N

N

Variational Multiscale error estimator for anisotropic
adaptive fluid mechanic simulations: application to
Navier-Stokes problems
Alban Bazile, E Hachem, J C Larroya-Huguet, Y Mesri

» To cite this version:

Alban Bazile, E Hachem, J C Larroya-Huguet, Y Mesri. Variational Multiscale error estimator for
anisotropic adaptive fluid mechanic simulations: application to Navier-Stokes problems. 2018. hal-
01816628

HAL Id: hal-01816628
https://minesparis-psl.hal.science/hal-01816628

Preprint submitted on 15 Jun 2018

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://minesparis-psl.hal.science/hal-01816628
https://hal.archives-ouvertes.fr

Variational Multiscale error estimator for anisotropic
adaptive fluid mechanic simulations: application to
Navier-Stokes problems

A. Bazile!?, E. Hachem!, J.C. Larroya-Huguet?, Y. Mesri!

L MINES ParisTech, PSL - Research University, CEMEF - Centre for material forming,
CNRS UMR 7635, CS 10207 rue Claude Daunesse, 06904 Sophia-Antipolis Cedez,
France,

2 Safran Aircraft Engines, Site de Villaroche Rond-Point Rene Ravaud-Reau, 77550
Moissy Cramayel, France,

Abstract

Keywords: CFD; VMS; Error Estimator; Mesh Adaptation; Navier-Stokes.

Contents
(1__Introduction| 2
2 The incompressible Navier-Stokes equations in the Variatio- |
L__nal Multi-Scale framework 2
[2.1 'T'he incompressible Navier-Stokes equations| . . . . . . . . .. 2
2.2 _The Variational Multi-Scale formulationl . . . . . .. . .. .. 3
[2.2.1  Basic principles of the multiscale approach| . . . . . . . 4
[2.2.2  The fine scale sub-problem|. . . . . . . ... ... ... 5)
[2.2.3  The coarse scale sub-problem| . . . . . ... ... ... 6
[3 A posteriori error estimation on solution’s subscales| 7
[3.1 Computation of the error estimator with the stabilizing para- [
[ meters approachl. . . . . ... ..o 7
[3.2  Computation ot the error estimator with the high order bub- |
[ bles functions approach|. . . . . . ... ..o 00000 9

! Email address: alban.bazile@mines-paristech.fr

Preprint submitted to Elsevier June 15, 2018



[4 Mesh adaptation with the subscales error estimator| 11
[4.1  Principles of anisotropic mesh adaptation|. . . . . . . . . . .. 11
[4.2  Isotropic mesh adaptation with the subscales error estimator| . 11
4.3 Combination of subscales error estimator with anisotropic mesh

[ adaptation| . . . . . . . ... 11
[5 Numerical examples| 11
[>.1 Case 1: Driven flow cavity problem in 2Df. . . . . . . . . . .. 11
(5.2  Case 2: Driven flow cavity problem in 3D|. . . . . . . ... .. 11
6 Conclusions| 11

1. Introduction

2. The incompressible Navier-Stokes equations in the Variational
Multi-Scale framework

2.1. The incompressible Navier-Stokes equations

To fix the notations, let Q C R? be the fluid domain, where d is the space
dimension, and 0f) its boundary. The strong form of the incompressible
Navier Stokes equations reads:

p(Ov+v-Vv)—V.o=f
V-v=0 (1)

where ¢ € [0,T] is the time, v(x,t) the velocity, p(x,t) the pressure and p
the density. The Cauchy stress tensor for a Newtonian fluid is given by:

o=2ue(v)—ply, (2)

with I; the d-dimensional identity tensor and p the dynamic viscosity. In
order to close the problem, Eq. are subject to the homogeneous Dirichlet
boundary conditions.

The weak form of problem combined with is obtained by mul-
tiplication of a test function and integration by parts. Let H(2) be the
Sobolev space of square integrable functions whose distributional deriva-
tives are square integrable, and let V' C [H 1(9)]d be a functional space
properly chosen according to the boundary conditions. Finally, let QQ =



{q€ L*Q): [,q=0}. By denoting (-, -) the scalar product of the space
L*(92), the weak form of problem (1) on 9Q reads:

Find (v,p) € V x @ such that:
p [(Orv,w) + (v -Vv,w)] + (2ue(v) :e(w)) — (p,V-w)=(f,w), YweV
(V-v,q) =0, VqeQ.

(3)

where p and p are the density and the dynamic viscosity, respectively.

The standard Galerkin approximation consists in decomposing the dom-
ain €2 into N, elements K such that they cover the domain. Therefore, the
elements are either disjoint or share a complete edge (or face in 3D). Using
a partition Ty, the above-defined functional spaces V and () are approached
by finite dimensional spaces V}, and ()}, such that:

Vi, = {Vh’Vh < CO(Q)n,Vh|K € Pl(K)n, VK € ﬁl} (4)
Qn = {pnlpn € CO(Q)", puk € P (K)", VK € Ty} (5)

The Galerkin discrete problem consists therefore in solving the following
mixed problem:

Find (vp,pn) € Vi X @y such that:
p [(Oevh, W) + (Vi - Ve, wi)] + (2ue(vy) : e(wp)) — (pr, V-wy) = (£,wy), Yw, €V
(V-vh,qn) =0, Vgn € Qn.

(6)
It is well known that the stability of the semi-discrete formulation requires
an appropriate choice of the finite element spaces V}, and @)}, that must fulfill
a compatibility condition [I]. Accordingly, the standard Galerkin method
using P1/P1 elements (i.e. the same piecewise linear space for V}, and Q)
is not stable. Moreover, convection-dominant problems (i.e. problems where
the convection term v - Vv is much larger than the diffusion term V- (2u €))
also lead to a loss of coercivity in the formulation (3). This phenomenon

manifests itself as oscillations that pollute the solution.

2.2. The Variational Multi-Scale formulation

In this work, we use a Variational MultiScale method[2] which circum-
vents both the previously stated problems through a Petrov-Galerkin appro-
ach. The basic idea is to consider that the unknowns can be split into two
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components, a coarse one and a fine one, corresponding to different scales or
levels of resolution. First, we solve the fine scales in an approximate manner
and then we replace their effect into the large-scale equation. We present here
only an outline of the method, and the reader is referred to[3] for extensive
details about the formulation.

2.2.1. Basic principles of the multiscale approach

Let us split the velocity and the pressure fields into resolvable coarse-scale
and unresolved fine-scale components: v = v, + v’ and p = p, +p’. The
same decomposition can be applied to the weighting functions: w = wy, +w’
and ¢ = ¢, + ¢'. Subscript h is used hereafter to denote the finite element
(coarse) component, whereas the prime is used for the so called subgrid scale
(fine) component of the unknowns. The enrichment of the functional spaces is
performed as follows: V =V, @V’ V; =V}, 0@V and Q = Q,®Q’. Thus, the
finite element approximation for the time-dependent Navier-Stokes problem
reads:

Find(v,p) € V x @ such that:
P (O(vi + V'), (Wi +W))g + p((vi + V') - V(v + V), (Wi + W) + (2ue(vi + V') e(w), + v
—((on+1), V- (Wi +W))g = (£, (wn + W), Vwel
(V-(vi+ V) (an+d))qg=0, VgeQ.
(7)
To derive the stabilized formulation, we split Eq. into a large-scale
and a fine-scale problem. Integrating by parts within each element, we obtain
the so-called coarse-scale problem:

p (Ou(vi + V'), Wa)g + p (Vi + V') - V(vi + V'), Wi) g + (2ue(va) 1 €(Wn))q
—((pn +0), V-wi)g = (£, wh)g, YWy € Vi
(V-(vi+V'),an)q =0, VYan € Qn.
(8)

and the so-called fine-scale problem:

p (Or(vi + V'), W) ((vh+v) V(i + V), W) + (2ue(vi) (W) g
((ph+p) W)=, W)y, YW el
(V-(vi +V'),an)q =0, V¢ e€Q.

(9)



where (-, - )q represents the scalar product on the whole domain while (-, - ) g
is the scalar product on element K.

To derive our stabilized formulation, we first solve the fine scale problem
@D, defined on the sum of element interiors and written in terms of the time-
dependent large scale variables. Then we substitute the fine scale solution
back into the coarse problem , thereby eliminating appearance of the fine-
scale while still modelling their effects. As in [3]; we recall here 3 important
remarks/assumptions that have to be made:

e by considering the small scale velocity as bubble functions vanishing
on the boundaries of the element, terms involving integrals over the
element interior boundaries will be neglected,

e we neglect the second derivatives of the weighting function in the mo-
mentum residuals of @,

e as the fine-scale space is assumed to be H'-orthogonal to the finite
element space, crossed viscous terms vanish in and @[)

2.2.2. The fine scale sub-problem
Under several assumptions about the time-dependency and the non-linearity
of the momentum equation of the sub-scale system detailed in [3], the fine-
scale solutions v’ and p’ can be written in terms of the time-dependent large-
scale variables using residual-based terms that are derived consistently. For
all K € Ty, we have:
V/|K =Tk Ry

p/ ~ 17Rc (10)

where the momentum residual R,, and the continuity residual R. are ex-
pressed as:

Ry =t = povy — pvi - Vv, — Vpy
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stabilizing coefficient:

2ollvallc \* | (4p\?*] °
_ A 12
ne= | () ()] (12)
¢ | \P cihg

where hg is the characteristic length of the element and ¢; and ¢, are algo-

rithmic constants. We take them as ¢; = 4 and ¢, = 2 for linear elements.
Ivh|| i is the coarse scale velocity norm on the element, defined by:

IValle = \/Vin+ Vin (14)

2.2.3. The coarse scale sub-problem

Let us consider the coarse scale problem . Taking into account the
assumptions prescribed in [3] and recalled in Section for the fine scale
fields, the large-scale system becomes:

P (Orvi, Wh)g + (pVh - VVi, Wh)g + (pvi - VV!, W) + (20€(vh) 1 €(Wh))g

— (P, V-wp)g — (0, Vowp)g = (£, wWh)g, Vwi € Vi

(V'Vh7Qh)Q + (V'V,7Qh)Q = 07 VCIh € Qh-

(15)
Then, integrating by parts the third term in the first equation and the

second term in the second equation of and substituting the expressions of
both the fine-scale pressure and the fine-scale velocity of , the large-scale
system reads:

P (O, Wi)g + (v - Vi, wp)g — ZKen (TR, PV VW) g + (21€(vi) - €(Wh))q
— (P, Vo Wh)g = D ket (TcRe; VWi e = (£, Wh)g,  Vwy, € Vi
(Vevh,an)g = 2rer, TR, Van) e =0, Vg € Qp,

(16)

Finally, substituing the residuals of the momentum equation and develop-
ping all the additional terms, we obtain a modified coarse scale formulation
expressed exclusively in terms of coarse scale variables. The new modified
problem for linear tetrahedral elements can now be decomposed into four



main term: the first one is the standard Galerkin contribution, the second
and the third terms take into account the influence of the fine-scale velocity
on the finite element components and the last term models the influence of
the fine-scale pressure onto the large-scale problem. We finally get:

p OV + V.V vy, Wi)g + 2ue(vi) 1 €(Wi))g — (n, V-Wi)g + (Vovi, an)g — (£, W) g

+ Z T (p(Orvh + V.V vy) + Vp, — £, pv, Vwy,)

KeTy,

+ Z TK (p(atvh -+ Vh.VVh> -+ Vph — f, th)K
KeTy,

+ Z (TCV~Vh,V-Wh)K =0 VWh < Vh,O , th € Qh
KeTy,

(17)

Compared to the standard Galerkin method, the proposed stable formu-

lation involves additional integrals that are evaluated element-wise. These

additional terms represent the stabilizing effect of the sub-grid scales and are

introduced in a consistent way in the Galerkin formulation. They make it

possible to avoid instabilities caused by both dominant convection terms and
incompatible approximation spaces.

3. A posteriori error estimation on solution’s subscales

In this paper, the first objective is to compute an a posteriori subscales
error estimator for the incompressible Navier-Stokes equation. To do so, we
will use two different approach. The first one is based on the computation
of the stabilizing parameters proposed in the previous section. The second
one however, is based on the building of high order bubble functions on the
element.

3.1. Computation of the error estimator with the stabilizing parameters ap-
proach

The stabilizing parameter approach for the a posteriori error estimator
computation consists in using the assumptions made in Section In
fact, the application of the VMS approach leads to an approximation of the
sub-grid variables v’ and p’ using an explicit expression taking into account
the residuals and the stabilizing parameters (see Eq. . Therefore, it is
possible to compute an element-wise expression of the sub-grid variables.



Considering v/, for all K € 7T, we have:

V|k = Tk Ry

Vg ~ 1 X (£ — pOpvy, — pvy, - Yvh — Vo)

2pllvallx
hx

Ap
hic

e (o)

)2} T (f—

(18)
POy — pvi - Vv, — Vpy)

For here, we can compute 3 different type of norms for v'|x. We denote
these 3 norms L" with r = 1,2,...,00. In practice, as referred in [5], it is

recommend to take r = 1,2. We thus get:

1
2 2172
~ 2p||vall 4
IVl ~ | | (2e)+ (22)]
1
2 2172
IVl ~ | (2s) + ()]

If we take, for example r = 2, we get:

. [( ) +( )]

where (X;)1<i<Nin.,, are the interpolation
is the number of interpolation points.

_1
2

Ap

2p[lvallx Ap
hi

hk

x (f — poyvy, — pvp, - Vv, — Vpy)

L7 (K)

| (£ = pOvi — pvi - Vve = Vpp) [ ey
(19)

R [

lgigNinterp

I(£ = pOvi — pvi - Vi — Vipn) (x;

(20)

points of the element and Njpterp

In the same way, considering p’ we have:

P = T1Rc
P T X (=V-vy)

)+

Taking the L" norm, we get:
2
() (

/ 2
Il ~ | (4)"+ (

/

p
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124
p

~
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In the same way, taking for example r = 2, we get:

1
2 272
cal||lv 2
0 = | () (25 ) % VIRT % /S, 7 ) 0]
(23)
where (X;)1<i< Ninterp € the interpolation points of the element and Njpterp
is the number of interpolation points.

Finally, we obtain two subscales error estimators ||[V'||-(x)|| and p'|| (k)
in the L" norm for the subscales variables v/ and p’ respectively. These error
estimators are computed thanks to the stabilizing parameters 75 and 7.
Furthermore, they are both computed element-wise and can be used as such
in mesh adaptation.

3.2. Computation of the error estimator with the high order bubbles functions
approach

Another way to compute the a posteriori error estimates for the incom-
pressible Navier-Stokes equation is by using the error analysis developed by
Hauke et al. in [5]. In this paper, Hauke et al. derive three different er-
ror estimators: the standard, the naive, and the upper bound. It is applied
to multidimensional linear systems and in particular, to the incompressi-
ble Navier-Stokes equations. Therefore we will adopt the notation taking
Y : Q — R"« the solution vector with n., the number of equations of the
system (which coincides with the number of unknowns). In our case, in a 3D
computation, we have:

(
Y (x) = ygx) (24)

Using the variational multiscale method, as before, we introduce a sum
decomposition of the exact solution Y (x) into the finite element solution
(coarse scale) Yp(x) and the error (or subscales) Y'(x). We do likewise for
the weighting function. We have:

Y (x) =Yu(x) +Y'(x) (25)

Then, the method consists first in the splitting of the subscales error
into two component stemming from the element interior residuals and the
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boundary element residuals, namely:
Y'(x) = Y (%) + Yi,4(x) (26)
Using the triangle inequality, we can write for each component [5]:
Y3 < Y e GO+ 1Y pna (3 (27)

Using the same assumptions than in Section for highly convective regi-
mes, and considering the small scale variables as bubble functions vanishing
on the element boundaries, we can write:

Y5, pna(x) ]| = 0 (28)

Therefore, we have:
Y ()] < 1Y e ()] (29)

i, int
As referred in [5] the naive approach concerning the a posteriori error

estimates gives local efficiencies close to unity. Therefore, we choose this
approach to estimate the error. According to Hauke et al., we have:

Y7 ()N~ meas(F)Y™ > 700, 55 1R (%) | (1) (30)
i
with:
Roz(x)
_ | Ruy()
R(x) R (x) (31)
Re(x)
and: .
%L, = meas(K)U" IBGG 2, () (32)

where B§ is a matrix residual-free bubble defined in [? 7 7 ].

For example, if we take i = x, we get:

/

(33)
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4. Mesh adaptation with the subscales error estimator

4.1. Principles of anisotropic mesh adaptation
4.2. Isotropic mesh adaptation with the subscales error estimator

4.3. Combination of subscales error estimator with anisotropic mesh adap-
tation

5. Numerical examples
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