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Abstract:  This study focuses on a wall-stabilized hydrogen arc column at low current. The problem is solved 

numerically by using simplified Ohm’s law and deriving the stationary Elenbaas-Heller equation from an energy 

balance where conduction and radiation are considered. The latter is computed using Lowke’s approach of net 

emission coefficient where both background continuum and line spectrum are considered. This work aims to 

derive the electric characteristic and its sensibility to the model parameters and study the influence of a 20-bar 

pressure. 
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Introduction 

PERSEE group has been working on the plasma-assisted 

conversion of hydrocarbons. This led to the development 

of a three-phase plasma torch which attained pre-

industrial size and runs at atmospheric pressure with 

different pure and mixture gases (argon, helium, 

nitrogen, air…) [1-3]. Studies are also conducted for its 

improvement toward a high and very high operational 

pressure with pure hydrogen. While advanced 

computational methods as CFD, MHD are costly, there 

are simplified models such as channel arc models that 

give crucial results and have proven to compare well 

with experiments [4-5].  

 

1. General assumptions 

At the outset it should be mentioned that the theory of 

the arc as developed here entirely disregards any 

phenomena that are due to the presence of electrodes. 

Hence we consider here the positive column voltage 

much bigger than cathode and anode falls and, as for 

most situations, this column part of the discharge 

determines the operational characteristics of the arc. In 

plasmas using inert gases like argon, the electron-neutral 

energy exchange is less effective and requires high 

currents and electron densities to reach quasi equilibrium 

whereas in molecular gases such as hydrogen, the 

validity of the local thermodynamic equilibrium can be 

assumed at any current, thanks to sufficient electronic 

densities and moderated temperature and density 

gradients for small diffusive fluxes [6]. 

 

2. Arc modeling 

One of the major issues to be dealt with arc plasma is its 

stability. The easiest solution is to surround the arc with 

a well-cooled wall that should be able to absorb the 

energy losses without being destroyed. 

Several investigators have studied the problem of the 

approach to the asymptotic column. One of the most 

striking formulations for tube arc problems is that of 

Stine [5] showing particularly good agreement with 

experiment. Thus we consider here positive column arc 

plasma burning inside a cylindrical tube whose walls are 

maintained at a constant temperature. However, the 

stronger the confinement, the larger the gradients in the 

plasma arc. We assume nevertheless that the local 

thermodynamic equilibrium remains valid in spite of 

such confinement. This can be justified a posteriori with 

relatively low densities and temperature gradients, 

inducing then small diffusive fluxes.  

 

3. Equations 
In order to provide a reasonable description of the 

manner in which the DC arc behaves, it is necessary to 

derive the differential equation that describes the energy-

transfer processes within the arc column. The 

temperature distribution in a long cylindrical steady-state 

thermal plasma column stabilized by walls in a tube of 

radius R is described by the well-known Elenbaas-Heller 

equation which we derive in the following sections. 

 

3 .1. Electric field  

For the steady-state arc, the Faraday’s law in cylindrical 

coordinates gives 
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The component E  is null for a symmetry matter. 

Moreover, the arc column refers to that part of the arc 

plasma that is axially invariant. Thus we finally have 
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Across the cross section of the positive column, the 

electric field is constant and defines the voltage.  

 

3.2. Elenbaas-Heller equation 
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The DC positive column energy equation is given by
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Within the low current considered here, the cathode jet 

due to Maecker’s effect [7] is negligible, so is the self-

magnetic field. Thus any convective contribution of the 

Lorentz force in the energy balance vanishes. Plus, as the 

arc is not blown, it is justified to set the mean gas 

velocity 0v to zero. Due to the absence of magnetic 

field, either external or self-magnetic field, the 

generalized Ohm’s law can be simply written as  

Ej        (7) 

The term of radiation is computed using Lowke’s 

approach of the net emission coefficient [8]. Details will 

be provided in the next section. The radiated power per 

unit volume is thus given by  

Nradq 4       (8) 

Assuming heat transfer by conduction with the Fourier 

law 

Tq         (9) 

We finally obtain the energy balance of the steady-state 

column in cylindrical coordinates as 
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This equation is known as the Elenbaas-Heller equation. 

Boundary conditions for (9) are 0/ drdT at r=0, and 

wTT  at r=R. The electric control parameter here is the 

electric field rather than the current for sake of 

simplicity. The current is then derived from E  by 
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The Elenbaas-Heller equation together with relation [12] 

permits calculations of the function )(IE , which is the 

current-voltage characteristic of the plasma column 

determined by the following material functions: electric 

conductivity )(T  and thermal conductivity )(T . 

These are computed from the software T&T Winner [9] 

with a temperature from 300 K to 20 000 K.  

 

3.3. Net emission coefficient 

In most plasma studies, radiation is neglected or 

estimated with empirical formulas [6]. However, at high 

current and pressure, the heat transfer is mostly related 

with radiation [10]. For higher accuracy, there is then 

need to consider the latter in the mathematical 

formulation.  

To calculate the net emission coefficient, which is the 

power radiated per unit volume and unit solid angle, we 

must solve the equation of radiative transfer which is 

written in the form [8] 

)(' 
 JBkN       (13) 

where  

 )exp(1'
kT

h
kk


      (14) 

1

2

3

1)exp(
2













kT

h

c

h
B


    (15) 

 





4

),(
4

1
dIJ nr     (16) 

'k is the absorption coefficient corrected for induced 

emission and k is the normal absorption coefficient ; 

B is the black body radiation intensity ; J is the 

average radiation intensity; I is the radiation intensity 

in the r direction, through a surface unit of normal 

direction n .  

Lowke and Liebermann [11] solved this radiative 

problem for two geometries and show that one can 

replace, as a first approximation and with 90% of 

accuracy, an isothermal cylinder by an isothermal 

sphere. In these conditions, one has: 
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To derive the net emission coefficient, it is thus 

necessary to compute first the absorption coefficient 

corrected for induced emission. This was derived from 

the recent work of T. Billoux [12] where both 

background continuum and line spectrum were 

considered. This gives a database with a temperature 

range from 300 to 30.000 K with wavelengths from 

0.209 µm to infrared and considers the radiation from 

back continuum, either molecular (H2) or atomic (H2), 

and 74 lines spectrum for hydrogen.  

 
Fig. 1: Net emission coefficient of hydrogen plasma 

with temperature at 1 bar and for different plasma 
radii. 

The plasma thickness is considered for the derivation of 

net emission coefficient, as self-absorption should be 



taken into account. N corresponds to the difference 

between the local emitted radiation and that emitted 

somewhere else and absorbed locally. N decreases then 

when the plasma radius increases as shown in figure 1. 

 

4. Results  

4.1. Temperature profiles 

With a MATLAB code, we derive the temperature 

profile for a given electric field and pressure.                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                            

The difficult part of the calculation was to enforce the 

boundary condition at the wall because the latter is in 

fact a strong function of the core temperature. Once a 

self-consistent solution is reached, we can generate a 

family of temperature profiles presented in figure 2. It 

can be deduced from it that the core temperature 

increases with the current. This agrees with what one 

might expect intuitively. Plus, at high current and 

temperatures, the profile becomes much squarer as the 

radiation losses begin to dominate. Then we go from a 

core profile with high gradient to a coreless form. 

 
Fig. 2: Radial distribution of temperature of a wall 

stabilized arc column of 5 mm radius at 1 bar and 
considering 5 mm plasma radius. 

 

The change in shape of the curves can be interpreted 

going back to the Elenbaas-Heller equation, with a 

changing mechanism of heat loss. The primary 

information on the nature of the radial distribution of 

temperature follows from the differential equation of 

energy at the axis: 
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where )( 00 T  , )( 00
Tqq radrad  . It may be seen 

that the sign of the equation 
0

2

0 radqE   determines 

the sign of the second derivative of the temperature, i.e. 

the sign of the curvature of the profile in the immediate 

vicinity of the arc axis.  The assumption of the maximum 

temperature at the axis of the arc indicates that the 

strength of the electrical field should satisfy the 

condition  

0
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The form of the profile T(r) depends strongly on the 

nature of variation of the complex /radq  with 

temperature [8]. At low temperature, this is low due to 

small radiation losses and the temperature profile must 

have a large enough gradient to drive the conductive 

loss. It consists then of a narrow central core with a 

sharp decrease of temperature, i.e. the constricted type 

arc. This low temperature profiles found here are similar 

in shape to those derived by Maecker [13] who modeled 

electric conductivity )(T  as a piecewise linear 

function of the integrated thermal conductivity 

 dTS   and the solved the non-radiative profile 

analytically. At high temperature, /radq is great and 

sufficient heat can be radiated without a large 

temperature gradient. In this way, as the core 

temperature increases, the profile becomes flatter in the 

center and squarer in shape.  

Finally, let us notice that a little change of the core 

temperature can lead to a swing with a temperature 

increasing radially (that is a heat input is required from 

the outside) due to the strong temperature dependence of 

the radiative losses, especially at 20 bars where equation 

[19] induces to consider absolutely auto-absorption to 

avoid this swing and have a physical solution.  

 

4.2. Current-voltage characteristic of a hydrogen arc 

column and pressure  

The temperature profile being derived, the current 

calculation from Ohm’s law equation [10] is a 

straightforward integration. It follows the electric 

characteristic.

 
 
Fig. 3: Current-voltage characteristic of a wall stabilized 

arc column of 10 mm radius  
 
It comes out from figure 3 that the electric field is 

decreasing with current. The hyperbolic form of the plots 

shows that the power per unit length EIw  is almost 

constant in the current range considered here.  

At 1 bar pressure, radiation can be negligible until a 

current of the order of one hundred amperes whereas at 

20 bars, it becomes preponderant even at very low 

current. Regarding the arc temperature, the figure 4 



shows that it decreases with radiation, especially at 20 

bars. Such tendency is more and more dire as the 

pressure is increased.  

These remarks on the pressure issue were independent of 

the tube radius as the latter was varied in a range from 5 

to 10 mm. In fact, reducing the confinement was only 

responsible of a decrease in the electric field at a given 

current, due to the conjunction of the arc cooling and a 

modification in temperature profiles, going from an arc 

flatter at the center to a constricted type arc (see figures 

5 through 7).  

 
Fig. 4: Temperature at the axis vs current for a wall 

stabilized arc column of 10 mm radius 
 

 
Fig. 5: Electric field and temperature at the axis vs 

current for a wall stabilized arc column at 1 bar 
pressure 

To summarize the pressure issue, it comes out that 

changing operational conditions from 1 to 20 bars leads 

to an electric field multiplied by a factor 2. This is a 

good agreement with the order of magnitude found from 

empirical laws in the literature for the effect of pressure 

on hydrogen blown arcs [14-15] 

 
4.0PE   [14]       (20) 

BPAE  )ln(  [15]     (21)  

and for which the multiplying factor is around 3.  

 

Conclusion 

This simple wall stabilized hydrogen arc column model 

gives results that are in line with works on hydrogen 

current-voltage characteristic [13-15] and on the effect 

of pressure [14-15]. Moreover, it corroborates the fact 

that, in high-temperature plasma due to current and/or 

pressure increase, the radiation constitutes an important 

energy loss term that must be taken into account in any 

model. 

 

 
Fig. 6: Electric field and temperature at the axis vs 

current for a wall stabilized arc column at 20 bar 
pressure 

 
Fig. 7: Radial distribution of temperature of a wall 

stabilized arc column for different radii, I=195A 
and at 1 bar and 20 bar pressures. 
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