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Abstract

We design and test an algorithm for estimating the bit angular velocity and side forces on a drill string using only topside
measurements fed into an adaptive observer. To derive the algorithm gains the drill string is modeled as a distributed
wave equation coupled with Ordinary Differential Equations (ODEs) at the boundaries which represent the lumped
dynamics of the top-drive and BHA, respectively. Here, the algorithm uses only measurements from the top-drive, while
the non-linear side-forces are lumped at the BHA. The obtained observer gains are then implemented on a previously
validated torsional drill string model with a distributed BHA model and distributed Coulomb side forces implemented as
an inclusion. This design approach combines a high fidelity model with recent theoretical developments on estimation of
PDEs to find appropriate feedback gains to ensure a fast and robust tuning. The feasibility of the approach is illustrated
by showing convergence in estimated friction factors to the true values when testing on simulated data. When testing
on full scale field data, friction factors converge to the same value for different initial values which indicates both good
estimates and a robustness of the approach. The estimates produced by the algorithm can be displayed to a driller in
real time in an advisory system, and the result can be built on to help optimize the drilling operation, detect faults and
unwanted incidents, aid on-site decision making, and improve control of directional drilling.

1. Introduction

Exploration and production of oil and gas reserves in
the deep subsurface necessitates the precise placement of
a narrow wellbore, between 10 and 50 cm diameter, of
lengths up to 10,000 m through a varied subsurface geo-
logical environment. Modern wellbores are rarely straight
and typically must follow preplanned wellplans, ranging
from simplier horizontal or deviated wells to complex three
dimensional paths. In these complex wellbores, torque
and drag due to friction between the drillstring and bore-
hole wall become significant and increase the complexity of
steering operations. Steering is typically achieved through
the use of rotary steerable systems – which use actuated
downhole tools to physically point or push the bit in a
predefined direction – or bent motor assemblies – which
use a permanent bend in a downhole mud motor to im-
part a deviation in hole angle if the motor bend is held
in a fixed orientation. The latter system is often used for
land wells due to its low cost, but presents challenges for
the directional drillers due the complexity of the drillstring
dynamic behavior and uncertainty in borehole torque and
drag modelling.

Drillstring dynamic behavior often manifests itself as
drill string vibrations, and has been extensively studied.
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In particular, the torsional oscillations known as stick slip
are considered to be one of the most prevalent vibrations.
These stick-slip oscillations are characterized by a series
of stopping – “sticking” – and releasing – “slipping” –
events of the bit. These models, if properly formulated,
lend themselves to estimation problems and can be used
to estimate friction parameters, and in turn, directional
abilities of the drilling system.

A distributed model was used to characterize stick slip
oscillation as caused by Coulomb friction induced side forces
in [1]. Such stick slip can also occur off-bottom, and does
not require a velocity weakening in the bit–rock interac-
tion. Off-bottom stick slip is a well known phenomenon
from the field, and when mentioned in literature is hypoth-
esized to be caused by a negative difference between static
and kinetic along-string Coulomb-type friction [8, 15, 21].
This cause is distinct [4] from stick-slip caused by the re-
generative effect in the bit–rock interaction [6, 11, 18].

The distributed effects of the drill string becomes an
increasingly prominent feature of torsional dynamics in
long wells, and perhaps especially wellbores with high-
inclination laterals. The nonlinear nature of the Coulomb
friction can excite a wide range of frequencies where higher
order modes become essential for representing the dynam-
ics of the system, in particular for long wells. Hence,
lumped approximations of the drill string easily fall short,
and it is desirable to employ distributed model represen-
tations of the torsional dynamics, along the lines of [2, 5,
14, 1].
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The approach taken in the present work is to use a
distributed model of the drill string with the lumped rep-
resentation of the BHA used in [1] where the Coulomb
friction is given as a source term implemented as an inclu-
sion, with the states propagated according to the Filippov
solution [13]. The distributed nature of the model enables
it to capture a large part of the possible dynamics for a
significantly extended range of well lengths and surveys
compared to the more standard lumped approximations.
At the same time, the relative mathematical simplicity of
the formulation, a 1-D wave equation with a source term
with ODEs as boundary conditions, enables us to employ
new results from control theory [12] to effectively derive a
soft sensor as an Luenberger Observer. Using only topside
measurements, this soft sensor can in turn estimate kinetic
and static friction factors as well as the distributed states
of the system including drill string angular velocity and
angular strain. This have several applications

1. Effectively estimating static and kinetic friction fac-
tors while drilling can help optimize the drilling op-
eration, detect faults and unwanted incidents and aid
on-site decision making.

2. An adaptive on-line observer opens up several promis-
ing new venues for avoiding torsional oscillations.

3. Improved estimates of drill string orientation have
important applications for directional drilling [19, 9].

This paper begins with a derivation of the torsional
drillstring model in Section 2, including validation with
two sets of field data. The semi-lumped approximation
needed for observer design is then given in Section 3, and
the observer design itself in Section 4. Finally, in Section
5, convergence behavior of the observer is demonstrated
on both synthetic and field data.

2. Model

In this section we present the model under considera-
tion. The validity of the proposed model is illustrated by
considering the open-loop fit of the model to full scale field
data at the end of the Section.

2.1. Torsional dynamics of drill string

The distributed model we use in this paper is similar
to the one proposed in [6, 2, 14], the main difference being
that we only consider here the torsional dynamics. That
is, for the angular motion, we denote the angular velocity
and torque as ω(t, x), τ(t, x) which are functions of (t, x)
evolving in {(t, x)| 0 < t < T, x ∈ [0, L]} (where L is
the total length of the drill string and T a positive time),
see Fig. 1. The torque is found from shear strain, given as
twist per unit length. Letting φ denote the angular dis-

placement (see Fig. 2) in the string s.t. ∂φ(t,x)
∂t = ω(t, x),

we have τ(t, x) = JG
(
φ(t, x)−φ(t, x+dx)

)
/dx, where J is

Table 1: Nomenclature

Parameters
a0, aLp

top drive, BHA frequency coefficient
ct torsional wave velocity
F Coulomb component of side force
G shear modulus
ITD top drive inertia
IBHA BHA inertia
Jp, Jc pipe, collar polar moment of inertia
kt viscous component of side force
L drill string length

Lp, Lc pipe, collar drill string length
Z̄ collar–pipe relative impedance

µk, µs kinetic, static friction coefficient
ρ drill string density

pα(·), pβ(·), p0, p1, P0, P1, ls and lk are observer gains.

Dependent variables
d lumped side force
FN normal force on drill string
S torque source term (side force)
S Normalized source term
α, β drill string Riemann invariants
τ drill string torque
τm motor torque
φ drill string orientation
ω drill string angular velocity
ω0 Top drive angular velocity

Theˆsuperscript denotes estimasted quantities.
The˜superscript denotes estimation residual.

Independent variables
t time
x position relative to top of drill string

2



ω0

τ(t,x)
ω(t,x)

x

INC x=L

Figure 1: Schematic indicating the distributed drill string lying
in deviate borehole.

Figure 2: Infinitesmal drill string element.

the polar moment of inertia and G is the shear modulus.
Hence the equations for the angular motion are given by

∂τ(t, x)

∂t
+ JG

∂ω(t, x)

∂x
= 0, (1)

Jρ
∂ω(t, x)

∂t
+
∂τ(t, x)

∂x
= S(t, x), (2)

where the source term is due to frictional contact with the
borehole and is modeled as

S(t, x) = −ktρJω(t, x)−F(ω, τ, x), (3)

where kt is a constant damping term representing the vis-
cous shear stresses between the pipe and drilling mud, and
F(ω, τ, x) is a differential inclusion, that still has to be
described, representing the Coulomb friction between the
drill string and the borehole.

Jp

Jc

τ+,ω+

τ-,ω-

Lp

Lc

Figure 3: Collar-Pipe transition.

2.2. Discontinuities of a multiple sectioned drill string
The lowermost section of the drill string is typically

made up of drill collars which may have a great impact
on the drill string dynamic due to their added inertia. In
particular, the transition from the pipes to collars in the
drill string will cause reflections in the travelling waves due
to the change in characteristic line impedance [2].

We split the drill string into a pipe section with polar
moment of inertia and lengths Jp, Lp and a collar section
with the same parameters given as Jc, Lc. We use τ+, ω+

to denote the strain and velocity at the top of the drill
collar and τ−, ω− at the bottom of the pipe, see Fig. 3.
The boundary conditions at the transition are given by the
following continuity constraints

ω+ = ω−, τ+ = τ−. (4)

2.3. Coulomb friction as an inclusion
The Coulomb friction is modeled as an inclusion
F(ω, x) = µkFN (x), ω > ωc,

F(ω, x) ∈ [−µsFN (x), µsFN (x)], |ω| < ωc,

F(ω, x) = −µkFN (x), ω < −ωc,
(5)

where FN is the normal force acting between the drill
string and the borehole wall, ωc is the threshold on the
angular velocity where the Coulomb friction switches from
static to kinetic, µs, µk are the static and kinetic friction
factors, respectively. Here, we distinguish between the ki-
netic and static friction factors: Static friction is friction
between two or more solid objects that are not moving
relative to each other. Kinetic friction, also known as dy-
namic friction or sliding friction, occurs when two objects
are moving relative to each other and rub together. The
function F(ω, τ, x) ∈ [−µsFN (x), µsFN (x)] denotes the in-
clusion where

F(ω, τ, x) = −∂τ(t, x)

∂x
− ktρJω(t, x) ∈ [−µsFN (x), µsFN (x)], (6)
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and take the boundary values ±µsFN (x) if this relation
does not hold. The normal force profile of the drill string
should be obtained from an appropriate torque and drag
model, see e.g. [17, 20, 1].

2.4. Boundary condition

At the topside boundary, the top drive is actuated by
a motor delivering a torque τm which we assume to be the
control input. The topdrive has the inertia ITD and hence
satisfies the dynamics

∂ω0

∂t
=

1

ITD

(
τm − τ(t, x=0)

)
, (7)

and finally, the angular velocity at the top of the drill
string is equal the top drive velocity ω(t, x=0) = ω0.

2.5. Derivation of Riemann invariants

The Riemann invariants of a Hyperbolic PDE are the
states corresponding to a transformation of the system
which has a diagonalized transport matrix, i.e. the system
can be written as a series of transport equations only cou-
pled through the source terms [16]. On the set {(t, x)| 0 <
t < T, x ∈ [0, L]}, we define the Riemann invariants as

α = ω +
ct
JG

τ, β = ω − ct
JG

τ, (8)

where ct =
√

G
ρ is the velocity of the torsional wave.

This transformation enables us to rewrite (1)–(2) in vari-
ables α, β as the diagonalized PDE system

∂α

∂t
(t, x) + ct

∂α

∂x
(t, x) = S(t, x), (9)

∂β

∂t
(t, x)− ct

∂β

∂x
(t, x) = S(t, x). (10)

where the source term S is defined by

S(t, x) =
S(t, x)

Jρ
= kt(α(t, x) + β(t, x)) +

1

Jρ
F(t, x),

(11)

where F is the inclusion given in (5) (expressed as a func-
tion of α and β). In the Riemann coordinates, the bound-
ary conditions (4) rewrite as follows

β+ =
1

1 + Z̄

(
α+(1− Z̄) + 2Z̄β−

)
, (12)

α− =
1

1 + Z̄

(
2α+ + (Z̄ − 1)β−

)
, (13)

where we have denoted the relative magnitude of the impe-
dance as

Z̄ =

[
ct
JG

]+/[
ct
JG

]−
. (14)

The boundary condition (7) rewrites

∂ω0

∂t
=

1

ITD

(
τm +

GJ

ct
(β(t, 0)− ω0(t))

)
. (15)

In the case of the same material being used at both sides of
the discontinuity, the only change is in the polar moment
of inertia. That is, for a pipe-collar sections of e.g. steel,
we have, following Fig. 3

Z̄ =
Jc
Jp
. (16)

Note the meaning of (12)–(13) as reflections of incoming
waves from both sides, as they are split into an upward
and a downward travelling wave.

2.6. Model validity

The effectiveness of this modeling approach is explored
in some detail in [1]. Here we illustrate this by briefly con-
sidering the open-loop fit of the model to full scale field
data shown in Fig 4 and 5. Details of the numerical im-
plementation is given in Appendix A.

In both the cases of Fig 4 and 5, the model accurately
replicates the stick slip oscillations of the field data. The
cases covers two qualitatively different behaviour of the
stick slip, demonstrating a certain degree of versatility of
the model. In particular we note that, for Fig. 4 where
down-hole data is available, a good replication of the an-
gular BHA velocity is also achieved. Down-hole data for
the well in Fig. 5 is not available.

These fits were achieved by tuning the friction factors
of the model to get the simulation results to match the
data. The results in [1] verify that the model is capable to
replicate the full scale field dynamics in most cases when
this tuning is good. The goal of the present paper is to ob-
tain an automated algorithm, the adaptive observer (a.k.a.
soft sensor), which performs this tuning online. The de-
sign and testing of this adaptive observer is done in the
following.

3. Semi-lumped approximation

In this section we derive a model for observer design
by using a lumped approximation of the drill collar sec-
tion following the approach of [3]. This amenable model
approximation will be used for the observer design.

3.1. Lumped BHA

The approximation entails lumping the effect of the
source term (11) into the lumped dynamics of the BHA.
This is a reasonable approximation for many drill-strings
as much of the torque acting on the drill string will come
from stabilizers located in, or close to, the BHA [1]. The
inertia of the lumped BHA is

IBHA = ρLcJc, (17)

and hence the angular velocity of the BHA is governed by

∂ωLp

∂t
=

1

IBHA

(
τ(t, x=Lp)− d(t)

)
, (18)
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DLS = 2o/30m

DLS = 3o/30m

DLS = 3o/30m

INC = 45 o

INC = 40 o

300 m

1250 m

2700 m

a)

b)

c)

Figure 4: Recorded and simulated a) RPM and b torque of a drill-string at a bit depth of 1,733 m in a well with the survey shown
in c), using the friction parameters: µs = 0.34, µk = 0.187, ωc = 19 (RPM).

DLS = 3o/30m

DLS = 2o/30m

DLS = 2o/30m

INC = 60 o

INC = 35 o

300 m

1550 m

3000 m

INC = 10 o

a)

b)

c)

Figure 5: Recorded and simulated a) RPM and b) torque of a drill-string at a bit depth of 2,506 m in a well with the survey
shown in c), using the friction parameters: µS = 0.43, µk = 0.185, ωc = 17 (RPM).
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where d(t) accounts for the now lumped effect of the dis-
tributed source term, i.e.:

d(t) ≈
∫ L

0

S(ω, x). (19)

Here, (19) is meant for illustration and is not used directly.
When we later employ the flat formulation, facilitated by
this approximation, for estimation d(t) will be treated as
an uncertain disturbance.

Using this lumped approximation of BHA, we obtain
what we will refer to as the semi-lumped formulation, given
by the distributed wave-equation for the pipe section

∂τp(t, x)

∂t
+ JG

∂ωp(t, x)

∂x
= 0, (20)

Jpρ
∂ωp(t, x)

∂t
+
∂τp(t, x)

∂x
= 0, (21)

defined on {(t, x)| 0 < t < T, x ∈ [0, Lp]} with the
boundary conditions ωp(t, x=0) = ω0, ωp(t, x=Lp) = ωLp

governed by

∂ω0

∂t
=

1

ITD

(
τm − τp(t, x=0)

)
, (22)

∂ωLp

∂t
=

1

IBHA

(
τp(t, x=Lp)− d(t)

)
. (23)

The fit of this approximation and how to quantify any
resulting error is discussed in [3].

3.2. In Riemann invariants

Using the Riemann Variables (α, β) as states, the semi-
lumped system (20)–(23) defined on {(t, x)| 0 < t <
T, x ∈ [0, Lp]}, rewrites:

∂αp
∂t

(t, x) + ct
∂αp
∂x

(t, x) = 0, (24)

∂βp
∂t

(t, x)− ct
∂βp
∂x

(t, x) = 0. (25)

with the boundary conditions

βp(t, Lp) = 2ωLp
(t)− αp(t, Lp), (26)

αp(t, 0) = 2ω0(t)− βp(t, 0), (27)

∂ω0

∂t
(t) = a0(−ω0(t) + βp(t, 0)) +

1

ITD
τm(t) (28)

∂ωLp

∂t
(t) = aLp

(−ωLp
(t) + αp(t, Lp))−

1

IBHA
d, (29)

where the frequency constants given as a0 =
GpJp
ctITD

and aLp
=

GpJp
ctIBHA

. They are expressed in seconds−1 and they repec-
tively represent the inertia of the top-drive and BHA, rel-
ative to the line impedance of the pipe section of the drill
string ζp =

GpJp
ct

. The solution to (24)-(25) can be written
as the delay equations:

αp(t, x=Lp) = αp(t− tD, x=0) (30)

βp(t, x=0) = βp(t− tD, x=Lp), (31)

where tD = Lp/ct. Thus, we note that this system is
characterized by three time constants

1/a0 : Top drive time constant.

1/aLp
: BHA time constant.

tD : Drill string travel time.

4. Soft sensor (Observer) design

The core of the approach is a ‘soft-sensor’ combining
measurements from physical sensors with a model of the
system dynamics to provide estimates of states and side-
forces. The soft-sensor is based on an observer algorithm.
Observers are dynamical systems whose states are the esti-
mates of the aforementioned variables. The observer state
dynamics are a combination of

• ‘open-loop’ terms based on the equations of physics
describing the behaviour of the system.

• ‘closed-loop’ terms that correct the dynamics based
on the value of the measurements. Typically, the
value from the sensors are compared with their esti-
mates from the observer, and a function of the dis-
crepancy between the two are added as a correction
term.

The task of design an observer is to engineer the com-
bination of ‘open-loop’ and closed-loop correction terms.
Often, the correction terms are linear function of the es-
timation error of the measured states. These correction
terms are then used to update the estimated states as new
measurement data become available. In our case, they
appear in the observer dynamics as spatially-varying and
lumped gains called observer gains. We will use the spe-
cific observer gains derived in [12] using a backstepping
method which guarantees fast and robust convergence of
the estimates assuming the model is correct1.

The soft sensor is adaptive in that it estimates the
side forces and then updates the observer model kinetic
or static friction factor itteratively for each time step de-
pending on if the drill string BHA is stuck or sliding. The
algorithm presented here is not able to simultaneously up-
date the transition velocity ωc in (5), hence this value has
to be fixed. We remark that it was shown in [1] that this
transition velocity can have a significant impact on model
bahvior in some cases, which might limit the performance
of the proposed algorithm.

4.1. Observer system equations

The observer equations are given as a copy of the plant
equations plus the correction terms. The measured output
of the system corresponds to the top drive angular veloc-
ity ω0.

1More precisely, a proof of asymptotic convergence of the esti-
mates to the true states is provided in [12] for the linearised dynam-
ics, i.e. close to the constant homogeneous velocity profile.
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We denote an estimated variable with the ·̂ superscript.
We define the measured estimation error as: e = ω̂0 − ω0.
In the following pα(·), pβ(·), p0, p1, P0, P1, ls and lk denote
the observer gains, which still have to be defined. The
estimation of the top drive angular velocity is given by

˙̂ω0 = a0

(
β̂p(t, 0)− ω̂0

)
+

1

ITD
τm − p0e, (32)

For the pipe section, the estimation of the Riemann invari-
ant is given by

∂α̂p
∂t

(t, x) + ct
∂α̂p
∂x

(t, x) = Ŝp(t, x)− pα(x)e, (33)

∂β̂p
∂t

(t, x)− ct
∂β̂p
∂x

(t, x) = Ŝp(t, x)− pβ(x)e. (34)

For the collar section, the estimation of the Riemann in-
variant is given by

∂α̂c
∂t

(t, x) + ct
∂α̂c
∂x

(t, x) = Ŝc(t, x)− p1e, (35)

∂β̂c
∂t

(t, x)− ct
∂β̂c
∂x

(t, x) = Ŝc(t, x)− p1e. (36)

Finally, the boundary conditions are

α̂p(t, 0) = 2ω̂0(t)− β̂p(t, 0)− P0e, (37)

β̂p(t, Lp) =
α̂p(t, Lp)(1−Z̄) + 2Z̄β̂c(t, Lp)

1 + Z̄
− P1e (38)

α̂c(t, Lp) =
2α̂p(t, Lp)− β̂c(t, Lp)(1−Z̄)

1 + Z̄
(39)

β̂c(t, L) = −α̂c(t, L) (40)

The source term in each section are computed from the
estimated states and friction factors

Ŝi(t, x) =
Ŝ(t, x)

Jiρ
= kt(α̂i(t, x) + β̂i(t, x)) +

1

Jiρ
F(t, x),

(41)

where F(t, x) is the inclusion given in (5), and the esti-
mates of the friction factor is updated according to

˙̂µs(t) =

{
−lse, |ω̂Lp

| ≤ ωc,
0, |ω̂Lp

| > ωc,
(42)

˙̂µk(t) =

{
0, |ω̂Lp

| ≤ ωc,
lke, |ω̂Lp

| > ωc,
(43)

Finally, the following saturation is used to improve robust-
ness of the method:

µ̂s = max(µ̂s, µ̂k). (44)

The initial condition of (32)-(40) can be arbitrarily chosen.

4.2. Semi-lumped approximation and error system

We want to design the observer gains using the ap-
proach proposed in [12] to ensure the convergence of the
observer state (solution of (32)-(40)) to the real state (solu-
tion of (9)-(15)). To do so, we need to rewrite the observer
system in a suitable form (i.e. without the inclusion). This
is done using the lumped approximation of the drill col-
lar section introduced in Section 3.1. More precisely, the
observer dynamics (32)-(40) can be rewritten

˙̂ω0(t) = a0

(
β̂p(t, 0)− ω̂0(t)

)
+

1

ITD
τm − p0e, (45)

∂α̂p
∂t

(t, x) + ct
∂α̂p
∂x

(t, x) = −pα(x)e, (46)

∂β̂p
∂t

(t, x)− ct
∂β̂p
∂x

(t, x) = −pβ(x)e, (47)

˙̂ωLp
(t) = aLp

(
α̂p(t, Lp)− ω̂Lp

(t)
)
− 1

IBHA
d̂− p1e, (48)

with the boundary conditions

α̂p(t, 0) = 2ω̂0(t)− β̂p(t, 0)− P0e, (49)

β̂p(t, Lp) = 2ω̂Lp(t)− α̂p(t, Lp)− P1e, (50)

Similarly to what has been done in Section 3.1, the term d̂
accounts for the now lumped effect of the distributed source
term (obviously depending on the expression given in (41)).
For the design of observer gains, we consider the term d as
a constant lumped disturbance, normalized by IBHA∫ L

0
FN (x)dx

(thus, d̂ is also assumed to be constant). Subtracting sys-
tem (24)-(29) from system (45)-(50) and denoting the er-
ror variables with the ·̃ superscript (i.e α̃p = α̂p − αp for
instance), we get the following error system

˙̃ω0(t) = a0

(
β̃p(t, 0)− e

)
− p0e, (51)

∂α̃p
∂t

(t, x) + ct
∂α̃p
∂x

(t, x) = −pα(x)e, (52)

∂β̃p
∂t

(t, x)− ct
∂β̃p
∂x

(t, x) = −pβ(x)e, (53)

˙̃ωLp(t) = aLp

(
α̃p(t, Lp)− ω̃Lp(t)

)
− p1e−

1

IBHA
d̃, (54)

˙̃
d = 0, (55)

with the boundary conditions

α̃p(t, 0) = 2ω̃0(t)− β̃p(t, 0)− P0e, (56)

β̃p(t, Lp) = 2ω̃Lp(t)− α̃p(t, Lp)− P1e, (57)

4.3. Control dual problem

The backstepping approach proposed in [12] provides
an explicit method to design a robust output feedback
boundary control law for an ODE-PDE-ODE interconnec-
tion. However, it has been proved in [7] that the gains
of such a control law correspond to the gain of the ob-
server of the dual problem (this has actually been proved
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in the case of a system of n + m PDEs, but the proof
can be easily adjusted to an ODE-PDE-ODE interconnec-
tion). More precisely, adjusting the methods proposed
in [7] we can prove that the system (51)-(57) has the
same stability properties as those of the system defined
on {(t, x)| 0 < t < T, x ∈ [0, 1]} by

∂ψ

∂t
(t, x)− ct

Lp

∂ψ

∂x
(t, x) = 0, (58)

∂φ

∂t
(t, x) +

ct
Lp

∂φ

∂x
(t, x) = 0, (59)

χ̇0(t) = 2
ct
Lp
ψ(t, 0)− a0χ0 − p0χ0(t)− p1χ1(t)− P0ctψ(t, 0)

− P1ctφ(t, Lp)−
∫ Lp

0

pα(ξ)ψ(t, ξ) + pβ(ξ)φ(t, ξ)dξ, (60)

χ̇1(t) = 2
ct
Lp
φ(t, 1)− aLp

χ1(t), (61)

χ̇2(t) = − 1

IBHA
χ1(t), (62)

with the boundary conditions

ψ(t, 1) = −φ(t, 1) +
Lp
ct
aLp

χ1(t), (63)

φ(t, 0) = −φ(t, 0) +
Lp
ct
a0χ0(t) (64)

This new system (which is the adjoint of (51)-(57)) has
exactly the structure which is considered in [12]. This im-
mediately gives us the expression of the observer gains (we
choose to not rewrite them here for sake of clarity). More
precisely, these observer gains only depends on three tun-
ing parameters (namely, κ1, z and p) that can be tuned to
shape the observer top-side reflection and place the poles
of the down-hole “error system”. Considering the adap-
tive update law, the gain lk, is derived from the observer
assuming a constant lumped disturbance, and then nor-
malized by IBHA∫ L

0
FN (x)dx

. The gain for the update law of

the static friction factor is then chosen to be two times
this ls = 2lk. With these gains we can ensure the conver-
gence of the observer states to the real states in presence
of a constant disturbance. One must be aware that this
assumption is only an approximation and does not hold
in the real case. However, due to the robustness proper-
ties of the observer (see [12] for details) we can still have
the convergence of the different states to their real values
when considering the real inclusion term. Considering the
estimations of the friction terms, we do not have any guar-
antee of convergence, but, due to the robustness properties
of the observer, they should converge close to the real fric-
tion terms. This is experimentally validated in the next
section.

5. Field Application

The observer detailed in the previous section may be
used to provide online parameter estimation for the friction

Soft Sensor
(Observer)RPM, Torque

Well plan
Drillstring configuration

Drillstring state
Friction coefficients

Figure 6: Flow of data from the surface sensors, into the esti-
mation algorithm and the resulting estimated output.

parameters of the drillstring model presented in Section 2
but can also be used as a method to estimate BHA rota-
tion and torque. This can be of particular usefulness in
directional drilling scenarios where real-time estimation of
tool face angle – BHA angular orientation – is essential,
and in feedforward stick-slip mitigation systems.

The envisioned industrial implementation of the esti-
matino algorithm is briefly described in this section. The
flow of data is show in Figure 6 and a flowchart describing
the process is presented in Figure 7.

Output of the estimation algorithm may include an es-
timate of the drillstring state as a function of measure
depth, and a time series of the friction coefficient, esti-
mated drillstring twist and the soft sensor (observer) gains.

We now consider a test of the estimation algorithm (32)-
(43). We want to evaluate the real time estimation of the
friction coefficients and of the BHA and top drive rota-
tion in two different situations: (1) comparison against a
simulation model (2) comparison against field data. In
each situation, we run the observer using high frequency
measurements (100 Hz) but also downsampled 5 Hz and 1
Hz measurements. These examples are of particular note
since a majority of supervisory control systems currently
deployed on drilling rigs in the field operate at 5 to 10 Hz.

5.1. Test against simulation model

We test our observer against the simulation model de-
scribed in [5] with the wellbore survey shown in Figure
8, using the numerical implementation described in Ap-
pendix A. The kinetic friction is chosen to be equal to
0.187, while the static friction is chosen to be equal to 0.6
which is similar to values reported using traditional fric-
tion tests in the field. The well represents a simple build
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Step 6: Output friction coefficient and 
drillstring state

Step 5: Compute estimated drillstring state 
including angular displacement and velocity

Step 4: Compute estimate of static and 
dynamic coefficients of friction

Step 3: Compute or update observer gains (if 
applicable) and propagate model estimate 
and update based on data

Step 2: Read RPM and Torque from sensors 
on drilling rig

Step 1:  Obtain well plan (wellbore survey) 
and drillstring configuration

Figure 7: Flow chart describing the flow of information and
steps used in the potential application.

DLS = 3o/30m

INC = 60o

1500 m

2000 m

Figure 8: Wellbore survey for the simulation model.

and hold well used throughout the world. More discussion
of this synthetic example may be found in [1].

We have pictured in Fig. 9 the real value of the BHA
angular velocity and of the top drive angular velocity as
well as the estimations obtained using the observer in three
different situations. In the first plot, the measurements are
available every 0.01 s (100 Hz), while in the two next plots
they are only available every 0.2s (5 Hz), resp. 1s (1 Hz)).
This means that for the cases with lower sampling rates,
the observer correction term is less frequently updated,
which we would expect to potentially reduce convergence
rate or accuracy. As is seen in Fig. 9, the 100 and 5 Hz
cases show a rapid convergence of the estimated states to
the correct trajectories, while at 1 Hz sampling rate the
performance has started to degrade.

We have pictured in Fig. 10, the estimation given by
the observer of the friction parameters for different start-
ing points in the three different situations (100 Hz, 5 Hz
and 1 Hz measurements). In the two first cases, we have a

rapid convergence of the estimations regardless of the ini-
tial guess. However, the convergence value (in particular
for the static friction term) may not exactly correspond to
the exact one (even if it remains close). In the last case
(1 Hz measurements), the estimations of the friction terms
oscillate around the exact value. The estimations remain
good however.

5.2. Test on field data

We now test our observer against field data obtained
from an onshore well with the wellpath shown in Fig. 4.
Surface rpm and torque data was recorded at 100Hz using
a high frequency data recorder and downhole data in the
BHA was recorded on a memory tool as a 10 second win-
dowed minimum, maximum and average value. RPM data
was obtained using an encoder at surface and via mag-
netometer/accelerometer data downhole. Surface torque
data was obtained from current integration in the inverter
controller the topdrive and pipe torque was inferred by re-
moving inertial acceration torque. Top drive inertia was
obtained using a chirp test. We have pictured in Fig. 11
the real mean value of the BHA angular velocity and of
the top drive angular velocity as well as the estimations
obtained using the observer, again for the three cases of
100 Hz, 5 Hz and 1 Hz data sampling rates. Once again,
the observer is run at a frequency of 100 Hz, possibly us-
ing the same value of the output for successive iterations
in the two latter cases. In the three cases, the estima-
tions provided by the observer tends to convergence to the
real values. Note that the field data can be unsynchro-
nized and that we don’t take here the possible offset into
account. Then we cannot really compare the phases of
the field data/estimated angular velocities but only their
respective magnitudes.

We have pictured in Fig. 12 the estimation given by the
observer of the friction parameters for different starting
points in the three different situations (100 Hz, 5 Hz and
1 Hz measurements). In the three cases the estimations
converge to the same values (0.6 for the static friction and
0.35 for the kinetic friction) regardless of the initial guess.

6. Conclusion

We have proposed a model and algorithm to estimate
both drill bit velocity and friction factors while drilling, us-
ing only surface measurements. The approach relies on an
observer designed for the linearized system, combined with
an update law of the static and kinemtic friction factors
used in a nonlinear coulomb-friction model. The estima-
tion is robust to poor initial estimates of the states and
parameter, as have been illustrated on both synthetic and
field data. The adaptive estimation of the friction factors
enables the states estimates of the observer to converge
(close to) actual values in real time. This means that we
are able to continously monitor the downhole behavior of
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a) b)

c)

Figure 9: Time evolution of the real and estimated angular velocity in the test against simulation model for, a) 100 Hz, b) 5 Hz
and c) 1 Hz measurements.

the drill string, specifically the dynamic angular velocity
and torques, even when drilling through stick slip. Fur-
thermore, we envision that these state and parameter esti-
mates could enable measures to counteract unwanted drill
string behaviour, e.g. using a techniques such as proposed
in [3], and represent a step towards automated closed loop
geosteering.
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Appendix A. Numerical implementation

In the numerical implementation of the model the wave
equation (1),(2) is transformed into transport equations
discretized using a first order upwind scheme. This choice
is made to ensure numerical robustness and to avoid spu-
rious oscillations, as higher order schemes perform poorly
due to the temporal discontinuities introduced by the dis-
tributed differential inclusions which are used to represent
the Coulomb friction. Numerical accuracy can then be en-
sured by having a sufficiently fine spatial grid, and this
is an amenable approach due to the fact that simulation
speed is not of critical importance for the present study.

In all simulations a spatial grid of 500 cells is used for
the drill string and the time-step is chosen to enforce the
Courant-Friedrichs-Lewy (CFL) condition [10].

In the numerical treatment of the model, F is imple-
mented as follows. For cell size ∆x and and time step ∆t,
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and at cell # j and time step # k

F̃kj =
1

2∆t

(
αj − ct

∆t

∆x
(αj − αj−1)+ (A.1)

βj + ct
∆t

∆x
(βj+1 − βj) + ∆tkt(α

k
j + βkj )

)
, (A.2)

and limited by

Fkj =

sgn(F̃kj ) min(|F̃kj |, µsFN ),
|αk

j+β
k
j |

2 ≤ ωc
sgn(F̃kj ) min(|F̃kj |, µkFN ),

|αk
j+β

k
j |

2 > ωc
(A.3)

The model is updated with an upwind scheme according
to

αk+1
j = αkj − ct

∆t

∆x
(αkj − αkj−1)−∆tkt(α

k
j + βkj )−Fkj

(A.4)

βk+1
j = βkj − ct

∆t

∆x
(βkj − βkj+1)−∆tkt(α

k
j + βkj )−Fkj .

(A.5)
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a) b)

c)

Figure 10: Estimation of static and kinetic friction factors for different initial conditions in the test against simulation model for,
a) 100 Hz, b) 5 Hz and c) 1 Hz measurements.

12



a) b)

c)

Figure 11: Real and estimated angular velocity of the BHA and the top drive in the test against field data for, respectively, a)
100 Hz, b) 5 Hz and c) 1 Hz measurements.
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a) b)

c)

Figure 12: Estimation of static and kinetic friction factors for different initial conditions in the test against field data for, a) 100
Hz, b) 5 Hz and c) 1 Hz measurements.
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