} are equal to 1. The Cauchy stress for uniaxial
loading is then defined in branch jas Eq. 5

- . 1\ /oyt 19yt
ol=2 AZZ——.> l’b + — l’b
Ay)\oly A, dL}
i _ 2 /11'2
A 11—/1_1'8"' e (5)
1 .
Ié:f2+2).le
\ AL

where 1 is the elastic part of the stretch ratio.

We assume a multiplicative decomposition of stretch ratio, A4, 1% in any branch. In consequence
stretch ratio in branch A' is given in Eq. (6).

A=A (6)
According to the model [1, 33] at any time, ¢, and in any branch i, inelastic strain rate is deduced

from energy releases related to the evolutions of some internal variables characterising the network.
1D form of the concept is reminded in Eq. (7). More precisions for 3D writing are given in ref [33].

de, 1 (oyY'dnt oY'dN: OJY'dat dA, dej .
fv=_(i_"+ VN | oy da )Wﬁh b deb
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Branch 1 experiences a decrease in n' parameters keeping other constant. This represents the
effect of potential disentanglements under loading. Branch 2 experiences changes in the weak bonds
between chains (van der walls bonds for example) that disappear under loading and are restored upon
unloading. The evolution of the chains arrangements or microstructure with the deformation depends
on the elastic energy stored in the equivalent network. Therefore, stored energy is the driving force to
describe the kinematic of the evolution of the internal state variables, which controls inelastic strain
rate in each branch. To quantify the elastic stored energy, we define Ai'as the difference between the
energy of the deformed polymer and the initial energy (Eq. (8)).

LI I 3,3,1,
At =yt NLNE | =yt N2ONGP, (8)
ni ai 7,}i,O ai,O

where N°, N2 50 and o' are initial values for N2, Ni, 5! and o, respectively.

Increase in chain slippage freedom occurs only in branch 1 when the polymer is deformed. Indeed,
an increase of this variable can be related to the disentanglement of the polymer chains when an
external load is applied. The evolution kinetics is assumed to follow the next forms (Eq. (9)):

dTI1 ipl
s 9
1t Z Ay
where Z and p are material parameters. In Branch 1, the parameter 7 was chosen to evolve from the
arbitrary initial value n%° = 0.2343 as proposed elsewhere [32], [51]. In parallel, weak bonds branch
was assumed that:
dn’® 20
_——= . 4 = 10
=05 0 (10)

Density of entanglement does not vary in branch 1 and as we only consider isothermal tests, let’'s

define Ns1 as (Eq. (11)):

Ng; = kON! = kON2° (11)

In the same manner, one defines Ny, = kONZ but this weak bond density decreases when the
polymer is deformed. As proposed by Gehring et al. [33], we will state that an equilibrium value exists
(N&™) which depends on the amount of available energy. Therefore, the rate of decrease or increase
is assumed to be proportional to the gap between the instantaneous density of bonds and that limit.
We will also consider that the rate of decrease is different from the rate of increase. Equation (12)
summarises those choice.
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where N%,v,v'&,p are material parameters. N is, for its part, the density of weak links at a given

time, being NS, the initial value.

For high levels of deformation, polymer chains are fully stretched and cannot longer be extended.
This is defined by the chain extensibility. This variable will depend on the number of chain interactions
that will act as junction points. For convenience, we consider the topological constrain that will affect
the extensibility as the number of weak bonds (Branch 2) [33]. Thus, following initial definition for

those parameters [32] we assume that the kinetics of evolution a?’ is proportional to Ns2 which leads
to Equation (13):

(d(azz) a29% dN,,
! dt NS dt
|
\

o) (13)

dt

Last choice is to consider that, in branch 1, chains are totally extensible, meaning at? = 0.

Inverse analysis method was used to identify the optimal set of parameters for describing the
experimental results test by test. The study was carried out by using least squares method and using
the simplex algorithm of the “fminsearch” MATLAB® function, which uses the Nelder-Mead simplex
algorithm [52] as described in Lagarias et al. [53].

4 Results and Discussions

4.1 Parameters and internal state variables

To analyse the capability of the model to reproduce important mechanical features regarding
material response from quasi-viscous fluids up to glassy solids, the entire data base was fitted. The
identified sets of parameters (estimated test by test) for PMMAs are showed in Table A1.1 and Table
A1.2 of Annex 1.

Fig. 3 depicted those parameters as a function of equivalent strain rate at 130 °C, compared to
evolution of storage modulus (E’) and loss modulus (E”) master curves obtained during DMTA
analysis with a reference temperature of 130 °C. For those latter, abscissa consist in strain rate



estimated from frequency, f, [44] accounting for the fact that maximum strain was 0.001 during the
tests (£ = 4.£.0.001).
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Fig. 3: Parameters of the model vs. equivalent strain rate at 130 °C. Comparison with DMTA results
for: a) PMMA 80; b) PMMA 120; c) PMMA 3500; d) PMMA CL.

First observation is that Ns;, Ns2 and (a?)? increase with increasing strain rate in an equivalent
manner than E’and E” do. Nsz and (a?)? decrease slightly during loading for any strain rate. This is
illustrated in Fig. 3 by plotting their values for a strain of 0.8 compared to initial values. One can
observe that, in our case, these decreasing are low (10% to 15% at low strain rate in the rubbery
plateau). However, this can be enough to induce some visco-elastic effects above Tg. The relative

importance of active entanglements and active weak bonds depends on the strain rate. Indeed, Nsz is



significantly lower than Ns; in the glassy state and has the same order of magnitude in the rubbery
state. This implies that relative importance of branch 1 and 2 depends on strain rate.

The n? parameter, for its part, increases more significantly close to rubbery state (e.g. low strain rate
or high temperature) (see for example Fig. 4). Rate of evolution is low in the initial regime of loading
and then increases up to a limiting value (Fig. 5). This limit is higher in the rubbery state for PMMA 80
and 120 but lower for PMMA 3500 and CL.
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In consequence, evolution of 77 parameter can be diverse depending on PMMAs. It increases from
rubbery to glassy states for PMMA 3500 and CL, in a quite equivalent manner. It decreases for PMMA
80 and 120.

However, that apparent contradiction disappears when focusing on rate of energy dissipation
(Ng; dnt/dt) on Fig. 6. Rate of energy dissipation is always higher at higher strain rate (glassy region)
and increases with the molar mass. Once again PMMA CL is equivalent to PMMA 3500.
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Fig. 6: Rate of energy dissipation in branch 1 vs. Hencky’s strain during tension at different strain rates
for PMMA 80, 120, 3500 and CL.

In conclusion, close to the glassy state equivalent network initially consists mainly in mobile
entanglements whose mobility increases upon loading. The number of entanglements slightly depends
on molar mass, being more numerous for high molar mass. Anyway, part of the difference between
our PMMAs from “entanglements point of view” appears to be their ability to gain mobility upon
stretching. The increase in mobility is faster at low strain rate for low molar mass PMMAs but slower
for high molar mass. At this point, one can argue that the model would need some enrichment to
account for the complexity of combining the tightness of entanglement, their lifetime and their
restoration kinetics. The model displays a good compromise between entanglements number and
mobility gain. In any case, inelasticity is due to those effects. Weak bonds, less numerous than
entanglements, acts as “permanent” nodes, seemingly due to a too long life time compare to loading
speed in that region. Closer to rubbery state, entanglements and weak bonds co-exist in equivalent
densities. Entanglements gain mobility rapidly so that they should not be active for long.



4.2 Relevance of the model

4.2.1 Linear domain

Parameters identified for each PMMA were used to compute the apparent Young’'s modulus, E, by
using the EV’s energy as (calculation in Annex 2):

[N {(1 — i’ - Zniaiz) (1 - 3ai2) + Zaiz(l + ni)z}_
(1 +nH2(1 —3ap)?
E = 3kT + Q=

Nf(1-a?®)(1- 3a2iz) +2a'°
(1-3¢%)

Then, we compared this modulus with the master curves of the storage modulus presented in
section 2.3. This is depicted in Fig. 7 for PMMA 120 and PMMA CL, respectively. Experimental results
are in good agreement with those obtained through equation (14). Moreover, we can notice that
Young’s modulus determined from Branch 1, E7, exhibits a bigger contribution to the total stiffness

than the one of Branch 2. Therefore, the model displays a good reliability not just at large strain but
also in the linear domain of deformation.
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Fig. 7: Comparison between elastic modulus determined from DMTA tests and those identified
through EV’s strain energy function: a) PMMA 120, b) PMMA CL.

4.2.2 Large deformation

The comparison between the experimental (dots) and model (lines) stress-strain curves is presented
in Figs. 8 - 11 for the identified set of parameters for PMMAs displayed in Annex 1. Results suggest
that the model used in this work has enough degrees of freedom to reproduce the experimental tensile
curves with a good agreement using ten parameters per condition. Indeed, the model has the potential



to capture the different features of the mechanical curves during loading to large strain levels
(between 80% and 100%) and also during the unloading. Within our base of experimental conditions,
mechanical response of the PMMAs ranges from quasi-viscous fluids up to glassy solids for PMMA 80
and 120 from a rubbery-like state (10 s') to a more glassy state (10° s') for PMMA 3500 and CL.
Regardless such strong difference, the model was able to reproduce all these conditions, proving its

adaptability and efficiency.

However, to be complete near the glassy region (102 s'), the model showed to be less efficient,
especially for PMMA 3500. For this condition, the apparent elastic regime was slightly underestimated
and the apparent yield point and softening were not captured by the model. Nevertheless, at higher
strains (above 20%), the behaviour in the plastic region and the strain hardening were well described,
as well as the unloading. For future works, it can be suggested to include a kinetic form of the density
of entanglements on Branch 1. This could account for a decrease with deformation, which could

enhance the description of the softening.

Overall, we can conclude that the constitutive model used in this work presents a good accuracy
when the material is tested under non-monotonic tensile loading up to large deformation level near the
flowing region, in the rubbery state and in its viscoelastic region, but may lead to more discrepancies
when the material is near the glassy region.
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Fig. 8: Comparison between experiments (dots) and model (lines) on load-unload tensile tests
on PMMA 80 at &., at 130 °C: a) 103 s, 102s", 10" s"and b) 10°s™, 10! s, 102 s°'. (please refer to

Table 3 for the related temperature and strain rate used for these tests)
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4.3 Contribution of each branch on the overall mechanical response
In this section, we aim at illustrating the contribution of each branch, i.e; entanglements and weak
bonds contributions, to the global mechanical response at equivalent strain rates below and above the

a-transition.

4.3.1 Below a-transition

Fig. 12 shows the contribution of each branch to the total stress for PMMA 120 for an equivalent
strain rate of 10 s'. This condition corresponds to the glassy region of this PMMA. Branch 1
describes the initial regime, often named “elastic” regime, and contributes to most of the mechanical
stiffness up to a strain of 80%. Additionally, this branch also accounts for most of the energy
dissipation. This branch describes an elastoviscoplastic-like material. Branch 2 contributes to the
nonlinear strain hardening, which becomes more noticeable above a strain of 80%. Moreover, Branch
2 displays almost no hysteresis. This branch accounts for the hyperelastic response of the material.
Notice that these trends were observed for all PMMAs.
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4.3.2 Viscoelastic region

Fig. 13 displays the contribution of each branch to the total stress for PMMA 120 for an equivalent
strain rate of 10° s'. This condition corresponds to the viscoelastic region of this PMMA 120. Branch 1
still captures most of the initial regime but its contribution to the mechanical stiffness is less significant
above 20% of deformation. Additionally, energy dissipation is lower than in the glassy region. Thus,
this branch acts as a viscoplastic-like body. Branch 2 represents the main source of strain hardening
at large deformation (above 20%). Regarding its contribution to inelasticity, we can see that energy
dissipation is slightly higher than in the glassy region. Therefore, Branch 2 acts now as a
viscohyperelastic network. Same conclusions were drawn for all PMMAs.
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equivalent strain rate of 10° s'. (please refer to Table 3 for the related temperature and strain rate)



4.3.3 Rubbery plateau

In this section, we observed that the mechanical behaviour in the rubbery plateau were different
dependent on the entanglement density of the PMMASs. For accounting such differences, we will focus
in this section on PMMA 120 and PMMA 3500.

4.3.3.1 PMMA 120

Fig. 14 shows the contribution of each branch to the total stress for PMMA 120 at an equivalent
strain rate of a) 102 s (rubbery plateau) and b) 10* s (near the flowing region) of this PMMA. For
both equivalent strain rates, Branch 1 describes the initial regime and contributes to a relevant fraction
of energy dissipation. This branch accounts for the viscoplastic-like behaviour (in the rubbery plateau)
and plastic flow of the material at 102 s”'. Notice that the strain at which Branch 1 stops to be less
predominant decreases when passing from glassy to rubbery (102 s') regime. Conversely, it
increases again close when the flow region is reached (10“ s). At 102 s, Branch 2 adds
viscohyperelasticity and then turns into a viscoelastic network when reaching the flowing at 10 s'.
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Fig.14: Contribution of each branch to the total stress-strain curves for PMMA 120 at 130 °C for
equivalent strain rates of a) 102 s™' and b) 10 s™'. (please refer to Table 3 for the related temperature
and strain rate)

4.3.3.2 PMMA 3500

Fig. 15 displays the contribution of each branch to the total stress for PMMA 3500 for an equivalent
strain rate of a) 102 s and b) 10® s'. This condition corresponds to the rubbery plateau of this
PMMA. At 102 s, Branch 1 still contributes to viscoplasticity by describing the initial elasticity and
exhibiting energy dissipation. At 10 s-', the contribution of this branch becomes almost negligible.
Additionally, Branch 2 exhibits a viscohyperelastic (with no much hysteresis) behaviour at 102 s
Then, at 108 s, the elastic and inelastic components of the mechanical response are described by



Branch 2 which displays viscohyperelastic behaviour with more hysteresis than at 102 s'. At this
point, this branch can describe by itself the mechanical behaviour. Same results were observed for
PMMA CL.
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Fig. 15: Contribution of each branch to the total stress-strain curves for PMMA 3500 at 130 °C
for equivalent strain rates of a) 102 s and b) 108 s-'. (please refer to Table 3 for the related

temperature and strain rate)

Overall, considering a branch that accounts for viscoelasticity/viscoplasticity in parallel with a branch
representing hyperelasticity/viscohyperelasticity, allows describing the mechanical response of
amorphous PMMA at small and large deformation when submitted to non-monotonic tensile loading.

4.4 Dependence of the model’s parameters with the equivalent strain rate

So far, we stated that the physical entanglements contribute to viscoelastoplastic behaviour while
van der Waals interactions are more related to visco-hyperelastic or hyperelastic behaviour. However,
entanglements and van der Waals interactions are likely dependent on the strain rate and
temperature. Some authors proposed that such dependence could be described by an Eyring-like
phenomenological approach [54]-{58] while other works proposed to relate these parameters to the
equivalent strain rate at reference temperature by using a phenomenological sigmoid formulation [1],
[2], [46]. By comparing both approaches, we found that a sigmoid function is more appropriate to
describe the evolution of Ns;* Nc:* z, p1, Nsz2* and a2 with the equivalent strain rate:



where, N&, N5, zo, P10, N&, a3, NY, N, z1, p11, N5, a3, Tand m are material parameters. The

parameters for fulfilling Equation (15) are presented in Table 4. The values 7=0.037 s' and m=0.375

were used for all cases. Fig. 16 displays the evolution of EV’s parameter with the equivalent strain rate
and the fitting of the sigmoid function. Results show that a sigmoid function is able to capture the
evolution of the parameters over a wide range of equivalent strain rates. In addition, results suggest
that parameters sharply increase with the equivalent strain rate when passing through a-transition
and, more especially, Ns;*, z p1 and Nsz*. Indeed, at short time scale (or low temperature), the
density of entanglement and van der Waals interaction (Ns;* and Ns:*) seems to be more effective.
Then, disentanglement parameters (z and p7), which rule the part of the energy dissipated by the
polymer network under deformation, increase when the equivalent strain rate is higher. This is
consistent with experimental observations. Therefore, these results show that the model accounts for
a polymer network more rigid, dissipating more energy at high strain rates or low temperatures.
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Table 4: Phenomenological parameters identification for the different PMMAs.

PMMA PMMA PMMA PMMA
80 120 3500 CL
N'so* 0.300 0.500 0.015 1.560
N'ss* 60 75 140 100
N'co* 2x104 2x10° 0.013 0.022
N'c* 0.014 0.010 0.007 2x10*
Z 0.070 0.120 1x108 12
Z, 0.770 29 3000 950
P1o 0.750 0.950 0.002 1.200
P11 0.155 0.460 2.2 0.620
a?z 0.003 0.002 8x10° 0.001
a2 0.045 0.030 0.049 0.030
NZso* 0.125 0.080 0.610 0.570
NZs¢* 1 1.200 0.600 0.480

For enriching the model capabilities, we coupled the constitutive model with the sigmoid evolution of
the parameters of the Edward-Vilgis strain energy to account the strain rate/temperature effect on the

mechanical response

This was tested on PMMA 120 and then compared to the original model (described in section 3).
Fig. 17 displays this comparison for equivalent strain rates of 10" s' and 102 s, respectively. We
chose these conditions since the theoretical values differed the most with the sigmoid function (see
Fig. 16). The differences between the original model and the coupling with the sigmoid function are
quite small, around 2%, meaning that we can employ parameters for non-monotonic tensile loading of
PMMAs of different molecular weight. These results are promising for future modelling since
temperature and strain rate effects can be coupled into one parameter, equivalent strain rate at a

reference temperature, by means of an empirical sigmoid function.
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5 Conclusions

The purpose of this work was to verify the versatility of a model built on statistical chain network
theory and inelasticity for capturing the main features of amorphous PMMAs with different molecular
weights when tested under non-monotonic tensile loading. The constitutive model based on the
approach proposed by [1], [2] and extended by [33] was calibrated with the experimental data of cyclic
tensile tests for a large number of experimental conditions, going from the quasi-fluid state up to the
glassy state while passing through the rubbery and viscoelastic regions. Reasonable agreement was
observed between the theoretical results obtained with the model and the experimental data obtained
for diverse PMMAs. More especially, the model exhibits capabilities to capture the different features of
the material (viscoplasticity, viscoelasticity, hyperelasticity and viscohyperelasticity) at small and large
deformations, while accounting for the contribution of the active physical entanglements, crosslinks
and van der Waals interactions, and also of the inelastic mechanisms induced by disentanglements,
evolution in the secondary bonds density and chain extensibility. Additionally, the sensitivity of the
model parameters to the equivalent strain rate was accounted thanks to an empirical sigmoid function.
Combining the sigmoid evolution with the initial model, allowed considering the time/temperature
dependence on the constitutive modelling. Results present an acceptable agreement with the previous
model.

In general, the versatility of the model reproducing different mechanical behaviours shows the
efficiency of including the evolution of internal state variables while using Edward-Vilgis strain energy



function. The methodology presented in this work open new possibilities for modelling the mechanical
response of polymers, and may enhance the numerical computations for predicting the material
behaviour when studied in the viscoelastic and rubbery-like state.
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Annex 1

Table A1.1: Parameters for PMMA 80.and 120.

Eoq Nsi* | Nci*x102 | Z(-) [ p1(-) | Ns2* | a2x10% | 1sx102 [ €102 | v (-) v'x102 (-)
(s') | (MPa) | (MPa) (MPa) ) ) ()
PMMA 80
002 | 0.74 0.03 001 [ 076 | 0.13 0.29 33.1 64.0 1.71 250.0
017 | 1.02 0.17 0.09 | 0.76 | 0.30 1.03 7.75 45.9 2.30 16.30
1.61 2.92 0.95 011 | 073 | 052 4.28 9.17 42.8 6.90 0.727
18.1 21.6 251 0.17 | 099 | 0.49 1.50 21.2 71.7 0.14 0.077
169 105 2.27 091 | 092 | 1.80 4.81 1.77 0.004 | 0.09 0.001
1930 | 120 2.27 189 | 1.07 | 1.97 7.08 0.005 | 0.002 | 0.18 0.002
PMMA 120
0.0002 | 0.54 0.002 [ 0.01 [ 0.75 [ 0.07 0.15 29.4 97.9 3.18 112
0.0165 | 0.65 0.003 | 0.14 | 1.10 | 0.34 0.54 7.72 30.4 0.35 144
156 | 7.27 0.079 | 054 | 0.10 | 0.88 0.68 0.07 14.4 0.83 0.00
16.1 34.2 0227 | 382 | 128 | 1.60 0.74 0.00 3.95 0.83 0.00
196 79.6 1.081 348 | 160 | 1.97 1.71 0.00 1.81 0.31 0.00
2390 | 177 7.791 56.0 | 1.78 | 2.09 6.33 0.00 0.02 1.17 0.00
Table A1.2: Parameters for PMMA 3500 and CL.
£eq (s7) | Nsi* | Nea*x102 | Z () | p1 () Ns2* 022x10? TsX10% | & (-) v() | vx103
(MPa) | (MPa) (MPa) ) Q] )
PMMA 3500
1.84x10® [ 0.016 1.34 0.001 | 0.3 0.59 0.01 521.0 [ 052 [ 0.12 2.52
1.82x106 | 0.121 1.34 0.000 | 0.02 0.60 0.09 101.0 | 0.61 | 6.90 17.8
1.68x10% | 0.433 1.34 0.001 | 0.32 0.60 0.09 0.346 | 0.19 | 0.66 4.58
1.58x102 | 2.40 1.34 0.733 | 1.05 1.00 0.53 0224 | 0.13 | 0.76 17.1
1.92 65.8 3.34 1550 | 1.39 1.10 3.43 0.022 | 0.17 | 0.12 8.38
244 189 3.34 6585 | 2.37 1.55 4.71 0.258 | 0.00 | 0.02 0.00
PMMA CL
1.56x10¢ | 1.56 217 10.8 | 1.13 0.56 0.23 0.005 | 1.25 [ 0.0003 | 0.022
1.61x10% | 1.79 2.51 106 | 1.16 0.58 0.12 0.008 | 1.42 | 0.0002 | 0.035
1.59x102 | 3.18 2.42 10.2 | 1.51 0.66 0.12 0.008 | 1.65 | 0.0000 | 0.029
1.83 52.7 2.01 983 | 1.78 0.94 3.02 0.054 | 1.37 | 0.0926 | 0.011
255 174 1.93 1664 | 2.16 1.35 4.80 0.408 | 0.00 | 0.0142 | 0.008




Annex 2

Calculation for equivalent Young, E, associated to Edward Vilgis’ model:

Let's F be the potential of a medium submitted to an uniaxial extension A.. According to initial model,
on can write F as:

_ 2y /32
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F:T (1—(126) A B
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where N, a?and n are the density of entanglements, the extensibility of chains and the freedom of
entanglements, respectively.

Let’s define the modulus as the mathematical limiting slope for zero strain of the stress, g, vs. strain,
€ as written in Eq. (A2).

90 _ 0o (A2)
S Y L,

For its part, the axial stress in a 1D assumption is given by:

_ L OF (A3)
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Then from Eq. (A1) and (A3) one can conclude on Eq. (A4):
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The axial stress is then:
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