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Minimum time control of heterodirectional linear coupled hyperbolic
PDEs

Jean Auriol! and Florent Di Meglio?

Abstract— We solve the problem of stabilizing a general class
of linear first-order hyperbolic systems. Considered systems fea-
ture an arbitrary number of coupled transport PDEs convecting
in either direction. Using the backstepping approach, we derive
a full-state feedback law and a boundary observer enabling
stabilization by output feedback. Unlike previous results, finite-
time convergence to zero is achieved in the theoretical lower
bound for control time.

I. INTRODUCTION

This article solves the problem of boundary stabilization
of a general class of coupled heterodirectional linear first-
order hyperbolic systems of Partial Differential Equations
(PDEs) in minimum time, with arbitrary numbers m and n
of PDE:s in each direction and with actuation applied on only
one boundary.

First-order hyperbolic PDEs are predominant in model-
ing of traffic flow [1], heat exchanger [26], open chan-
nel flow [5], [7] or multiphase flow [8], [10], [11]. Re-
search on controllability and stability of hyperbolic systems
have first focused on explicit computation of the solution
along the characteristic curves in the framework of the C*
norm [12], [16], [20]. Later, Control Lyapunov Functions
methods emerged, enabling the design of dissipative bound-
ary conditions for nonlinear hyperbolic systems [3], [4].
In [6] control laws for a system of two coupled nonlinear
PDEs are derived, whereas in [2], [4], [18], [19], [21] suffi-
cient conditions for exponential stability are given for various
classes of quasilinear first-order hyperbolic system. These
conditions typically impose restrictions on the magnitude of
the coupling coefficients.

In [23] a backstepping transformation is used to design
a single boundary output-feedback controller. This control
law yields H? exponential stability of closed loop 2-state
heterodirectional linear and quasilinear hyperbolic system for
arbitrary large coupling coefficients. A similar approach is
used in [9] to design output feedback laws for a system
of coupled first-order hyperbolic linear PDEs with m =
1 controlled negative velocity and n positive ones. The
generalization of this result to an arbitrary number m of
controlled negative velocities is presented in [14]. There, the
proposed control law yields finite-time convergence to zero,
but the convergence time is larger than the minimum control
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time, derived in [17], [25]. This is due to the presence of non-
local coupling terms in the targeted closed-loop behavior.

The main contribution of this paper is a minimum time
stabilizing controller. More precisely, a proposed bound-
ary feedback law ensures finite-time convergence of all
states to zero in minimum-time. This minimum-time, defined
in [17], [25] is the sum of the two largest time of transport
in each direction.

Our approach is the following. Using a backstepping
approach (with a Volterra transformation) the system is
mapped to a target system with desirable stability properties.
This target system is a copy of the original dynamics with a
modified in-domain coupling structure. More precisely, the
target system is designed as an exponentially stable cascade.
A full-state feedback law guaranteeing exponential stability
of the zero equilibrium in the £2-norm is then designed.
This full-state feedback law requires full distributed mea-
surements. For this reason we derive a boundary observer
relying on measurements of the states at a single boundary
(the anti-collocated one). Similarly to the control design, the
observer error dynamics are mapped to a target system using
a Volterra transformation. Along with the full-state feedback
law, this yields an output feedback controller amenable to
implementation.

The main technical difficulty of this paper is to prove well-
posedness of the Volterra transformation. Interestingly, the
transformation kernels satisfy a system of equations with a
cascade structure akin to the target system one. This structure
enables a recursive proof of existence of the transformation
kernels.

The paper is organized as follows. In Section II we
introduce the model equations and the notations. In Section
IIT we present the stabilization result: the target system and
its properties are presented in Section III-A. In Section III-
B we derive the backstepping transformation. Section IV
contains the main technical difficulty of this paper which
is the proof of well-posedness of the kernel equations. In
Section IV-A we transform the kernel equations into an
integral equation using the method of characteristics. In Sec-
tion IV-B we solve the integral equations using the method
of successive approximations. In Section V we present the
control feedback law and its properties. In Section VI we
present the uncollocated observer design. In Section VII we
give some simulation results. Finally in Section VIII we give
some concluding remarks



II. PROBLEM DESCRIPTION

A. System under consideration

We consider the following general linear hyperbolic sys-
tem

ug(t,z) + Ay (t,x) = ST u(t, z) + St o(t,z) (1)
vi(t,x) — A vp(t,x) = B Tu(t,2) + X" "v(t,z)  (2)

with the following linear boundary conditions

u(t,0) = Qov(t,0), wv(t,1) = Ru(t,1)+U(E) (3)

where
w=(ur...un)?, v=(v1...0m)7" 4
A 0 1 0
AT = ) , AT = 5)
0 An 0 Hm
with constant speeds :
_ﬂm<"'<_ﬂ1<0<)\1§"'§)‘n (6)

and constant coupling matrices as well as the feedback
control input

St = {0 hcicnagi<n BT = {0 T hicicnagi<m
@)
S ={o; T heicmicicn ¥ = {0, h<icmi<i<m
®)

Ri=A{pijhi<i<mi<j<n )

N, LX)

B. Control problem

The goal is to design feedback control inputs U(t) =
(Uy(t),...,Un(t))T such that the zero equilibrium is
reached in minimum time ¢ = tp, where

1 1
tp=—+— (10)
1251 A1

III. CONTROL DESIGN

The control design is based on the backstepping approach:
using a Volterra transformation, we map the system (1)-(3)
to a target system with desirable properties of stability.

A. Target system

1) Target system design: We map the system (1)-(3) to
the following system

ai(t,r) + Atag(t,x) = X a(t,z) + ST B(t, x)

+ / O+ (2, €)a(t, )€ + / C(2,€)B(t,)de (1)
0 0

5t(t7x) _A_ﬁx(tax) = Q(l’)ﬁ(tw’f) (12)
with the following boundary conditions
a(t,0) = QoB(t,0) B(t,1)=0 (13)

where C* and C~ are L matrix functions on the domain

T={0<¢<z<1} (14)

while 2 € L*°(0,1) is an upper triangular matrix with the
following structure

wii(z) wia(z) wi,m ()
o= "
: . w,,z_1,m—1($) wm—l,m(x)
0 - 0 Wm,m(x)
(15)

This system is designed as a copy of the original dynamics,
from which the coupling terms of (2) are removed. The
integral coupling appearing in (11) are added for the control
design but don’t have any incidence on the stability of the
target system.

Lemma 1: The zero equilibrium of (11),(12) with bound-
ary conditions (13) and initial conditions (a, 3%) €
£2([0,1]) is exponentially stable in the £? sense

Proof: Consider the following candidate Lyapunov
functional :

1 n 2 n 2
_ ai(t,z) 5 Bi(t, x)
V(t) = N ey | d
(16)
where [ > 0 and § > 0 are parameters to be determined.

One should notice that v/V is equivalent to the £2 norm.
After differentiating V' with respect to time and integrating



by part we get :

V(t) = [—e%a(t,z)  alt, z) + 1 B(t, 2) T B(t, )]}
— 1 de %a(t, x)Ta(t, z)dx — /1 16e°*B(t, )T B(t, z)dx
0 0

1
2 / e %a(t, )T (AY) 1o a(z, t)de
0

1
+2/ =0T (t, )T (AH) IS B(t, 2)da
0

+

x

e_éma(

+2 t, )T (AT)TICH (@, &)alt, §)déd

1
+ 2

I
I

e a(t, )T (AY) IO (2, €)B(t, §)déda

1
+ 21/ Bt )T (A7) 1Q(x)B(t, x)dx  (17)
0
Let M > 0, ||¢|| and € > 0 be such that

Vi=1,...,.n Vj=1,...,n Vk=1,...,m

Vi=1,...,m Veel0,1] S5T,57,.CF,
C&,le($)<M
Vi=1,....n XN;>€ and pu; >¢

max qij

laff =, max

Using Young’s and Cauchy-Schwarz inequalities and the
boundary conditions yields

V(t) < B(t,0)T(QF Qo — nxem)B(t,0)
1

- / e %%a(t,z)T Pa(t, z)dx
0

— / 1le5"”ﬁ(t,x)TQ(w)ﬂ(t7x>dx (18)

0

2mM M M
with P = ((5 A R Y e — 2(A+)—1Z++)
€ € de
_ _ pnM —dx __ @ —dozx o
and Q(z) = <§ e € 15 © Tinxm
2(A7) 7).
Choosing ! such that [ > mj|q|| ensures that

5(t10)T(QgQO - lIme)B(tao) < Sﬁ(t70)Tﬁ(t,0)
for some s < 0. Taking § large enough ensures that Q(x)
and P are positive definite for all 2 € [0,1]. This concludes
the proof
|
Besides, the following lemma assesses the finite-time stabil-
ity of the target system.
Lemma 2: The system (11 1), (%2) reaches its zero equilib-

rium in finite-time tp = — + —

Proof: The proof of {ﬁis lemlma is straightforward using

the proof of [14, Lemma 3.1]
|
2) Volterra Transformation: In order to map the original
system (1)-(3) to the target system (11)-(13), we use the

following Volterra transformation

alt,z) = u(t, x) (19)

B(t,2) = v(t, )
- / (K (. O)u(€) + Lz, O)o(€))de  (20)

where the kernels K and L, defined on 7 = {(z,¢) €
[0,1]2|¢ < x} have yet to be defined. Differentiating (20)
with respect to space and using the Leibniz rule yields

Be(t,x) = v, (t,x) — K(x, z)u(t,x) — L(x, z)v(t, z)
- [ Ko out.) + L@ ot @b

Differentiating with respect to time, using (1), (2) and
integrating by parts yields

Bi(t,x) = A v (t,z) + X Tu(t,z) + X7 w(t, x)

- / ' lm, S ult,€) + K, €5 ot &)

+ L(z, ) Yu(t, &) + L(z, )X v(t, &) | d¢

+ K(z,2)Atu(t,z) — K(x,0)ATu(t,0)
— L(z,x)A"v(t,z) + L(z,0)A"v(t,0)
(

- / K@, A u(t, &) — Le(x. OAo(t.O)]dE (22)

Plugging those expressions into the target system (19)-(20),
noticing that 5(¢,0) = v(¢,0) and using the corresponding
boundary conditions (3) yields the following system of kernel
equations

0="""+ K(z,2)AT + A~ K(z, x) (23)
0=%X""+A"L(z,x2) — L(z,z)A~ — Q(x) (24)
0 =K(z,0)ATQo — L(x,0)A~ (25)
0=A"K,(,8) — Ke(2, AT — K(,6)2%

— L(2, )Y + Q(z)K (,€) (26)
0=A"Ly(x,8) + Le(x,§)A™ — L(z, )27~

— K(2,6)%%7 +Q(2)L(x,€) 27)

We get the following equations for C~(x,¢) and CT(z, &)
C™(2,&) =S L(x, &) + /ﬂf C~(z,8)L(s,&)ds  (28)

3
CH ) == K(@.8) + [ O (@ s)K(s.ds (9)

1

Remark 1: One can notice that for each =z € [0,1],
equation (28) is a Volterra equation on [0, 2] where C'~ (z, -)
is the unknown. Assuming that K and L are well defined
and bounded, so is C'~. Using (29) yields explicitly CT as
a function of C'~ and K.

Developing equation (23)-(27) we get the following set of
kernel PDEs :



for1<i<m,1<757<n

+Zam ip x f

for1<i<m,1<j53<m

— X0 K () = Z(ﬁ*mk (z,€)

> Kpj(@ uiplz)  (30)

1<p<m

,uza Lu(x g) +,UJ85LU z f

Zakj ik (2, )
n

+ZUZ-;_KW($’§)_ Z ij(%f)“ip(@ (31)

p=1 i<p<m

with the following set of boundary conditions

(32)

—+
..

Vi<i<m,V1<j< Kij(z,2) = ——2— =k
S1x>m, SN, J(l'l') ,llzz"f‘)\J J

,J;—
V1 < 4,j < m,j < i Lj(z,z) = J (33)

[
VI<id,j<m, pLi(z,0)=> MeKin(z,0)qr; (34)

k=1
Besides, (24) imposes

Vi<j wij(z) = (i — py)Lij(z,2) + 0557 (35)

This induces a coupling between the kernels through equa-
tions (30) and (31) that could appear as non linear at first
sight. However, as it will appear in the proof of the following
theorem, the coupling has a linear cascade structure. More
precisely, the well-posedness of the target system is assessed
in the following theorem.

Theorem 1: Consider system (30)-(34). There exists a
unique solution K and L in L>=(T).
The proof of this theorem is described in the following
section and uses the cascade structure of the kernel equations
(which is due to the particular shape of the matrix €2).

IV. WELL-POSEDNESS OF THE KERNEL EQUATION

To prove the well-posedness of the kernel equations we
classically (see [15] and [24]) transform the kernel equations
into integral equations and use the method of successive
approximations.

By induction, let us consider the following property
P(s) defined for all 1 < s <m:

Vv m+1—s <i<m the problem (30)-(34) where €2 is
defined by (35) has a unique solution K, L € L*°(T).

For s =

Initialization : 1, system (30)-(34) rewrites as

follow
forl<j<n
fin 02 Kmj — A O Komj = Za**Kmk z,6)
+ Z O-I?jJerp(x’g) - ij (LL‘ 5) mm (36)
p=1
for1<j<m
im0 Ling + 40 Linj = ) 037" Lk (,€)
k=1
+ 3 Konp(@,€) = Lin (2,£)00, - (37)
p=1
with the following set of boundary conditions
J7+.
vVl < j < Kpi(z,2) = —— ™ — k. (38
SIS iz, @) o ;. (38)
. O’;L;
VI < j < omo Lyglwa) = ——"— (39)
Hm — M]
VI<j<m, pLi(e,0) =Y NeKuk(w,0)gr; (40)

k=1

The well-posedness of such system has been proved in [9].

Induction : Let us assume that the property P(s — 1)
1 < s < m —1) is true. We consequently have that
V m+2—-s<p<m,V 1<5j<nV 1<I<m
K,;(-,-) and Ly (-,-) are bounded. In the following we take
i =m+ 1 —s. We now show that (30)-(34) is well-posed
and that K;(-,-) and Ly (-,-) € L>(T)

A. Method of characteristics

1) Characteristics of the K kernels: Foreach 1 < j <n
and (z,£) € T, we define the following characteristic lines
(xij(z,&, ), & (x, &, -)) corresponding to equation (30)

{(2N%&$=—m € (0,55 (2,6)
zij(z7£a0) =z, xij(xvgv ij( 75)) 7175(1' 5)
(41)
d&;;
{ < (,8,5) = A SE[O,SU( €] (42)
fz](l' 5 0) 57 Eij(xagv ij( 75)) ::L'Z(xvf)

These lines originate at the point (x
the hypothenuse at the point (z%; HERIN

f ) and terminate on
(JC €)). Integrating



(30) along these characteristics and using the boundary
conditions (32) we get

Kij(z,8) = kij
S (2,6)
/ ZU’W ik xz] x 57 ) gij(x7£7s))

—|—Zakj ik (@i5(2, €, 5), &5 (2, €, 5))
Z Kpj(@ij(2,&,5),&5(2, &, 5))

i<p<m
((:u’l - M:D)Llp(xz] ($7 ga S)u ‘rij(x7 67 S)) + Ui?ni

We can notice that the last sum uses the expression of K;
for + < p < m. This term is known and bounded for p > ¢
(hypothesis of induction). For p = ¢, u; = p, and the term
(i — pp) Lip(wij(x, &, 8), ij(x, &, ) cancels.

2) Characterisitcs of the L kernels: For each 1 < j <n
and (z,£) € T, we define the following characteristic lines
(Xij(z, &, ), Gij (2, &, -)) corresponding to equation (31)

)|ds  (43)

dxi
{ ;(l/]( 5? )__ 1 VE[O7VU( 75)]
Xij(x7£70) =, Xij(xagv z](xvf)) = Xg(xag)
(44)

dgi
{ 57( €a )__ j v e [Ovl/z]<xa£)] (45)
ng(l' 5 0) ga C’L](xﬂg7 U(w,f)) = £($7£)

These lines all originates from (z,£) and terminate at the

point (X” (x,8), (j(,€)), i.e either at (xf;(z, &), x{;(z,€))
or at (le (z,8), ) Integrating (31) along these characteristic
and using the boundary conditions (33), (34) yields

o5
Lij(xag) (;’Lj(w f) qu 1
+(1 - 5ij)i Z Ao Kin (X35 (2, €),0)
M=
v (z,g) m
[ I o s 6. G 60

p=1

+ Zakj

Z Lyji(xij(x,&,v), Gj(x, & v))

i<p<m

ik XU z,§, ) Cij(xafay))

((Mi - up)LiP(Xij (ma € v), Xij (‘T7 §v))+ U;pi)] dv  (46)
where the coefficient d;;(x, &) is defined by
N )1 ifj<i and p€ — pjz >0
i3, €) = { 0 b (47)

This coefficient reflects the facts that, as mentioned above,
some characteristics terminate on the hypothenuse and others

on the axis ¢ = 0. We can now plug (43) evaluated at
(x£;(2,€),0) into (46) which yields

iy, €)1
iqi(x
7 Hi — My

+(1_5’Lj 10 Z)\qu] zk"’ 1 52]

sh(xF; (¢,£),0)
Z/\TQU/
J k=1

ZO++Km i (X1 (2,€), 0, 8), &ir (X7 (2, €), 0, 5))

+Zak_r+ ik(xiT(Xg(m7£)7078)?£iT(Xi};(x>€)aoa8))
Z e (@i (5 (2, €), 0, 8), & (x5 (2, €), 0, )
i<p<m

((:U’i_/“LP)LiP(‘rij((XZI’; (.%‘, £),0,s), xl]((Xz}; (JJ, 5)’ 0, S))—i_ai?ni)] ds

vii(@,&) m
+A [ng_j_LiP(Xij(xa€7V)v(ij(xa€7V))

p=1
+Zakj
- Z LPj(Xij(3C7f7V):Cij(x,@y))

1<p<m
(ki = pp) Lip(xij (7, €, v), xij (2,6, v)) +

ik Xl] € §7 ) Cij(l'vgay))

o5, )]dv  (48)

B. Method of successive approximations

In order to solve the integral equations (43), (48) we use
the method of successive approximations. We define

Vi<j<n ¢j(z,&) =k

55 (@,8)
[T Y el 6w gy @9
0 i<p<m

Tij

Hi — [y

Vi<j<m ¢>(x§)

Z AkGjkik

]k1

Sir(Xsz(xﬂf):O)
-4 )7 AT‘]T‘/
’ Hj ; 7 Jo

Z Kp'r‘(xi’r‘(xfj(x7 g)a 07 S), gw(Xf; ((E, 5)7 Oa 8))0—1;)7

i<p<m
/Sf}(%»ﬁ)
0

Besides we denote H as the vector containing the kernels

zg (Z‘ f)

Z L;Dj(Xij(x7§7V)ﬂCij(x7§7V))

i<p<m

Tip (50)

Lim) '
)

(D

H= (K Kin La
o= (52)

(ot ... oL &



We now consider the following operators : V1 < j < n

O (H)(x,) =
o (2,€)
/ Zakﬂ ik -T'Lj X 57 ) gij(aj7£a5))

+ Z U];j+Lik($ij (.’17, 57 8)7 §1j (.’E, 57 S))
k=1
Z Kpj(zij(z,€,5),8i(x, €, 8))

i<p<m
(i = py) Lip(@ij (2, €, 8), 245 (2, &, 8)))
+U;fKij(xij(x,é,s),&j(x,g,s))]ds (53)
Vi<j<m

% (H)(x,&) =
sh (X (2,6),0)
Arqr/

Zok sz Tir Xz](m 5) 0 S) gzr(ij(x 5) 0 8))

+ Z U};r+Lik(xiT(Xz};(I7 6)7 07 S), £’LT(X1}; (xv €)a 0) S))
k=1
Z KPT(‘,E’LT(XZ (SU, €)7 07 S)a §zr(X5 (.’L’, 6)7 07 S))

i<p<m

((Mi - UP)Li;D(‘Tij((Xsz (-757 6), 0, 5)? xij((xg‘(x, 6)7 0, S)))
- Kzr(xzr(xg (xa 5)7 Oa 3)) gzr(XZ ($, 5)7 07 S))Jzili] ds

vii(z,€) m
+A [ZO-I:J_LZP(XZQ(a:ag?V)7<Zj($a§7y))

p=1

‘*‘Z‘ﬁw

Z Lp] xij(z,&,v), Gij(2, &, v))

i<p<m

(s — Mp)LiP(Xij(xafa V%Xij(%& v)))

ik Xz] x,§,v ) Cij<x7é-)y))

— Lij(xij(®,&,v), G (2, §,v))o5; " |dv (54)
We set ®[H|(z,&) = [®'[H](z,§)", ®*[H](x,€)"]"
define the following sequence
H2,6)=0 (55)
H(x,6) = (,8) + ®(H*™")(,£) (56)

Consequently, if the sequence H? has a limit, then this limit
is a solution of the integral equation and therefore of the
original system.

We define the increment AH? = HY — H7~1 (with AH? =
W). Provided the limit exists one has

ZAH'I x,§)

We now prove the convergence of the series.
Remark 2: The proof of the convergence of the success
approximations dries is similar to the one given in [9], since

lim HY(x,§) =

q—+o00

H(z,§) = (57)

all the characteristic lines have the same direction along the
T—axis.

C. Convergence of the successive approximation series

Similarly to [9], [14] we want to find a recursive upper
bound in order to prove the convergence of the series. We
first define

P = max max {161 (2, ). 167 (=, )1} (58)
6:max{akj ,O'I:}_,O']:;—)O'];j_}v QZH%%X{%J'}

= m;)ix{mz pplts A =max{An, i}

- 1 1

A =max{—,—},
{5 m}

My = max {—}

j=1,....m ,LL]

We then define S = max _ {||Kp;|l|,||Lp;} which is well
p>i,1<j<n

defined according to the hypothesis P(s — 1). Moreover we
set

= (nAG+ D[(n +m + 1)5 + maS|M (59)
We recall the following result from [9, Lemma 5.5]
Lemma 3: For any integer ¢, (z,§) € T and

85(1‘,5)7 V5($7£), xij($7§7 ')ugij('r7§7 ')7Xij<x7€7 ')7 <ij(m7§7 )

defined as in (41), (42), (44), (45) respectively, the following
inequalities holds

Vi<k<m, ViI<j<n

sk](x £) xq-&-l
/ (xrj(z,&,s))%ds < My . (60)
0
Vi<k<m, ViI<j<n
Vi (2,€) a1
|7 e ssas <an = en
0

Lemma 4: Assume that for some 1 < ¢, one has, for all

(z,6) eT

_ My
Vi=1,.. x

m+n  [AH](z,§)| < (62)

where AH](x,£) is the j-th component of AHY(x,§).
Then, one has

Mat1pat+l
Vi=1,..m+n |[AHI™(x, 5)|<<1>W (63)

Proof: Assume that (62) holds for some fixed 1 < q.
Let us consider 1 < j < (m + n).



Case j <n
|AHQ+1| _

i (@.8)
|/ Zak +AK xlj(xagas)agij(zvgas))

Z% ALY (w45(x, &, 8), §ij(2, &, 5))
Z KPJ xlj z,§,5), fij(l‘,f,s))

i<p<m

: (,Ufz - Np)ALgp(xij(x7£7 5)7xij(xa€7 S))
— AKL (w2, €, 5), &2, €, 8))oy; | ds| - (64)

Consequently, using (62) and (60)

Sij(xvg) _
|AHJ‘-1+1\ < / ((n+m+1)g +mSh) (65)
0

M (zi(2,€,5))

ds
q!

_  dM1 x2dt1
<((n+m+1o+mSp)——M
< )7+ mSi) =M

_ Matlpatl
= (66)

Case n < 7 <n + m Using (62) we get

|AH‘1+1| < M\G((n+m +1)G +mSh) Z

r=1

51 (x5 (2:6),0) —Mq(xiT(Xij (I7 f)v 0, 5))q
. /0 i ¢

Proof: Notice first that evaluating (20) at z = 1 yields
(68). Besides, rewriting (20) as follows

(36:5) - ()
-, (K(g,o L(g,s)) (“88) a5 (69)

It is a classical Volterra equation of the second kind. One
can check from [13] that there exists a unique function &

such that
u(t, ) / ( 5))

’ S(x 70
(em) = (Gen) - [ swa(5eg) o
Applying Lemma 2 implies that («, 3) go to zero in finite
time tp, therefore (u,v) converge to zero in finite time M
Remark 3: The time of convergence tr is smaller than
the one given in [14]. Nevertheless we have lost here some
degrees of freedom in the kernel equations and thus in the

controller gains.

VI. UNCOLLOCATED OBSERVER DESIGN AND OUTPUT
FEEDBACK CONTROLLER

In this section we design an observer that relies on the
measurements of v at the left boundary, i.e we measure
y(t) =v(t,0) (71)
Then, using the estimates given by our observer and the
control law (68), we derive an output feedback controller.

_ Vii (@:E) My ) .
+((n+m+1)5+m$ﬂ)/ ) (9'@]) dy A. Observer design
0

q:
< (nAAG+ 1) ((n+m +1)6 + mSa)®M,

+1,.g+1

< @M (67)
(g + 1)

This concludes the proof [ ]

Consequently, using similar procedures that the ones pre-

sented in [9], [22], we get that (57) converges and thus the

property P(s) is true. This concludes the proof by induction

of Theorem 1.

V. CONTROL LAW AND MAIN RESULTS

We now state the main stabilization result as follows.
Theorem 2: System (1)-(2) with boundary conditions (3)
and the following feedback control law

U(t) = —Rlu(t, 1)
+ / K (L &)u(t,€) + LLEu(LOE  (68)

0
reaches its zero equilibrium in finite time ¢ty = where tp is
given by (10). The zero equilibrium is exponentially stable
in the L?-sense.

Magat!
(g+1)!

The observer equations read as follows

G (t, ) + AT, (t,z) =X Ta(t, ) + 27 0(t, 2)
PT(x)(d(t, ) v(t,0)) (72)
O (t, ) + A0, (t, x) ="t z) + X7 0(t, x)
P (z)(o(t, 0) v(t,0)) (73)
with the boundary conditions
u(t,0) = Qov(t,0), o(¢,1) = Rya(t, 1) +U (74)

where P*(-) and P~ () have yet to be designed. This yield
the following error system

ﬂt(ta .TZ‘) + A+al(t7 Z‘) =

— P*(2)o(t,0) (75)
Op(t, ) + A0 (t,2) =2"Fa(t,z) + 7 0(t, x)
— P~ (2)(t,0) (76)
with the boundary conditions
u(t,0) =0, o(¢t,1) = Rya(t, 1) a7



B. Target system
We map the system (75)-(77) to the following system

a(t,r) + Ata,(t,x) = X a(t, »)

/D+x£ (t,o)de  (78)

Bi(t, ) — A~ Bu(t,x) = E7Hat, ) + Q(x)B(t, )
+/ D™ (z,&)a(t, ds  (79)
0
with the following boundary conditions
a(t,0)=0, B(t,1) = Riaf(t,1) (80)

where DT, and D~ are L* matrix functions of the domain
T and Q € L*°(0,1) is an upper triangular matrix with the
following structure

wl,l(I) wl,z(x) wl,m(fE)
@) =| Y
: . Wmfl,mfl(x) Wmfl,m(x)
0 . 0 Win,m ()
(81)

Lemma 5: The system (78), (79) reaches its zero equilib-
rium in a finite time ¢tz where ¢tz is defined by (10)

Proof: The system is a cascade of &-system (that has
zero input at the led boundary) into the [-system (that has
zero input at the right boundary once & becomes null). The
rigorous proof of the lemma follows the same step of the
proof of Lemma 2 and is omitted here. [ ]

C. Volterra Transformation

In order to map the original system (75)-(77) to the target
system (78)-(80), we use the following Volterra transforma-
tion

i) =a(ta) + [ M@OF O @

o(t,z) = B(t, x) / N(x,€)A(t, €)de (83)
where the kernels M and N defined on 7 = {(z,¢) €
[0,1]%|¢ < x} have yet to defined. Differentiating (82), (83)
with respect to space and time yields the following kernel
equations

for1<i<n,1<757<m

)\zazsz(xag) ,U/jagM” T 6

Za + My (x,€)

—|—Zaw Npj(z, &) — ZM (x,wpj(z) (84)
p=1

forlgzgm,lgjgm

14:02 Nij (2, €) + 11;0e Nij(x, €) = Z% Nij(z,€)

k=1

—Z% Myj(2,6) + > Nip(a, E)wpi () (85)

p=1

with the following set of boundary conditions :

Vi<i<m,V1<j<n, Myzz)=——"2—=F;,
<i<m,V1<j<n j(z,x) Y j
,0;—
V1 < 4,5 < m,j < i Ny(z,z) = J (87)
My — Hi
Vi<j wij(@) = (b — pi)Nij(z, ) + 05,7 (88)
Evaluating (82), (83) at = 1 yields
VI < i <om, Ng(LE) = Y pinMi,(1,€)  (89)
k=1
while d;,d; are given by
( 776 ZMzkl‘gal@J
Tz m
+ / > Mi(x, s)d;; (s, &)ds (90)
§ k=1
( 775 ZNzeré-o'kJ
+ / S Nacla, s)diy(s,€)ds 1)

€ k=1

provided the M and N kernels are well-defined. Finally the
observer gains are given by

pi;(x) = piMij(x,0) 92)
pi;(x) = pj Nij (2, 0) (93)

Considering the following alternate variables
Mij(x,y) = My (1 —y,1 = x) = Mij(z,€) (94)
Nij(x.9) = Ni(1 = 5,1 = x) = Nij(2,€) (95
@i (x) = wij () (96)

yields
for1<i<n,1<57<m

— N0y Mz (X, y) 4150y Mij (X, y) ZUJM@(X y)
k=1

m

= 0, "N (6 Y) + D Mip(x: )@y (X) (97)
p=1 p=1
for1<i<m,1<j5j<m
MiaXNij(Xa )+Mja Nzg X y ngk Nk] X;Y
Yo My y) = D Nip(, 9)@ps (x) (98)
p=1 p=1



with the following set of boundary conditions

_ g,

Vlélgm,VlS]gn, Mij(X?X):_ Y :kij

Nijex) = —
if o X) =
! 7

V1 < ij < mj < (100)

T M

Vi<j o wii(x) = (nj — i) Nig(xo x) + 055
Evaluating (82), (83) at x = 1 yields

(101)

VI <idj <m, Ny(x0) = Y piMi(x,0) (102)
k=1

This system has the same cascade structure as the controller
kernel system. Using a similar proof we can asses its well-
posedness.

D. Output feedback controller

The estimates can be used in a observer-controller to
derive an output feedback law yielding finite-time stability
of the zero equilibrium

Lemma 6: Consider the system composed of (1)-(3) and
target system (72)-(74) with the following control law

U(t) = / K(L, )it €) + L(1,£)o(t,€))dé — Ryi(t, 1)
(103)

where K and L are defined by (30)-(35). Its solutions
(u, v, 4, v) converge in finite time to zero

Proof: The convergence of the observer error states
u,v to zero for tp < t is ensured by Lemma 5, along
with the existence of the backstepping transformation. Thus,
once tgp < t, v(t,0) = 9(¢,0) and one can use Theorem?2.
Therefore for 2tp < t, one has (u, v, 4, v) = 0 which yields
(u,v) = 0. The convergence of the observer error states
u,v to zero for tp < t is ensured by Lemma 5, along
with the existence of the backstepping transformation. Thus,
once tp < t, v(t,0) = ¥(¢,0) and one can use Theorem2.
Therefore for 2tr < ¢, one has (u, v, 4, v) = 0 which yields
(u,v) = 0. |

VII. SIMULATION RESULTS

In this section we illusttrate our results with simulations
on a toy problem. The numerical values of the parameters
are as follow.

n=m=2 m=M=1 p=X=2 (104

1 0 11
++ oyt -+ _
e h) ()

(01 10
) :(1 0) QOZ(O 0) Ri=0  (106)

Figure 1 pictures the £?—norm of the state (u,v) in open
loop, using the control law presented in [14] and then using

(105)

the control law (68) presented in this paper. While the
system in open loop is unstable (the £2 — norm diverges)

it converges in minimum time tp = " + — = 2 when
1

(99) controller (68) is applied as expected from Tgelorem 2. The

controller presented in [14] converges in a larger time which

is equal (as mentioned in [14]) to — + — + — = 2.5.
A 1258 H2
10 T
Open loop
T Minimum-time control
sl Non-minimum time control| |

L? norm
(52
T
!

0 I I I
0 0.5 1 15 2 2.5 3

Time [s]

Fig. 1. Time evolution of the L2-norm in open loop and using two different
controlers

VIII. CONCLUDING REMARKS

Using the backstepping approach we have presented a
stabilizating boundary feedback law for a general class of
linear first-order system. Moreover, contrary to [14], the zero-
equilibrium of the system is reached in minimum time .

The presented design raises several important questions
that will be the topic of future investigation. In [14], the pro-
posed control law does not yield minimum time convergence,
but features several degrees of freedom that may be useable
to handle transients. A comparison of the transient responses
of both designs, as well as their comparative robustness,
should be performed.

Besides, the presented result narrows the gap with the
theoretical controllability results of [17]. These results, al-
though they do not provide explicit control law, ensure
exact minimum-time controllability with less control inputs
than what is currently achievable using backstepping. More
generally, this raises the question of the links between
stabilizability and stabilizability by backstepping.
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