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STEIN’S METHOD FOR ROUGH PATHS

L. COUTIN AND L. DECREUSEFOND

ABSTRACT. The original Donsker theorem says that a standard ran-
dom walk converges in distribution to a Brownian motion in the space
of continuous functions. It has recently been extended to enriched ran-
dom walks and enriched Brownian motion. We use the Stein-Dirichlet
method to precise the rate of this convergence in the topology of frac-
tional Sobolev spaces.

1. INTRODUCTION

The Donsker theorem says that a random walk
1 [mt]
m —
X™(t) = ﬁ X
k=1

where the X}’s are independent, identically distributed random variables
with mean 0 and variance 1, converges in a functional space to the Brownian
motion B. In the original version (see [8]), the convergence was proved to
hold in the space of continuous functions. The first evolution was the paper
of Lamperti [14], which proved the convergence in Holder spaces. Namely,
he stated that if the increments of the Xj’s are p-integrable then the random
walk X" converges to B in Hol(1/2 — 1/p). The higher the integrability,
the stronger the topology. There are numerous other extensions which can
be made to the Donsker theorem. In the 90s, Barbour [2] estimated the
rate of convergence in the space C of continuous functions on [0, 1] equipped
with a stronger topology than the usual sup-norm topology. He proved that,
provided that E [|X|?] is finite, then

sup B[F(X™)] - E[F(B)] < ¢ %8
|Flpm<1 \/m

where M is roughly speaking, the set of thrice Fréchet differentiable func-
tions on C with bounded derivatives and |F|ps is a function of the supre-
mum of D'F, i =0,--- ,3 over C. The strategy is to compare X™ with B™,
the affine interpolation, of mesh 1/m, of the Brownian motion and then to
compare B™ with B. The latter comparison is a sample-path comparison
since the two processes live in the same probability space. This is the part
which yields the log m factor. The former comparison is done via the Stein’s
method in finite dimension. The rate of this convergence is as usual (see
[3, 15]) for Gaussian limits, of the order of m~1/2.

In [5], we quantified the rate of convergence of X™ towards B in Besov-
Liouville spaces (see (2), which are one scale of fractional Sobolev spaces.
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2 L. COUTIN AND L. DECREUSEFOND

The spaces we considered were not included in Holder spaces but the method
could likely be adapted to obtain convergence rate in Holder spaces. How-
ever, it would not fit to the present context where we are considering enriched-
paths (see definition below).

Note that in both [2] and [5], an higher integrability of the X}’s would not
improve the convergence rates but would give more flexibility on the choice
of the topology in which the convergence holds: The higher the integrability,
the higher the Holder exponent may be chosen.

In [12, Theorem 13.3.3], Friz and Victoir essentially showed that a Lam-
perti’s like result holds for the convergence of the enriched random walk in
the sense of rough path to the enriched Brownian motion.

The motivation of this paper is to quantify the rate of this convergence in
rough-paths sense. The first difficulty is that the limiting process is no longer
a Gaussian process: The Lévy area of a Brownian motion is not Gaussian.
Hence we cannot expect to have a direct application of the Stein’s method.
However, there is no more randomness in the Lévy area that there is in the
Brownian motion itself: The Lévy area is adapted to the filtration generated
by the underlying Brownian motions. Saying that has two consequences.
First, that the probability space we have to consider depends only on the
Brownian motion. Moreover, we have to find functional spaces for which the
map which sends a Brownian motion to its Lévy area is not only continuous
but also Lipschitz. As mentioned in [13], the Besov-Liouville spaces (we
used in [5]) are not well fitted to deal with the iterated integral processes
we encounter in rough-paths theory. It is much better to work with the
Slobodetsky scale of fractional Sobolev spaces.

Once the functional framework is set up, in order to avoid some compli-
cated calculations in infinite dimensional spaces, the idea is to go back to the
approach of [2]: Comparing the random walk with the affine interpolation of
the Brownian motion in the Slobodetsky scale of fractional Sobolev spaces.
This can be done by an application of the Stein’s method in finite dimen-
sion. The novelty comes from the treatment of the iterated integrals whose
existence hugely complexifies the computations of the remainders. The final
result is obtained by considering the known distance between the enriched
affine interpolation and the enriched Brownian motion in fractional Sobolev
spaces.

Besides the definition of the convenient functional spaces, one of our con-
tribution, interesting in its own, is an improvement of the Stein’s method
(SM for short). Actually, SM for Gaussian limits in dimension 1 can be
applied to Lipschitz functions but when the limit is in dimension 2 or more,
for technical reasons, the standard procedure works only for functions twice
differentiable with bounded derivatives. We show here that we can work
with Lipschitz functions in any dimension by splitting the integral of the
semi-group into two parts. To be more precise but still informal (all the
notations will be rigorously defined below), the Stein’s equation is solved by
the semi-group method:

fn(x) = /OOO LPh(x) dt.
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The whole scheme of the SM implies that at some step, we control uniformly
the increments of f; or roughly speaking, the supremum norm of f}(l?’). Ap-
plying twice an integration by parts formula, the third derivative of Ph
gives raise to a factor e*(1 — e~2)~1 which is not integrable on R* hence

f}(L?’) cannot be easily represented. To circumvent this problem, we split the
former integral from 0 to 7 and then from 7 to infinity. The first term is
easily handled using the continuity of the semi-group. The second requires
a deeper scrutiny but can be controlled in terms of the Lipschitz norm of A
only. Then, the optimization of the sum of the two terms with respect to 7
yields a logarithmic factor as in [2] but not for the same reason at all.

Rough paths theory is essentially a deterministic theory, it is therefore
tempting to make the estimate we need in a deterministic setting and then
to take the expectation of these bounds. This turns out to be a misleading
approach. For instance, consider a sequence of centered, independent iden-
tically distributed random variables (X, n > 1) and let S, = > ;" | X;. If
we evaluate the p-th moment of S,, with Holder inequality, we get that this
moment is bounded by a constant times mP. But if we use, as in the sequel,
the Burkholder-Davis-Gundy inequality for discrete time martingale, we get
an upper-bound proportional to m?/2. This martingale argument which is
implicitly used in [14] is the key to our work. For the sake of simplicity, this
implies to separate the treatment of the symmetric and anti-symmetric parts
of the signature. However, this is of no real importance since, as detailed
below, the symmetric part of the signature can be handled as a classical
R?-valued process.

This paper is organized as follows: In Section 2, we give the necessary
notions about fractional Sobolev spaces and rough-paths theory. We also
give a detailed proof of Lamperti’s result in the fractional Sobolev spaces
scale for further use and comparison. In Section 3, we then define the
Kolmogorov-Rubinstein distance and show that this distance between the
random walk and the affine interpolation of the Brownian motion can be
reduced to a problem in finite dimension, should we consider a special set
of Lipschitz functions. In Section 4, we then present our development of the
Stein-Dirichlet method to estimate this distance.

2. PRELIMINARIES

2.1. Fractional Sobolev spaces. As in [6, 12], we consider the fractional
Sobolev spaces W, ,, defined for n € (0,1) and p > 1 as the the closure of c!
functions with respect to the norm

() = f(s)IP
P p
e, /yf ) dt+//[01]2 ’t_s’Hpn dt ds.

For n =1, Wy, is the completion of C! for the norm:

1 1
8, = [ 1@r acs [ 17w o
0 0
They are known to be Banach spaces and to satisfy the Sobolev embeddings
[1, 11]:
W, p C Hol(n —1/p) forn —1/p >0
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and
Wyp CWygforl>n>yandn—1/p>~y—1/q.

As a consequence, since W, is separable (see [4]), so does W, .

We also need to introduce the Riemann-Liouville fractional spaces for
Lemma 4.3 as we were not able to prove it in the sole framework of fractional
Sobolev spaces. For f € L([0,1]; dt), (denoted by L' for short) the left
and right fractional integrals of f are defined by :

(12, ) /f 0t x>0,

1 f /f t)(t — ) dt

where v > 0 and IOJr =1 =1d. For any v > 0, p,q > 1, any f € LP and
g € L where p~! + ¢! < v, we have :

1 1
(1) /0 F(5) (I g)(s) ds = /0 (I f)(s)g(s) ds.

The Besov-Liouville space Ig L(LP) = Ij’ » 1s usually equipped with the
norm :

(2) M3 flizs, = £ lze-

Analogously, the Besov-Liouville space [ 17, (LP) := 7. , is usually equipped
with the norm :

12 Fllz=, = 1 llze-

We now define the Besov-Liouville spaces of negative order which turn to
be in duality with Besov-Liouville of positive order. Denote by D the space
of C* functions defined on [0, 1] and such that ¢(*)(0) = 0. Analogously, set
D_ the space of C* functions defined on [0, 1] and such that ¢*)(1) = 0.
They are both equipped with the projective topology induced by the semi-
norms p(¢) = Z]<kH¢(j |- Let DI, resp. D, be their strong topological
dual. It is straightforward that D, is stable by [ + and D_ is stable Ilv_,
for any v € R. Hence, guided by (1), we can deﬁne the fractional integral of
any distribution (i.e., an element of D’ or D/, ):

ForTeD ; I),T: ¢€D_—<T,I ¢ >p p_,
For TeD; I'T: ¢ € Dy =< T, IO+¢>D, D, -

Definition 2.1. For v > 0 and » > 1, va,n (resp. T w")
distributions such that I],T (resp. I;/, ) belongs to L. The norm of an

element T in this space is the norm of I/, T in L" (resp. of I]_T).

is the space of

The following theorem has been proved in [6].

Theorem 2.1. For v > 0 and r > 1, the dual space of Zj,,, (resp. I.,)
is canonically isometrically isomorphic to I. (L") (resp. IO_;/(LT*),) where
r*=r(r— 1)_1
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It is proved in [10] that for 1 > a > b > ¢ > 0 that the following
embeddings are continuous (even compact)

Wap C I;rp C Wep.
It follows that
(3) We, C 17, C W pe
2.2. Rough paths. We give a quick introduction to the rough-paths theory.

For details, we refer to the monograph [12]. Consider T?(R?), the graded
algebra of step two:

T’RY) =Rae R (R? @ RY).
We endow T?(R%) with an algebra structure (+, ., ®) where for all (wg, w1, ws),
(20,21,22) € T*(RY), A e R
(wo, w1, wa) + (20, 21, 22) = (wo + 20, w1 + 21, W2 + 22)
A-(wo, wi, wa) = (Awo, Awy, Adws)
(wo, w1, wa) @ (20, 21, 22) = (Woz0, Wo21 + Zow1, Wo2z + 20W2 + W1 @ 21).
Introduce the projection maps: For ¢ =0,1,2
m : T2(RY) — (R)®!
(wo, w1, wa) — wy,
The set
1+ t2(RY) = {w € T*(RY), mp(w) = 1}
= {9 = (1, wi,ws), (w1, ws) € R @ (R ®Rd)}

is a Lie group with respect to the tensor multiplication ®, [12, Prop. 7.17].
Note that
(Lawy,wa) ™! = (1, —wy, —wy + w1 @ wy).

As usual, a Lie group, like 1+ t?(R%), leads to a Lie algebra when equipped
with notions of product and commutator. Here, the Lie algebra is (t2(R%), +, .)
with product ® and commutator

[gw=g@w-—wg=0 & (m(9) @ m(w) — m (W) @™T(9)),
for any w, g € t*(R9).

Denote by (e;, 1 < i < d) the canonical basis of R?, so that (¢; ® ej, 1 <
i,j < d) is the canonical basis of R? ® R%. Then

d d d d
[Zaiei—i— Zcmei@ej, Zbiei—i- Z fw‘e,‘@ej]
i=1 i=1

i,j=1 B,j=1
= Z(aibj — ajbi) [ei, ej].
1<J
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The exponential and logarithm maps are useful to go back and forth between
t>(R%) and 1 + t*(R%):
exp : t2(RY) — 1+ ?(RY)

1
wr— 1+w+ 5(77111})@2

and
log : 1+t*(RY) — t3(RY)
)®2.

1
1+w»—>w—§(ﬂ'1w

We denote by ¥ the set of finite partitions o = {t1,--- ,t,} of [0,1]. A con-
tinuous path z from [0, 1] into R? is said to have 1-finite variation whenever

n—1
sup g | 24300 — 2t;] < 00.
o={t1,,tn}€X ;4

The set of such functions equipped with this quantity as a norm is denoted
by levar.

Definition 2.2. The step-2 signature of z € C1~¥¥ is given by:
Sy(z) : [0,1] — 1+ 2(RY)

t
t—> <1, 2t — 20, /(zs—zo)®dzs>.
0

The free nilpotent group of order 2, G?(R%), is the closed subgroup of 1 +
t?(R%) defined by

G*(RY) = {S5(z), z e C'7Vor} .

We also consider Go(R?) (G for short since d is fixed), the image of Go(R?)
by the logarithm map. For z € C'~V this corresponds to consider only
the anti-symmetric part of ma(S2(2)):

Sa(2) = [0,1] — t*(RY)

ts (zt—zo, /Ot[(zs—zo), dzs]>.

Remark 1. If .
() =30 sl e
i=1 k=1
where (hy,--- ,hy,) are elements of C1~¥ | we have

(4) log Su(=)(t) = ( B

S Y Gusi—ma) ( /Othk(s) dhi(s) — /Othl(s) dhk(s)> [ei,ej]>.

1<i<j<d 1<k<I<m

For the sake of notations, we set A = {1,--- ,d} x {1,--- ,m} and define
the < relation by:

a = (al,ag) <b= (bl,bg) < (a1 < bl) and ((ZQ < b2)
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With these notations, Eqn. (4) then becomes
log Sa(z)(t) = < 2t — 20,

> 24, 2] (/Ot hay (s) dh,(s) — /Ot hi, () dha2(3)> [€a1,€b1]>-

a<b

The group G?(R?) has the structure of a sub-Riemannian manifold. We
will not dwell into the meanders of this very rich but intricate structure. It
suffices to say that we can proceed equivalently by considering usual norms
as follows.

For o € (0,1), a path w = 1 @ w; @ wy is said to be a-Holder whenever

Pa(w) = max <Sllp [y (t) — wi(s) S |2 (w(s) ™t @ w(t))|1/2> e

s#t |t_5|oz ’ s#t |t_8|a

Note that for z € Ct—var,
1/2

t
|2(t) — 2(5)] ‘fs (2r — 25) ® dz
« S z = max | su . su
pa(S2(2)) WP g S P

Definition 2.3. We denote by H,(t>(R%)), the vector space of paths w
from [0, 1] into t2(RY) such that p,(w) is finite. It is equipped with the
homogeneous norm: For w and v in H,(t?(R%))

[w =], 2y = Pa(w —v) = pa((wi —v1) G (w2 — v2)).

Unfortunately, as mentioned in [12, Chapter 8.3], this metric space is
complete but not separable, which is unacceptable for our purpose (see Def-
inition 3.1 and the remark below). We thus introduce fractional Sobolev
spaces as in [13].

Definition 2.4. For any n € (0,1), any p > 2, GQWW, is the vector space
of paths w from [0, 1] into t?(R%) such that

p/2
) ol !, w)
|w1|n7p+//[01]2 P ds dt < cc.

The distance on GQWW, is defined by

jw —vlg,w, = Im(w) —m)lw,,

p/2 1/p

ol wi = mafvs !, v
+ // ds dt
[0,1]2

|t — s|itmp

Following [12], we know that GQWW, is a Banach space included into
H,(t*(R%)) for o =1 — 1/p, provided o > 0.

Lemma 2.2. For anyn € (0,1), any p > 2, GQWW; s separable.
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Proof. Consider the map « defined as
K : ([0,1] = ta(RY)) — ([0,1]2 — £2(R?))

w —s ((s,t) — <771(wt) — iy (ws), mo[w; wt]>>.

Consider the measure duy,,(s,t) = |t —s|717" ds dt. Then,

1/2

Lp/Q(MQn,p/Q).

For any p > 1 and n € (0,1), LP(uy,p) is isometrically isomorphic to LP(ds®
dt) hence it is separable. This entails that E = LP(ju,,) x Lp/Q(,uQmp/Q)
is separable. Equation (5) means that the application 7" which maps w €
GoW,,, to the couple (7 o k(w), m o k(w)) € E, is an isometry. Thus
GQWW, is isometrically isomorphic to a closed subspace of the separable
space F, hence it is separable. O

65)  lwlagw,, = 1m0 8], + Ir20 K(w)

2.3. Donsker-Lamperti theorem. For the sake of completeness and for
further comparison, we give the proof of the Donsker-Lamperti theorem
in the scale of fractional Sobolev spaces, which induces the convergence in
Holder spaces.

Definition 2.5. The random walk associated to the sequence (X, k > 1)
is defined by

X™(t) =vm > Xprp'(t) = > Xep by (¢)
k=1 k=1
where

t
(6) e = /0 L((k-1)/m, k/m)(s) ds and A" = /m rj.

Theorem 2.3. If for any k > 1, X belongs to LP for some p > 2, then
there exists ¢ > 0 such that

5w (|2 e v () = ) )|

m>1 |t — s[P/2

< cE[IX1]
Proof. For 0 < s <t <1 fixed, the discrete time process
m
Y me— Vi = X (i () — i (s))
k=1

is a martingale with respect to the filtration F,, = o(Xy, 1 < k <m). The
Burkholder-Davis-Gundy [18] entails that

5% () - 17(s)) ]

k=1
< cmP’E

mPE
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If [t — s| < 1/m, there is at most two values of k such that r*(t) — r;*(s) is
not zero. Furthermore,

Iri () — i (s)] < [t — s
hence
() =g (s)]* <m 7t — s].

In this situation,

S XE (200) - 1 (s))
k=1

so that (7) holds true for |t — s| < 1/m. For |t — s| > 1/m, we remark that
ri*(t) — r;*(s) is not null for at most [m(t — s)] + 2 values of k and since 7"
is Lipschitz continuous, |r*(t) — r7*(s)| < 1/m for such value of k. Hence,
by convexity inequality,

p/2

E <em PRPE[|X,7] |t - s|P/?,

m p/2
2
E || X2 (0 -r(9) | | Scmlt—s/+ 272 mPE[x,P]
k=1
< em P2 E[|X,|7] |t — s[>
Hence, (7) is true for [t —s| > 1/m. O

It is then straightforward that we have:

Corollary 2.4. Assume that for any k > 1, Xj belongs to LP for some
p > 2. Then, for anyn < 1/2,

sup E [HX’”HI;V ] < 0.
m>1 n,p

Proof. Actually, (s,t) — |t — s|[P/? is p, ,-integrable provided that p(1/2 —
n) >0, ie n<1/2. O

Corollary 2.5 (Lamperti). Assume that for any k > 1, X} belongs to LP
for some p > 2. Then, for any 1/p < n < 1/2, the sequence (X™, m > 1)
converges in distribution in Hol(n — 1/p) to B.

Proof. 1t is well-known that the finite dimensional distributions of X™ con-
verge to that of B. From the previous lemma, we know that for any
0 <n < (¢ <1/2, there exists K such that

sup P([| X" w, , > K) <.
m>1
The embedding of W¢ ,, into W, ,, is compact, hence the sequence (X, m >

1) is tight in W, , hence convergent. The result follows by the continuous
embedding of W, ,, into Hol(n — 1/p). O
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2.4. Gelfand triplet. The construction of the Gaussian measure on a Ba-
nach space is a delicate question, we refer to [17, 19] for details. For H a
Hilbert space, a cylindrical set is a set of the form

Z:{.%'EH, (<$,h1>H7"' 7<x7hn>) GB}

for some integer n, where (hy,--- ,hy) is an orthonormal family of H and
B a Borelean subset of R™. Let m,, be the standard Gaussian measure on
R"™. By setting, ug(Z) = my(B), we get a cylindrical standard Gaussian
measure on H. A radoniyfing operator is a linear map which transforms a
cylindrical measure into a true regular Radon measure. We will not dwell
into the details of this theory, it suffices to say that an Hilbert-Schmidt map
between two Hilbert spaces is automatically radonifying (see [19, Exposé

8]).
Lemma 2.6. For any n < 1/2, for any p > 1/n, the embedding
Wio —2% 5 W, , C Hol(n — 1/p)
is radonifying for any € > 0.
Proof. Tt is well known (see [19]) that, for any 7’ < 1/2, the embedding
Wis —— Wyo

is Hilbert-Schmidt hence radonifying. For p > 2, as mentioned in section 2.1,
the space W,y o is continuously embedded in W), for any n < 7. Since the
composition of a radonifying map with a continuous map is always radonify-
ing, the result follows. O

Definition 2.6. An abstract Wiener space is a triple (¢, H, W) where H is
a separable Hilbert space, W a Banach space and ¢ the embedding from H
into B which has to be to be radonifying.

It is usual to identify H and its dual so that we have the following diagram:
W —C S HY~ H — s W,

Note that +* is not the identity since we have identified H* with H. As a
direct consequence of Lemma [2.6], we have

Theorem 2.7. The triple (i, W12, W, ) is an abstract Wiener space,
for any n € [0,1/2).

The Wiener measure is defined by its characteristic function: For all

*
nE Wyp,

[ ap(y) = exp(— i, 01 )

mp

This means that for any n € W, the random variable (n, y>W;,p,Wn,p is a

centered Gaussian random variable with variance given by

/W e e dP(y) = 16, (1) -

n,p’
mp

By construction, ¢y (W) is dense in Wi 2 so that we can define the Wiener
integral as follows.
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Definition 2.7 (Wiener integral). The Wiener integral, denoted as 4, is the
isometric extension of the map
0 : L;,p(W;,p) C WLQ — LQ(P)

*

by p (M) (05 Y) yyrs

o Wnp
Remark that for n € W;]"p, for any y € Wy,
(®) 605, ) W] < Inllws, Tollw,,

Definition 2.8. A function F' from W, , into R is Lipschitz whenever for
any x and y in W, ,,,

|F(z) = F(y)l < llz = yllw,,-
The set of such functions is denoted by Lip(dw, ,)-

Definition 2.9 (Ornstein-Uhlenbeck semi-group). For any bounded func-
tion on W, ,,, for any 7 > 0,

Uby 2
P.F(zx) = /W F(e "z + Bry) dP(y)

mpP
where 8; = V1 — e 27,

The dominated convergence theorem entails that P: is ergodic: For any
x € Wyp,

P F(z) /== F dP.
W"va
Moreover, the invariance by rotation of Gaussian measures implies that

P.F(z) dP(z) = F dP, for any 7 > 0.
W’II,P WW,P

Otherwise stated, the Gaussian measure on W, , is the invariant and sta-
tionary measure of the semi-group P = (P;, 7 > 0). For details on the
Malliavin gradient, we refer to [16, 21].

Definition 2.10. Let X be a Banach space. A function F' : W, , — X is
said to be cylindrical if it is of the form

k
F(y)=>_ fi(6ha(y), -, 0hi(y)) z;
j=1

where for any j € {1,---,k}, f; belongs to the Schwartz space on RF,
(h1,--- , hy) are elements of Wi 9 and (x1,--- , ;) belong to X.
For h € WLQ,

k
(VE, By, , = D 05 F(0ha(y), . hi(w) (s By, 5,
j=1

which is equivalent to say

k
VF = Zajf((Shl(y),"' ,0hi(y)) he ;.
=
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The space D 2 is the closure of the space of cylindrical functions with respect
to the norm

HFH%,Z = ||F||%2(P;X) + HVFH%Q(P;WLz@X)'

By induction, higher order gradients are defined similarly. For any k& > 1,
the norm on the space Dy, o is given by

k
112 = 112y + D2 IV P p e v
i=1 ’

According to [20], we have the following properties of Lipschitz continuous
functions on W, ;.

Proposition 1. Let F' € Lip(dw,,) and x,y € Wy, For any 7 > 0,
P.F(x) belongs to Do for any k > 1. Furthermore, VP.F(x) belongs to
(Wyp)* and

e—t

9) (VP F(2), by, = F(e™'z + Bry) Sh(y) dP(y).

Be Jw,,

Moreover, the operator V) P.F(x) is trace-class and

10) (VOP.F(z),hk
(10) ( @hek) .,
o—3t/2

=—5 F(e 'z + e By y + Bijaz) 0h(y) 6k(z) dP(y) dP(z).
Bipa Jwz,

Let L be the formal operator defined by
LG(@) = = (&, VG(@)hy,, w;, + tracew, ,(VIG(x)).

Then, for any T > 0, P F belongs to the domain of L and

d
EPTF(QJ) = LP.F(x).

3. RATE OF CONVERGENCE

3.1. Kolmogorov-Rubinstein distance. In [14], the proof of Lamperti’s
Theorem is given for one dimensional processes but it can be straightfor-
wardly adapted to R%valued random walks and Brownian motion: X%
becomes the R%valued process

XA®M) =vm Y Xq Tay(t) €ay = Y Xahalt)
acA acA

where hy(t) = \/m 74,(t) €q, and (X,, a € A) is a family of independent
identically distributed random variables of mean 0 and variance 1. Further-
more, B is the d-dimensional Brownian motion:

d
B(t) = ZBz(t) €;.
=1
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The enriched Brownian motion B, is the Go(R%)-value process defined by

B(t) = 1® B(t) Z/ s)o dBj(s) e; ® ej, for any t € [0,1],
i,j=1
where the stochastic integrals are to be understood in the Stratonovitch
sense. Theorem 13.32 of [12] says that Sa(X“) converges to B in some
Holder type spaces. Our primary goal is to give the rate of this convergence.
For, we need to define a distance between probability measures over Holder
spaces. There are several possibilities of such a definition, the best suited for
an estimate by the Stein method is the Kolmogorov-Rubinstein! distance:

Definition 3.1 (Kolmogorov-Rubinstein distance). For p and v two prob-
ability measures on a metric space (W, dy ), their Kolmogorov-Rubinstein
distance is given by

distgr (1, ) =  sup / Fdu— / F dv,
FeLip(dw)

where
Lip(dy) = {F . W SR, Yu,ve W, [Fw) — F(v)| < dw(w, v)}.

Theorem 11.3.3 of [9] states that the topology induced by this distance on
the set of probability measures on W is the same as the topology of the con-
vergence in law whenever the metric space W is separable. Unfortunately,
as we already mentioned, Holder spaces are not separable, thus to have a
meaningful result, we turn to work on fractional Sobolev spaces. It is of no
importance since Sobolev embeddings ensure that convergence in fractional
Sobolev spaces induces convergence in Holder spaces.

Our new goal is then to estimate the Kolmogorov-Rubinstein distance in
GoW,,p between B and So(X*). Remark that

ToSa(X ) = WQSQ(XA)

t
+2> (X2 / m(s) @ dh(s)+ > hy(t) @ hy'(t)
acA acA
— U+ U + UL

On the other hand,

B(t) = x (/ Bi(s)o dB,( /B o dBy(s )> les, 5]

d . d
+22/0 Bi(s) dB;(s) ei®ei+2tei
=1 =1

=logB(t) + Uz + Us.

where in Us, the stochastic integral is taken in the It sense. Direct compu-
tations show that U3" —Us tends to 0 as 1/m. The sequence Uj" converges to
U, as fast as X converges to B; a rate which is expected and which will turn

IWe stick to the denomination suggested in [22] even if this distance is often called the
Wasserstein distance.
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out to be much slower than 1/m. In summary, the Kolmogorov-Rubinstein
distance between B and So(X“) has the same asymptotic behavior as the
distance between logB and Sy(X*). Our final objective is then to estimate
the Kolmogorov-Rubinstein distance between the distributions of log B and

82 (X'A) in GQme.

3.2. Reduction to finite dimension. Should we follow the same proce-
dure as the one we used in [5], we would face the same complications to
compute the trace term in some infinite dimensional space. We remark that
XA belongs to the finite dimensional space

V =span{h;', a € A} C Wip.

Consider (gn, n > 1) a complete orthonormal basis of V4in Wiz2. The
It6-Nisio Theorem says that B can be represented as the W, ,-convergent
sum

o0
B=Y 6hI"h+ Y dgn gn = By + By,
acA n=1

where dh is the Malliavin divergence (or Wiener integral) associated to B
(see [16]). It turns out that By is also the affine interpolation of B so that
we may use the results of [12] to estimate the distance between So(By)
and logB. We can then resort to the Stein’s method in finite dimension to
estimate only the distance between So(X“) and So(By). We can always
write

sup E [F(logB)] — E [F(S2(X))]
FeLip(dGQW%p)

< sup  E[F(logB)] - E[F(S:(By))]
FeLip(dg,w, )

+ sup  E[F(So(Bv))] - E [F(S2(X4))] .
FeLipg,w, )

On the one hand, since log B and SQ(BV) live on the same probability space,

for F' € Lip(dGQWW)7 according to [12, Proposition 13.20],

(11) E[F(logB)] - E [F(3:(Bv))] < B [logB - $2(Bv) g, |
It remains to estimate

sup B [F(S2(Bv))] —E[F(S2(X4)].
FeLlp(dGQW%p)

Section 4 is devoted to prove
Theorem 3.1. If p > 3 and X, belongs to LP, for anyn € (1/p, 1/2),

sup B [F(S2(Bv))] — B [F(S2(XH)] < e Xl m=0/277.
FeLip(GaW,, )
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Remark 2. Combine (11) and Theorem 3.1 means that the convergence in
the Donsker theorem in GQWW;) is of the order m~(/2=M_ Note that the
integrability of the X,’s does enlarge the spaces in which the convergence
holds, as in the Lamperti Theorem, but it does not modify the rate of
convergence.

We now detail the proofs of the main estimates.

4. STEIN METHOD
For F € Lip(dQW’7 p), we have to estimate
sup B [F(So(Bv))] — B [F(S2(X)] .
FeLip(de,w, )
Recall that
XA = Z Xohy', By = Z Ohyt hyt and V = span{h]’, a € A}.
acA acA

Let W (respectively H) be the space V equipped with the norm of Wn,p(Rd)
(respectively of Wi o(R%)). Since V is finite dimensional, the difference
between W and H is tenuous but still of some importance to clarify the
situation. We have the following situation

L*
W;’p cw* 2 HC W1,2

an,p

W C Wy, —25 GoW,, — R.

For the sake of notations, we set F' = FoS,. Note that for ' € Lip(dGQWn p),
for any z,y € W, ,,

P (@) = F(y)] < [152(2) = So ()l g, -

The Stein-Dirichlet representation formula (see [7]) then stands that
~ ~ o ~
(12) E[F(Bv)] -E[F(X*)] =E U LP,F(X%) dT]
0

=E [P F(X*) - F(X")] + E [/OO LP,F(X*4) df} :

T

for any 7 > 0.

4.1. Technical lemmas. In what follows, ¢ is a constant which may vary
from line to line.

The continuity of the semi-group is sufficient to upper-bound the first
term of the previous decomposition (12).

Lemma 4.1. There exists ¢ > 0 such that for any T > 0, for any F €
Lip(dGQWw)
|E [P F(XA) — F(XY)]| < B
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Proof. We have
|E [P.F(X*) — P(XY)]|
<E [/\F (77 X4+ Bry) — F(XA)| dP(y )]

B [H(l S o)X A 4 By

aP ()|

’ P

L E / ( / /[0 p U(XA),, cmn,p@,t))l/p dP(y)| .

(X450 = |m2(S2(B2XA 4 Bry)ss = S2(X ) [

where

Thus,
|E [P.F(X*) — F(XY)]|
< e (1040w, + [ Iolhw,, P70 ) < e
according to Corollary 2.4. O

As to the control of the second term of (12), we need several technical
lemmas. With the notations of Proposition 1, we have:

Lemma 4.2. For any F' € Lip(dw, ),
E [LPF( XA)]

=y / v<2 PF(XA) = VO PF(XA +rX,h™),
acA

W @ hZL>W1,2] dr

+ S B[(VORFO) - vORFC) g enr), .
acA v

Proof. Recall that
LPF(X*) = — (XA VPRF(X )>W

< ® R, V Q)PtF(XA)>

Wi 20Wia
aE.A 1,20W1 2

By independence,
E (XA, VEF(XY),, |

=Y E [X (hm, VPF(XA) — VPtF(X;“a)>WLJ .

acA
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The fundamental theorem of calculus now states that

E [(Xv“ VPtF(XA)>WLJ

=3 / [XQ KT @ BT V(Q)PtF(Xfa+rXah;”> ] dr.
acA Wiz

Since E [Xg] =1, the result follows by successive cancelations. O

Lemma 4.3. There exists ¢ > 0 such that for any m, for any0 < k < m-—1,
we have

(13) 1PE W

(14) 1PE W,

&
m1/2—7l’
C

Jm

Proof. Recall that hj" has been defined in (6). Eqn. (13) easily follows from
the definition of the W), , norm as soon as we remark that for any s, t € [0, 1],

IN

1
hit(t) — hy' <|[t—s/AN—:
[P (8) = i () < [t = s[ A —
As to Eqn. (14), in view of (3), it is sufficient to compute

=0z, = Vil Ao, 1) m) | e

n
* 1/p”
- 1 tA(i+1)/m , p
211(17\/%:7/) /0 (/ (t—s)T ds dt ,

for some 1’ > 7, where p* is the conjugate of p. Since i/ > 0, |t — s|7 < 1
and the result follows. O

1 |z

Introduce for any a <b € Aand any 0 < s <t <1,

an(5:1)

-{/ ()~ o)) o) [ (o) — o) ) e )

Lemma 4.4. Let (U,, a € A) be a family of independent identically dis-
tributed random variables which belong to LP. Then,

p
Ua > Uy,

b<a W

E <em VDR (ULP?.

Proof. By independence and as in the proof of Theorem 2.3,

p/2
U, ZUb (st < cE[|U,’]E <Z|Ub| |h t)] )

b<a b<a

p

Since a is fixed and b < a, if [t—s| < 1/m, h]", is not zero only for by = as—1
and then, it is bounded by m|t — s|?. If |t — s| > 1/m, b, is not zero for at
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most [dm|t — s|] values of b and then, each term is bounded by 1/m. Hence

p/2
<Z!Ub! [hayp (s, t)] ) < e (mlt — s|)PPE [|Uy 7]
b<a

The result follows by integration with respect to fi . O
4.2. Proof of the main theorem. We are now in position to prove the
main theorem. Actually, the proof in itself, is not very different from the

proof of the CLT in finite dimension but for the functional apparatus. The
last step is complexified by the computations of some GoW,, , norms.

Proof of Theorem 3.1. For t >0, r € [0,1], y,z € W, ,, let
(15) XA, (try,2) = e (X4, + 1 XhT) + et/Qﬁt/Qy + Bi/2
Lemma 4.2 and Proposition 1 imply that

E [LPF(X)]

o—3t/2 1
=— Z/ E
t/2 0

acA

/W2 <F(X;4a(t,0,y, z)) F(XA (t,r,y,z ))>

P

x X2 6h™(y) Sh™(z) dP(y) dP(z)| dr

—3t/2
C _ NE F(XA (1, F(XA(t,0,y,
H X AW((<ty>> (XA,(1.0.y.2)) )

x0hg' (y) 0hy' (2) dP(y) dP(2)

Thus, according to (8), (14) and Cauchy-Schwarz inequality, we get

e—3t/2

e / Il dP(y)

(16) ‘E [LPF(X4)] ‘ < 2[h
t/2 Wa.p

<3 sup B|(1+[X.P)

acATE,1]

<//Ww W (1,0,9,2)) — F(X%,(tmy,2 ))‘2 dP(y) dP(z))l/zl_
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Since F' is Lipschitz continuous, it all boils down to estimate

sup B [(1+]X) [ X24,(8,0,y,2) — X4(t7,y.2)
rel0,1]
Y,2€Wn p

— sup E[( +1Xa?) | XA (£ 0,9, 2) — XA (81, 2)

rel0,1]
1+’X’ <//7TQSQX try,)

¥,2€Wn,p
. p/2 1/p
— mSs — XA (t,0,y, z)> dpin p(u, v)> ]

leaw,,]

M, |

4+ sup E
rel0,1]
Y,2€Wy p

u,v

= A + As.
According to (13) and (15),
(17) A < e B[+ 1XaP)Xal] [ Iw,, < 2B [|Xaf*] m~ /270,

Furthermore,

(ﬂ'QSQX (t Y,z ) - 7T2S2 - Xfa(uoaya Z))

u,v

=r Xa(t’ Y, Z) Z Xb(t’ Y, Z) hg}b(uﬂ U),

b<a

where
Xa(ta Y, Z) = e_tXa + e_t/Q/Bt/Zy + /Bt/ZZ'
Hence, according to Hélder inequality,

[Aa] < cE[IX,[P]/”

(//‘X (ty, 2 ZXb t,y, 2) hay(u, U)‘p/ dpn p(u, v)) 1/(p2)]

b=<a

(»—2)/p

< cE [|X, [P

1/p
<B| [[xat12) S Kot w0 dunpwv)] |

b=<a

Lemma 4.4 implies that there exists ¢ > 0 such that for any y,z € W,

2
(18) |Aal < cB(1X, P B[1X,72] 7 /2
< CE[|X PP m~ (/2

Since [|hg'lw;, < c¢v/m and |A| = d.m, plug (17) and (18) into (16) to
obtain the existence of ¢ > 0 such that for any ¢ > 0,
—3t/2

e E[’Xa’p]fi/p m—(1/2=n)
Bij2

(19) ‘E [LPtF(XA)H <
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From (12), (19) and Lemma 4.1, we infer that

(20) [E[F(By)] - E[F(XY)]]

oo ,—t
< By +cE [|Xa|p]3/p m—(1/2=n) BT dt

T Pty

= C(ﬁ7/2 — 2B [|X,[P]*? m~ (/2 log ﬁT/Q)-

Optimize (20) with respect to 7 yields Brop/2 = 2E [|Xa|p]3/p m~1/2=1) and

|E [F(Bv)] — E [F(XY)]| < cE[| X, P17 m~ 2 og m.

The proof is thus complete. O

(1]
2]
3]
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