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DISSIPATIVE BOUNDARY CONDITIONS FOR ONE-DIMENSIONAL
NONLINEAR HYPERBOLIC SYSTEMS*

JEAN-MICHEL CORON', GEORGES BASTIN?, AND BRIGITTE D’ANDREA-NOVELS#

Abstract. We give a new sufficient condition on the boundary conditions for the exponential
stability of one-dimensional nonlinear hyperbolic systems on a bounded interval. Our proof relies on
the construction of an explicit strict Lyapunov function. We compare our sufficient condition with
other known sufficient conditions for nonlinear and linear one-dimensional hyperbolic systems.
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1. Introduction. We are concerned with the following one-dimensional n x n
nonlinear hyperbolic system:

(1.1) w4+ F(u)uy, =0, z€]0,1], te€]0,+00),

where u : [0,00) x [0,1] — R™ and F : R" — M, ,(R), M, (R) denoting, as
usual, the set of n x n real matrices. We consider the case where, possibly after an
appropriate state transformation, F'(0) is a diagonal matrix with distinct and nonzero
eigenvalues:

(1.2) F(0) :=diag (A1, As, ..., Ay),
A;>0 Vie{l,...,m},
A <0 Vie{m+1,...,n},

(1.3) A #A; Y(i,5) € {1,...,n}? such that i # j.

In (1) and in what follows, diag (A1, As, ..., A,) denotes the diagonal matrix whose
ith element on the diagonal is A;.

Our concern is to analyze the asymptotic behavior of the classical solutions of the
system under the following boundary condition:

u+(t70) -G U+(t7l)

(14) u_(t,1) u_(t,0)

, t € [0, +00),

where the map G : R™ — R” vanishes at 0, while uy € R™, u_ € R*"™™ are defined
by requiring that u := (uff,u")". The problem is to find the map G such that
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DISSIPATIVE BOUNDARY CONDITIONS 1461

the boundary condition (1.4) is dissipative, i.e., implies that the equilibrium solution
u = 0 of system (1.1) with the boundary condition (1.4) is exponentially stable.

This problem has been considered in the literature for more than 20 years. To
our knowledge, the first results were published by Slemrod in [21] and Greenberg and
Li in [9] for the special case of 2 x 2 (i.e., u € R?) systems. A generalization to n x n
systems was given by the Li school. Let us mention in particular [17] by Qin, [25] by
Zhao, and [14, Theorem 1.3, page 173] by Li. All these results rely on a systematic
use of direct estimates of the solutions and their derivatives along the characteristic
curves. They give rise to sufficient dissipative boundary conditions which are kinds of
“small gain conditions.” The weakest sufficient condition [14, Theorem 1.3, page 173]
is formulated as follows: p(|G'(0)|) < 1, where p(A) denotes the spectral radius of
A € M, o(R) and |A| denotes the matrix whose elements are the absolute values of
the elements of A € M,, ,(R).

In this paper we follow a different approach, which is based on a Lyapunov sta-
bility analysis. The special case of 2 x 2 systems and F(u) diagonal has recently
been treated in our previous paper [6]. In the present paper, by using a more general
strict Lyapunov function (see section 4), we get a new weaker dissipative boundary
condition, stated as follows:

Inf {|AG'(0)A™Y|; AeD, 4} <1,

where || || denotes the usual 2-norm of matrices in M, ,(R) and D,, + denotes the
set of diagonal matrices whose elements on the diagonal are strictly positive.

Moreover, our proof is rather elementary, and the existence of a strict Lyapunov
function may be useful for studying robustness issues.

Our paper is organized as follows. In section 2, after some mathematical pre-
liminaries, a precise technical definition of our new dissipative boundary condition is
followed by the statement of our exponential stability theorem. Section 3 is then de-
voted to a discussion of the optimality properties of our dissipative boundary condition
and to a comparison of this condition with other stability criteria from the literature,
namely the criterion [14, Theorem 1.3, p, 173] mentioned above and a stability cri-
terion for linear hyperbolic systems due to Silkowski. The proof of our exponential
stability theorem, including the Lyapunov stability analysis, is thoroughly given in
section 4. The paper ends with two appendices, where some technical properties of
our dissipative boundary condition are given.

2. A sufficient condition for exponential stability. For
r = (T1,...,2,)" €C",

|z| denotes the usual Hermitian norm of x:

For n € N\ {0} and m € N\ {0}, we denote by M,, ,,(R) the set of n x m real
matrices. We define, for K € M, ,,(R),

|IK|| ;= max{|Kz|;z € R", |z| = 1} = max{|Kz|;2 € C", |z| = 1},
and, if n = m,

(2.1) p1(K) :=Inf {|AKA™||; A€ D, 1},
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1462 J.-M. CORON, G. BASTIN, AND B. D’ANDREA-NOVEL

where D,, ; denotes the set of n x n real diagonal matrices with strictly positive
diagonal elements.

For ¢, let B. be the open ball of R™ of radius e. We assume that, for some g9 > 0,
F : B,y — M, ,(R) is of class C? and that there exists m € {0,...,n} and n real
numbers Aq,..., A, such that

(2.2) A;>0 Vie{l,...om}land A; <0 Vie{m+1,...,n},
(2.3) F(0) = diag (Aq,...,A,),
(2.4) A; # A Y(i,j) € {1,...,n}? such that i # j.

For v € R", uy € R™ and u_ € R"™™ are defined by requiring

()

As mentioned in the introduction, we are mainly interested in analyzing the
asymptotic convergence of the classical solutions of the following Cauchy problem:

(2.5) u + F(u)uy, =0, z€][0,1], te€][0,+00),

U+(t, O) o U+(f, 1)
I e
(2.7) u(0,2) = u’(x), x € [0,1].

Concerning G, we assume that G : B., — R™ is of class C? and satisfies G(0) = 0. We
define Fy (u) € My n(R), F_(u) € Mp—m)n(R), G (u) € R, and G_(u) € R*"™™

by requiring
ro= () ow=(20)

Regarding the existence of the solutions to the Cauchy problem (2.5)—(2.7), we
have the following proposition.
PROPOSITION 2.1. There exists 6o > 0 such that, for every u® € H?((0,1),R")
satisfying
|| 2((0,1),8m) < 6o

and the compatibility conditions

uy (0) uf (1)
2.8 S =6l T,
(2:8) (uo(l) u® (0)

(29)  Fi(u(0))ug(0) =

x

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



DISSIPATIVE BOUNDARY CONDITIONS 1463

w9 (1
G, (u:): EOD

(2.10) F_(u®(1)ul(1) =

x

Fi(u”(1))ug(1)

) uf (1)
G (u{(O))

the Cauchy problem (2.5)—(2.7) has a unique maximal classical solution

F_(u®(0))u(0),

+

ue C°([0,7), H*((0,1), R™))
with T € [0, +00]. Moreover, if
\u(t, '>|H2((071)’Rn) <é6y Vte [O,T),

then T = +o00.

For a proof of this proposition, see, for instance, [12] by Kato, [13, pp. 2-3] by
Lax, [16, pp. 35-43] by Majda, or [20, pp. 106-114] by Serre. Actually [12, 13, 16, 20]
deal with R instead of [0, 1], but the proofs given there can be adapted to treat this
new case. See also [15, pp. 96-107] by Li and Yu for the well-posedness of the Cauchy
problem (2.5)-(2.7) in the framework of functions u of class C'. Let us briefly explain
how to adapt these proofs in order to get, for example, the existence of a solution
u € C°[0,7],H?((0,1),R™)) to the Cauchy problem (2.5)—(2.7) if m = n (just to
simplify the notation), for T € (0,+o00) given, and for every u’ € H?((0,1),R")
satisfying the compatibility conditions (2.8)—(2.9) (when m = n, condition (2.10)
disappears) and such that |u’| H2((0,1),") is small enough (the smallness depending
on T in general). We first deal with the case where

T € (0,min{A7*,...,A1}).

The basic ingredient is the following fixed point method, which is related to the one
given in [15, page 97] (see also the pioneering works [12] and [13, pp. 2-3], where the
authors deal with R instead of [0, 1]). For R > 0 and for u® € H?((0, 1), R") satisfying
the compatibility conditions (2.8)—(2.9), let Cr(u°) be the set of

u € L*°((0,T), H*((0,1),R™)) nW*>((0,T), H'((0,1),R™))
NW2((0,T), L*((0,1),R™))
such that
[ul Lo (0,1, 52 ((0,1),R")) < R,
[ulw.eo (0,1, 51 ((0,1),R7)) < R,
<R,

|U\W2=oo((o,T),L2((o,1),Rn)) <

u(~7 1) S HQ((O,T),Rn) and |u(, 1)|H2((0’T)’]Rn) < R2,
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1464 J.-M. CORON, G. BASTIN, AND B. D’ANDREA-NOVEL

The set Cr(u) is a closed subset of L>((0,T), L*((0,1),R™)) (at least if [u®| g2((0,1),rm)
is small enough so that |UO|CO([071],RTL) < g9). Given R > 0, the set Cr(u?) is not empty
if |u®|g2((0,1),rm) is small enough. Let F : Cr(u®) — L*>((0,T),H?((0,1),R™)) N
Wheo((0,T), H ((0,1),R™)) N W2°°((0,T), L?((0,1),R™)) be defined by F(@) = u,
where u is the solution of the linear hyperbolic Cauchy problem

(2.11) u + F(@)u, =0, u(t,0)=G(a(t, 1)), te][0,T],
u(0,2) = u’(x), z € 0,1].

The set Cr(u®) is a closed subset of L>((0,T), L*((0,1), R™)) (at least if [u®|g2((0,1),rn)
is small enough so that |u°|pe((0,1),r") < €0/2). Moreover, given R > 0, Cr(u) is
not empty if |u?| H2((0,1),rn) is small enough. Using standard energy estimates and
the finite speed of propagation inherent in (2.11), one gets the existence of M > 0
and Ry > 0 such that, for every R € (0, Ro], there exists § > 0 such that, for every
u® € H?((0,1),R") such that |u’|g2(01)rn) < ¢ and satisfying the compatibility
conditions (2.8)—(2.9),

(2.12) F(Cr(u®)) C Cr(u®)

and

|F(@2) — f(ﬂl)|L°o((0,T),L2((0,1),Rn)) + M|F(a2)(-,1) — F(t1)(- 1)|L2((071)JR")

1, M, . - o
< §|u2*’u1\Loc((o,T),L2((o,1),Rn))+?\U2(',1)*’&1(', Dlr2(o,1)re)  V(i,d2) € Cr(u).

This allows us to prove that F has a fixed point u € Cr(u®); i.e., there exists a solution
u € Cr(u®) to the Cauchy problem (2.5)—(2.7). In order to get the extra regularity
property u € CY([0, T], H?((0,1),R™)), one can adapt [16, pp. 44-46] by noticing that,
when one uses usual energy estimates to get (2.12), one also gets, for v := F(@) with
@ € Cr(u?), the “hidden regularity” u,.(-,1) € L*((0,T), R™) together with estimates
on |z, 1)|z2((0,7),r") Which are sufficient to take care of the boundary terms which
now appear when one does integrations by parts. The case of general T' € (0 + o)
follows by applying the above result to [0, Th], [T1, 2T4], [2T1, 3Th], . . ., with T} given
in (0,min{A7*,...,A;;'}). This concludes our sketch of the proof of Proposition 2.1.

We adopt the following definition of the exponential stability of the equilibrium
solution u = 0.

DEFINITION 2.2. The equilibrium solution u = 0 of the nonlinear hyperbolic
system (2.5)—(2.6) is exzponentially stable (for the H*>-norm) if there existe > 0, v > 0,
and C > 0 such that, for every u® € H?((0,1),R"™) satisfying [u°|p2(0,1),rn) < €
and the compatibility conditions (2.8)—(2.10), the classical solution u to the Cauchy
problem (2.5)—(2.7) is defined on [0,+00) and satisfies

(2.13) |u(t, -)|H2((011)7Rn) < Ce_”t|u0|Hz((0’1)_’Rn) vVt € [07 +OO)

Our main result is the following theorem.

THEOREM 2.3. If p1 (G'(O)) < 1, then the equilibrium u = 0 of the quasi-linear
hyperbolic system (2.5)—(2.6) is exponentially stable.

The proof of this theorem is given in section 4.

As mentioned in the introduction, the next section is devoted to a comparison of
our dissipative boundary condition (i.e., p;(G’(0)) < 1) with other stability criteria
from the literature, namely the criterion given in [14, Theorem 1.3, page 173] and a
stability criterion for linear hyperbolic systems.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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3. Comparison with other stability conditions. In this section, we first
compare our condition p;(G’'(0)) < 1 for exponential stability (Theorem 2.3) with
a prior condition found by Li [14, Theorem 1.3, page 173]. In the second part of
this section we shall compare our condition to conditions for the stability of linear
hyperbolic systems.

3.1. Comparison with the Li condition. Let us first introduce some notation
and definitions. For K € M,, ,,(R), we denote by K;; the term on the ith line and
jth column of the matrix K and denote by | K| the matrix in M,, ,,(R) defined by

|K|7’] = |K7’]| vi€{17...,n}7 Vj€{17"'7m}.
We define, for K € M, ,(R),

Ry(K) :=Max { Y |Kilii€{1,...,n} o,
j=1

pa(K) :=Inf {Re(AKA™); A€ D, 4}
Note that, by [14, Lemma 2.4, page 146],

(3.1) p2(K) = p(|K]),

where, for A € M,, ,,(R), p(A) is the spectral radius of A. In the following theorem,
we recall the sufficient condition for exponential stability introduced by Li.

THEOREM 3.1 (see [14, Theorem 1.3, page 173]). Assume that p2(G'(0)) <
1; then 0 € C'([0,1],R™) is locally exponentially stable in the C'([0,1])-norm for
the hyperbolic system (2.5)—(2.6); i.e., there exist € > 0, v > 0, and C > 0 such
that, for every u® € C*([0,1],R™) satisfying [u®|c1(jo,1),r») < € and the compatibility
conditions (2.8)—(2.10), the Cauchy problem (2.5)—(2.7) has a unique solution u in
C([0,+0) x [0,1],R™), and this solution satisfies

|u(t, ')|Cl([071]’Rn) < C'e_”t|u0|cl([071]’Rn) Vt € [0,4—00)

The following proposition and (3.3) show that our new sufficient condition, namely
p1(G'(0)) < 1, is weaker than the previous one.
PROPOSITION 3.2. For every K € M,, ,(R),

(3.2) p1(K) < pa(K).

Let us point out that there are matrices K such that inequality (3.2) is strict.

For example, for a > 0, let
a a
K, = < ) S Mgg(R).
—a a
Then

(3.3) 1 (Ka) = V2a < 2a = py(K,).

Remark 3.3. In fact, in [14, Theorem 1.3, page 173], it is assumed that G
depends only on u_ and that G_ depends only on u,. However, if one takes

K=" ") em (R)
= Ka 0 4.4 )
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1466 J.-M. CORON, G. BASTIN, AND B. D’ANDREA-NOVEL

n =4, m =2, and G(u) := Ku, which are allowed by the type of boundary conditions
considered in [14, Theorem 1.3, page 173], one again gets p1(K) = v2a < 2a =
p2(K).

Proof of Proposition 3.2. Let us first prove the following lemma.

LEMMA 3.4. For every K € M,, ,(R), for every D € D,, 1, for every A € D,, 4,
for every X € R™, and for every Y € R",

1 1
(34) YTAKA'X < 5Rz(DA—lK“’AD—l)|X|2 + §R2(DAKA‘1D‘1)|Y|2.
Proof of Lemma 3.4. Replacing, if necessary, K by AKA~!, we may assume with-

out loss of generality that A is the identity map of R?. We write X := (X1,...,X,)" €
R™ Y :=(Y1,...,Y,)" € R*, D :=diag (Dy,...,D,). One has

Y“KX:zn:YZ— zn:Kinj ZZ ” DYD X;
i=1 j=1

i=1 j=1
1 1
3.5 <= ~Qo,
(3.5) 2@1 + 2@2
with
‘Kij‘ 2v2 ‘Kij‘ 2v2
Ql._zz DXang_ZZ DiYi.
=1 j=1 =1 j5=1
Note that
-3 (Sl ) =3 (S0 Ry, ) 5
j=1 \i=1 j=1 \i=1
n
(3.6) <Y Ry((D'KD)")X} = Ro(DK" D)X,
j=1
Similarly,
=> ZDlelD Y2 =3 | D IDKD )yl | Y7
i=1 i=1 \j=1
n
(3.7) <Y Ro(DKD Y)Y? = Ry(DKD Y)Y |2

i=1

Inequality (3.4) follows from (3.5), (3.6), and (3.7). This concludes the proof of
Lemma 3.4. ]
Let us go back to the proof of Proposition 3.2. One easily sees that

(3.8) {(DA™",DA); D€Dpy, A€Dy } =Dyt XDy .
Equality (3.8) implies that
(3.9) pa(K"™) + pa(K)

=Inf {Roy(DAT'K"AD ™) + Ry(DAKA™'D™Y); DeD, ., AcD, .}
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Using (3.1), we have

(3.10) p2(K™) = p(|K™]) = p(|1K|"") = p(|K]) = p2(K),

which, together with (3.9), gives

(3.11) Inf {Ry(DAT'K|"AD™') + Ry(DA|K|AT'D™Y); DeD, +, A€ D, 1}
= 2p2(K).

Finally, let us note that, for every A in D, .,

(3.12)
Sup {YTAKAT'X; X e R", Y € R",|X| = |V]| =1} = [AKAY| > p1 (K).
Proposition 3.2 follows from (3.4), (3.11), and (3.12). o

3.2. Comparison with stability conditions for linear hyperbolic sys-
tems. Replacing, if necessary, y(t,x) by

y+(t’ l‘)
y*(tv 1 - x) ’

it may be assumed, without loss of generality, that the speeds of propagation A; are
all positive. More precisely we consider the special case of linear hyperbolic systems

(3.13) ye +Ay. =0, y(t,0) = Ky(t,1),
where
(3.14) A :=diag (A1,...,A,), withA; >0 Vie{l,...,n}.

In order to avoid compatibility conditions, one can deal with the case where y(¢,-) €
L?((0,1),R") (instead of y(t,-) € H%((0,1),R"), as we consider above for the nonlin-
ear hyperbolic system (2.5)—(2.6)). It is well known that the Cauchy problem associ-
ated with (3.13) is well posed in L?((0,1),R™); that is, for every y° € L%((0,1),R"),
there exists a unique

y € C°([0, +00), L*((0,1),R™))
solution of (3.13) satisfying the initial condition
(3.15) y(0,-) =y’

Of course, (3.13) has to be understood in the classical weak sense; i.e., for every
€ CH([0,+00) x [0,1]; R™) with compact support and satisfying

e (t, 1)A — o (t,00AK =0 V¢t € [0, +00),

we have

400 1
/ / (}" + ¢y ) ydscdt+/ ©™(0,2)y°(x)dx = 0.
0
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1468 J.-M. CORON, G. BASTIN, AND B. D’ANDREA-NOVEL

See, for example, [5, section 2.1].

As usual, we say that 0 € L?((0,1),R"™) is exponentially stable for (3.13) (for
the norm of L%((0,1),R")) if there exist ¥ > 0 and C > 0 such that, for every
y® € L?((0,1),R™), the solution of the Cauchy problem (3.13), (3.15) satisfies

ly(t, ) L2((0,1),r7) < C'Bﬂt|ZJO|L2((0,1),W) vt € [0, +00).

One easily checks that (3.13) is equivalent to
(3.16) ¢i(t) =Y Kijo;(t —r;) Vie{l,...,n},
j=1

with

0;(t) == y;(t,0), ;= Alj’ je{l,...,n}.

Hence (3.13) can be considered as a linear time-delay system. By a classical result on
linear time-delay systems (see, e.g., [10, Theorem 3.5 page 275] by Hale and Verduyn
Lunel), 0 € L?((0,1),R™) is exponentially stable for the system (3.13) if and only if
there exists 6 > 0 such that

(3.17) (det (Id,, — (diag (e7™*,...,e " ™*)K) =0, z € (C) = (R(z) < =90),

where Id,, is the identity map of R™ and R(z) denotes the real part of the complex
number z. Note that p;(K) < 1 implies the existence of § > 0 such that (3.17) holds.
Indeed, let us assume that pi(K) < 1. Then, by (2.1), there exist u € (0,1) and
D € D, 4 such that

(3.18) IDKD™Y| < p
Let us assume that z € C is such that
det (Id, — (diag (e™"%,...,e""*))K) = 0.
Then
det (Id, — (diag (e™"**,...,e”""*))DKD™")
= det (D(Id,, — (diag (e~"%,... e )K)D™)
= det (Id,, — (diag (e "**,...,e ""*))K) =0,
which implies that
(3.19) |(diag (e"™%,...,e"™*))DKD™Y)|| > 1.
Since
|(diag (e~"%,...,e~"*))DK DY) < ||diag (e~"*,...,e~™)[[|| DK D™

<e” min{r;R(z),...,rnN(2)} ||DKD—1 ||’
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one has, also using (3.18) and (3.19),
(3.20) e—min{rléﬁ(z),...,rn%(z)}u > 1.

Inequality (3.20) implies that (3.17) holds with 6 := In(u)/(max{r1,...,r,}) < 0.
The converse is false: the existence of 6 > 0 such that (3.17) holds does not imply
that p1(K) < 1. For example, let us choose r; :=1, ro := 2, and

a a
K:—< ), a€R.
a a

(This example is borrowed from [10, page 285].) It is easily seen that p1(K) = 2|al.
Hence p1(K) < 1 is equivalent to a € (—1/2,1/2). However, the existence of § > 0
such that (3.17) holds is equivalent to a € (—1,1/2).

If we want to try to apply results on the stability of the linear hyperbolic system
(3.13) in order to get the stability of our nonlinear hyperbolic system (2.5)—(2.6), since
F(u) depends on u, it is natural to ask for the robustness of the stability of the linear
hyperbolic system (3.13) with respect to small changes on the A;’s, i.e., on the speeds
of propagation. (One can easily sees that the stability is robust with respect to small
changes on K.) Let us adopt the following definition.

DEFINITION 3.5. The linear system (3.13) is robustly exponentially stable with
respect to the speeds of propagation if there exists € > 0 such that, for every A :=
diag (1~\1, e 71~\n) € Dy, + such that

|Ai—AZ“<€ ViE{l,...7n},
0 € L?((0,1),R™) is exponentially stable for the perturbed linear hyperbolic system
ye+ Ay, =0, y(t,0) = Ky(t,1).

One has, then, the following theorem, which is due to Silkowski (see [10, Theo-
rem 6.1, page 286]; see also [26, 11]).
THEOREM 3.6. Let

(3.21) po(K) := max{p(diag (¢?*,...,e"")K); (01,...,0,)" € R"},

with 1 := /—1. If the (r1,...,r,) are rationally independent, the linear system (3.13)
is exponentially stable if and only if po(K) < 1. In particular (note that po(K) depends
continuously on K ), whatever (r1,...,r,) € (0,400)" is, the linear system (3.13) is
robustly exponentially stable with respect to the speeds of propagation if and only if
po(K) < 1.

From this theorem the interest of comparing po(K) and p;(K) is clear. This is
done in the following proposition.

PROPOSITION 3.7. For every n € N and for every K € M, ,(R),

(3.22) po(K) < p1(K).

For every n € {1,2,3,4,5} and for every K € M, »(R),

(3.23) po(K) = pr ().

For every n € N\ {1,2,3,4,5}, there exists K € My, »(R) such that
(3.24) po(K) < p1(K).

The proof of Proposition 3.7 is given in Appendix B.
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4. Proof of Theorem 2.3. For the clarity of the analysis, we first deal in detail
with the case where m = n and then give only the main modifications to deal with
the case m < n. When m = n the boundary condition (2.6) reads

(4.1) u(t,0) = G(u(t,1)),  t€[0,+00),
and the compatibility conditions (2.8)~(2.10) become

(4.2) u’(0) = G(u’(1)),

(4.3) F(u®(0))ug(0) = G (u® (1)) F(u’ (1) Jug (1).

Let us introduce some simplifying notation,
(4.4) A:=F0) €Dy, K:=G(0), vi=uy, w:i=0v;=uUy,

and let us denote by S,, the set of n x n real symmetric matrices and by S, + the set
of n X n real symmetric positive definite matrices.

We shall repeatedly use the following lemma.

LEMMA 4.1. Let A :=diag (Aq,...,A,) € Dy, be such that (2.4) holds. Let A €
D,,. Then there exist a positive real number n and a map N : {M € M, ,(R);||M —
Al < n} — Sp of class C*° such that

N(A) = A,
N(M)M — M"N(M)=0 VM € M, ,(R) such that ||[M — A|| <.

Proof of Lemma 4.1. Let A, be the set of matrices A € M,, ,(R) such that
A" = —A. For M € M,, »,(R), let us consider the following linear map:

Ly: S, — A, X Dy,
S (SM — M¥™S,Diag (),
where Diag (S) := diag (S11,...,Snn). Noticing that
SA—A"S =(Aj—N;)S;; Vie{l,...,n},Vje{l,...,n},VS €S,

and using (2.4), it is easily checked that L5 : S, — A, x D,, is an isomorphism.
Hence there exists 1 > 0 such that, for every M € M,, ,(R) such that |M — A|| < n,
L)y is an isomorphism. It then suffices to define N by

N(M) = L3} (0,A).

This concludes the proof of Lemma 4.1. ]

For the stability analysis, we now introduce the Lyapunov function candidate
(45) V(U, v, U)) =V (U) + ‘/2(u7 U) + V3(u7 v, U}),
with

1
(4.6) Vi(u) = / u" Q(u)u e *du,
0
1
(4.7) Va(u,v) = / V" R(u)v e " dz,
0
1
(4.8) Va(u,v,w) = / w™ S (u)w e *d,
0
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where p > 0, Q(u), R(u), and S(u) are symmetric positive definite matrices which
will be defined later.

Remark 4.2. The weight e™#* is essential to get a strict Lyapunov function. It is
similar to the one introduced in [4] to stabilize the Euler equation of incompressible
fluids (see the definition of V' given on page 1886 of [4]). It has also been used by
Xu and Sallet in [24] for quite general linear hyperbolic systems (see also [22] by
Tchousso, Besson, and Xu).

Let us compute the time derivative V; of V; along the classical C-solutions of
system (2.5) with boundary conditions (4.1). One has

Vi = /(Jl{Qu”Q(u)ut +u“(Q(u))tu}e_’”dx

= [ {2 QP + v (@ @ulufe v aa.

where @’ (u) is the linear map from R™ to S, which stands for the derivative of Q) at
the point u. Hence

(4.9)
1
V= / {—(utrQ(u)F(u)u)ac +u'r (Q(u)F(u))xu — ¥ [Q’(U)F(u)v}u}e*“wdm
0
For f € C°([0,1],R™), we denote by |f|o its C®-norm: |flo := max{|f(z)|; = € [0,1]}.
From now on, V; and V; are considered as functionals defined, respectively, by (4.6)

and (4.9) on the set V; of u € C*([0, 1], R") satisfying |u|op < o9 and the compatibility
condition

(4.10) up = G(u1),
with ug := u(0) and uy := u(1).
Since p1(K) < 1 by assumption, there exists D € D,, 1 such that |[DKD~|| < 1.
The matrix Q(u) is selected as the matrix N(F(u)) of Lemma 4.1 with A := D?A~".
Our estimates on V; and V; are in the following lemma.

LEMMA 4.3. There exists 1 > 0 such that, for every u € (0,u1), there exist
positive real constants aq, (81,01 such that, for every u € V1 such that |ulo < 61,

1t 1
(4.11) —/ lu|?dx < Vi(u) < 61/ lul?dz,
B1 Jo 0

1
(4.12) Vi(u) < falvl(u)+61/ |uf*u |de.
0

Proof of Lemma 4.3. Throughout this proof, u is assumed to be in V;. From the
construction of @,

(4.13) QUO)F(0) = Q(O)A = D* €D, .
and there exists 611 € (0,£0/2) such that

(4.14) Qa) € Sp+ and Q(a)F(a) € S+ Va € R" such that |a| < 611.
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Clearly, from (4.14), we obtain that, for every pu > 0, there exists 8; > 0 such that
(411) holds if |’UJ|0 < 611.

Let us now deal with the estimate (4.12) on V;(= Vi(u)). Let us decompose V;
in the following way:

(4.15) Vi =T+ Tia + Ths,

with

(4.16) Ty := —,u/ol (UtrQ(u)F(u)u) e Hdy,
(4.17)  Tip:= /01 (utrQ(u)F(u)ue*M)wdx,

*18) Tis = /01{““([@’<u>vJF<u> + QU)IF (u)e] ~ [@(w)F(w)e] Jufe = d.

Analysis of the first term T11. By (4.11) and (4.14), for every p > 0, there exists
a positive real constant a; > 0 such that, if |ulyp < 611,

(419) 711 < —a1V1.

Analysis of the second term T15. One has

Tio = — [utrQ(u)F(u)ue_’“C (1)

= _ (uﬁrQ(ul)F(ul)ulef“ - u(t)rQ(uo)F(uo)u()).

Let us introduce a notation in order to deal with estimates on “higher order terms.”
We denote by O(X,Y), with X > 0 and Y > 0, quantities such that there exist C' > 0
and ¢ > 0, independent of u, v and w, satisfying

(¥ <2) = (I0(X,Y)| < OX),
Using the compatibility condition (4.10), we have
Tio = — (W Q(ur) F(un)ure™ — (G(ur)) " Q(G(ur)) F(G(un)) Glun) )

(4.20) — (Q(O)Aﬂ - K“Q(O)AK)ul + O(jur?; ).
For uy € R™, we define ¢ := Du;. Then, using (4.13), we have, for every u; € R",

K" Q(0)AKuy = uf' K" DDKuy = (("D™'K"D) (DKD™'¢) = [DKD~'(|>.
Hence, using (4.13) once again, we have, for every u; € R™,
(4.21) WK Q(0)AKuy < ||DKD™|2¢™¢ = |IDKD™|2uf Q(0)Auy.

From this inequality and the fact that ||[DKD™!|| < 1, it follows that, taking u > 0
small enough (which is always implicitly assumed), Q(0)Ae™* — K" Q(0)AK is a
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positive definite matrix. Then, using (4.20), there exists §12 > 0 such that, if |u;| <
5127

(4.22) T2 < 0.

Analysis of the third term Ty3. The integrand of 773 is linear with respect to v
and, at least, quadratic with respect to u. It follows that, increasing the value of (;
if necessary, there exists a real positive constant 613 such that, for |u|o < 613,

1
(4.23) T < gl/ (uf2[v|da.
0

Then, collecting inequalities (4.19), (4.22), and (4.23) together, if
lulo < 61 := min{d11, 12, 613},

we conclude that
1
(4.24) Vi=Ti1+Tie+T1s<—aVh + 51/ |u|?|v|da.
0

This completes the proof of Lemma 4.3. O

From Lemma 4.3 it appears that it is clearly necessary to examine the dynamics
of v = uy in order to carry out the Lyapunov stability analysis. This is the reason
why the Lyapunov function (4.5) is extended with terms involving v. By time differ-
entiation of the system equations (2.5) and (4.1), it may be shown that v satisfies the
dynamics

(4.25) v+ F(u)v, + [F'(u)vjlv =0, z€]0,1], t€]0,+0),
(4.26) F(u(t,0)v(t,0) = G (u(t, 1)) F (u(t, 1)) v(t, 1), t € [0, +0c0).

Let us compute the time derivative of V5 along the classical C''-solutions of system
(4.25) with boundary conditions (4.26). One has
) 1
Vo = / {QUHR(u)vt + o' (R(u))tv}e_“xdx
0

1
(427) = /0 {*QUtrR(U)F(U)vx — 20" R(u)[F' (u)v]v — v™ [R’(u)F(u)v]v}e*de.

From now on, Vs and V5 are considered as functionals defined, respectively, by

(4.7) and (4.27) on the set Vs of (u,v) € C?([0,1],R™) x C*([0, 1], R"™) such that
(4.28) lulo < eo,

(4.29) Uy =,

(4.30) up = G(u1),

(4.31) F(ug)vg = G’ (u1) F (u1) vy,

where uy := u(0), uy :=u(1) as above, and vg := v(0), v1 := v(1).
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The matrix R(u) is selected as the matrix N(F(u)) of Lemma 4.1 now with
A := AD?. Our estimates on V5 and Vs are in the following lemma.

LEMMA 4.4. There exists po > 0 such that, for every u € (0, u2), there exist
positive real constants ag, B2,062 such that, for every (u,v) € Vo such that |ulg < 82,

1 1 1
(4.32) —/ |v]2de < Va(u,v) < ﬁg/ lv|dz,
B2 Jo 0
. 1
(4.33) Va(u, ) < ~aa(Va(u,v) + fouf) + B2 | ol
0

Proof of Lemma 4.4. Throughout this proof, (u,v) is assumed to be in Vs. By
the construction of R, we have

(4.34) F(0)"'R(0)=A"'R(0)=D* €D, +
and the existence of 621 € (0,£9/2) such that
(4.35) R(a) € S; 4+ and R(a)F(a) € S+ Va € R™ such that |a| < d21.

Clearly, from (4.35), for every p > 0, there exists B2 > 0 such that (4.32) holds if
lulo < d21- ) . )

Let us now deal with the estimate (4.33) on Va(= Va(u,v)). Let us decompose Va
in the following way:

(4.36) Vo = To1 + Tao + Tos,

with

To1 = —u/o (v R(u)F(u)v)e” " dx,
T = —/0 (v“R(u)F(u)ve‘”z)mdaj,

Tos := / 1{v”([(R(u)F(u))m — 2R(u)[F (u)v] — [R/(u)F(u)va}e_/”’dx,

0

Analysis of the first term T31. By (4.32) and (4.35), for every u > 0, there exists
a positive real constant as; > 0 such that, if |ulg < 821,

(4.37) To1 < —a Va.

Analysis of the second term T33. One has

Too = — [U”R(u)F(u)veﬂ”];

. (UgrR(ul)F(ul)vle—ﬂ - vgrR(uo)F(uo)vo).
Under the boundary condition (4.31), we have

tr

Top = —off (R(un) F(un)e ™ — F(ur)" (G (w))

(F(G(un) ™) " RG()G (w) F ) on,
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which implies that
(4.38) Ton = —0'" (R(O)Ae*” - AK“A*R(O)KA)vl + O(|v1 PJua s Ju]).
We define ¢ := Dvy. Then, using (4.34), we have, for every v; € R,

(4.39)

o' KA R(0)Kvy = o' K" DDKvy = (("D~'K"D) (DKD~'¢) = [DKD~'¢|*.
Therefore, using (4.34) once again, we get that, for every v; € R™,

(4.40) VKA R(0)Kvy < [|[DKD™Y2¢"¢ = [|[DKD™Y2P0oi" A R(0) ;.

From (4.40) and the fact that |DKD~!|| < 1, it follows that, choosing p > 0 small
enough, A~'R(0)e™# — K'"A"'R(0)K is a positive definite matrix, which, in turn,
implies that the matrix R(0)Ae* — AK*"A='R(0)K A is also positive definite. Hence
there exist aga > 0 and 622 > 0 such that, if |ui| < 22, we have

(4.41) Toa < —auga|vr %,

Analysis of the third term T33. The integrand of 753 is, at least, cubic with respect
to v. It follows that, increasing the value of Bs if necessary, there exists 6235 € (0,£0/2)
such that, for |ulp < a3,

1
(4.42) Tas < 52/ |v|3da.
0

Then, collecting inequalities (4.37), (4.41), and (4.42) together, we conclude that if
|uo < b2 := min{d21, b2, 623} and if ag := min{as;, @22}, then

1
(4.43) Uy = Tor + Ton + Tos < —as(Va + |01]?) + s / o] d.
0

This completes the proof of Lemma 4.4. 0
Note that V5 is not sufficient to get an upper bound on fol |v|3dz. TFor that
reason, we also need to consider the dynamics of w to complete the Lyapunov stability
analysis. By a further time differentiation of the system equations (4.25)—(4.26), we
obtain
(4.44)
wy + F(u)w, + [F' (w)w]v + 2[F' (u)v]w + [ (v)(v,v)]v = 0,
ref01],  teo+oo),

under the boundary condition

(4.45)
F(ug)wo + [F' (ug)volve = [H' (u1)F (ur)v1]vr + H(u1)F (ur)wy + H (uy)[F' (ug)v1]vs,

with the notation wg := w(0),w; := w(1), and H(u) := F(G(u))" G’ (u)F(u). Using
the previous boundary conditions (4.30) and (4.31), this boundary condition (4.45)
may be written in compact form as

(4.46) wo = F(G(u1))  H(uy) F(ur)wy + Z(uq,v1),
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where Z is continuous on a neighborhood of 0 € R™ x R™ and such that
(4.47) Z(uy,v1) = O(|o1]?; Jua ).

Let us compute the time derivative of V3 along the classical C*-solutions of system
(4.44) with boundary conditions (4.46). One has

Vs = /O 1{2w”5’(u)wt + wtr(S(u))tw}ewzd@«
-/ {2 S s — 207w ([l + 208l + (), )0
(4.48) —wtr[S’(u)F(u)v]w}e‘”ld;v.
From now on, Vs and V; are considered as functionals defined, respectively, by (4.8)

and (4.48) on the set V3 of (u,v,w) € C3([0,1],R") x C2([0,1],R"™) x C([0,1],R")
such that

(4.49) lulo < €o,

(4.50) Uy = 0, Vg = W,

(4.51) up = G(ur),

(4.52) F(ug)vg = G’ (u1) F (u1) vy,

(4.53) wo = F(G(u1))  H(uy ) F(uy)wy + Z(ur,v1),

with ug := u(0), uy := u(1), vo := v(0), and vy := v(1) as above, and wp := w(0) and
wy = w(l).

The matrix S(u) is selected as the matrix N(F(u)) of Lemma 4.1 now with
A := A2D2A. Our estimates on V3 and Vj are in the following lemma.

LEMMA 4.5. There exists pg > 0 such that, for every pu € (0, us), there exist
positive real constants as, B3, 63 such that, for every (u,v,w) € Vs such that |ulo +
[vlo < 83, one has

1t 1
(4.54) —/ lw|dz < Va(u,v,w) < ﬁg/ |w|?dz,
B3 Jo 0

1
(4.55) vg,(u,v,w)<—a31@(u,v,w)+ﬂ3|m|4+ﬁ3/ (1of2lel + e o] ) de
0

Proof of Lemma 4.5. Throughout this proof, we assume that (u,v,w) € V5. By
the construction of S, we have

(4.56) A2S(0A ' =D?* €D, +
and the existence of 631 € (0,£9/2) such that
(4.57) S(a) € Sp+ and S(a)F(a) € S, + Va € R™ such that |u| < 631.

Clearly, from (4.57), we obtain that, for every pu > 0, there exists 3 > 0 such that
(454) holds if |u|0 < 631.
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~ Let us now deal with the estimate (4.55) on V(= Va(u,v,w)). Let us decompose
V3 in the following way:

(4.58) Vs = Tg1 + T + Tss,

with

T3 = ,u/ol (w“S(u)F(u)w) e Mdx,

x

T30 := — /01 (wtrS(u)F(u)wef‘“‘/’) dz,

Ty = — / 1{—w”([(s<u)F<u>>wv} (8" () F (u)o] ) + 20 S (w)[F ()]

+ 4w S (u) [F' (u)v]w + 2w [F" (u) (v, v)]v}ef‘“”da:.

Analysis of the first term T31. By (4.54) and (4.57), for every u > 0, there exists
a positive real constant a3 > 0 such that, if |uly < 31,

(459) 7},1 < —053‘/3.

Analysis of the second term T3o.

1
Tao = — [wtrS(u)F(u)we_‘”ﬁ .

=_ (wﬁrS(ul)F(ul)wle_” — wBrS(uo)F(uo)w()).
Under the boundary conditions (4.51) and (4.53), we have, also using (4.47),
Tyz = —wl (S(u) F(u)e ™

tr

— F(u)"H(u1)" (F(G(w)) ™) S(G(ul))H(ul)F(u1)>w1
+O(fvr]* + [oa|wi s [ua])
- (S(O)Ae‘” - A2K“A—25(0)A—1KA2)w1
(4.60) +O([or|* + [or[wn] + [wr[?fur]; fur]).
For wy € R™, we define ¢ := Dw;. Then, using (4.56), we have, for every w; € R",
W K"A72S(0)A ' Kwy = w K" DD Kw,
= (¢"D™'K"D) (DKD~'¢) = [DKD~'(]>.
Therefore, for every w; € R™, we have, using (4.56) once again,

wi KTAT2S(0)A" ' Kwy < ||[DKDY|?¢"¢ = | DKD | ?wi" A2 S(0) A~ w;.
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From this inequality and the fact that ||[DK D~!||? < 1, it follows that, choosing 1 > 0
small enough, A=2S(0)A~te * — K"A=2S(0)A~1K is a positive definite symmetric
matrix, which, in turn, implies that the matrix

(4.61) S(0)Ae ™ — A2K'"A2S(0)A" K A?

is also positive definite. Moreover, for every n > 0 and for every (vi,w;) € R™ x R™,
2 1 4 2
[P lwi| < w1 |* + mlws[*
4n

Hence, taking n > 0 small enough and also using (4.60), one gets the existence of
632 > 0 and (32 > 0 such that, if |u|0 + |’U|() < 639,

(4.62) T3z < PBaafon*.
Analysis of the third term 733. Note that
(F(u)G(u))e = [F'(u)]G(u) + F(u)G' (u)v.

It follows that there exist 633 > 0 and B33 > 0 such that, if |u|g + |v]o < 33, then

1
(163 T < B | (Pl + ool da.
0

Then, collecting inequalities (4.59), (4.62), and (4.63) together, we conclude that if
[ulo + [v]o < 63 := min{d31, 32, 633} and B3 := max{fs2, B33}, then

1
(4.64) Vs =T + T + oz < —aVs + Gsfou|* +ﬂ3/ (1of2le0l + o1 ) da.
0

This completes the proof of Lemma 4.5. O

Finally, we deal with V (see (4.5)) and V, which are now considered as functionals
on the set V of u € C3([0, 1], R") satisfying (4.49), (4.51), (4.52), and (4.53) with v :=
Uy and W = Ugy, ug = u(0), uy = u(l), vg := uz(0), v1 := vy (1), wo := Uz, (0), and
w1 := Uy (1). Of course, we “define” V by V(u) := Vi (u) + Va(u, uz) + Va (U, tg, sy
The following lemma holds.

LEMMA 4.6. Let p € (0, min{py, o, us3}). There exist positive real constants c,
B, and 6 such that, for every u € V such that |u|o + |uz|o < 6, we have

1 1 1
(165 3 / (uf? + ual? + Juzal?)dz < V() < 8 / (uf? + ua]? + [uza]?)dz,
0 0

(4.66) V < —aV.
Proof of Lemma 4.6. Throughout this proof, w is assumed to be in V. Let

6 = min{6y,62,83}, @ := min{ay,az, a3}, and § = max{f, B2, B3}. It readily
follows from (4.11), (4.32), and (4.54) that if |u|o + |uz|o < 6, then

1 1 B 1
@) 5 [+ Pt o) < V(@) <3 [l s+ e,
0 0
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In order to check (4.66) (for 6 > 0 small enough and § > 0 large enough), let us
first point out that, for every n > 0,

1 1
1

(4.68) —|ux|0/ | dm+n/ 0 2.

In order to get (4.66), it suffices to use (4.12), (4.33), (4.54), (4.55), (4.67), (4.68)
with 7 := a3/(233)? and to point out that

1 1
/ |u|2|u$\dx<|uw|o/ luf2da,
0 0
1 1
/ |ug|*da < |ua:|0/ |u, |2de,
0 0
j/ tga? s < |ux|oJ/ tga|2d2.

This concludes the proof of Lemma 4.6.

Finally, let us explain how to deduce Theorem 2.3 from Proposition 2.1 and
Lemma 4.6. By the Sobolev inequality (see, for instance, [3, Théoreme VII, page
129]), there exists C' > 0 such that, for every u in the Sobolev space H2((0,1),R"),

(469) |u|0 + \um|0 < Co‘u|H2((071)7]Rn)7

with
1/2

1
wma@mww=</<m2+mx%umu%w)
0

We choose g € (0, min{uq, p2, #3}]. Let us point out that a simple density argument
shows that (4.65) and (4.66) hold for every u € H?((0, 1), R") satisfying (4.51), (4.52),
and |ulg + |uzo < 8. Let

—mind 2%
(4.70) 5.m1n{200ﬁ,ﬁ}.

Note that § > 1. Using Lemma 4.6, (4.69), and (4.70), the following implications
hold for every u € H2((0,1), R") satisfying (4.51) and (4.52):

o
(471) (|U|H2((071)7Rn) < 5) = <u|0 + |7.Lm|() < 5 and V(U) < 552> ,

(4.72)

(|u|0 + |uglo < 6 and V(u) < ﬁ52) = (|u|0 + uelo < 5 and |u|g2((0,1),r) < 6O> ,

N >

(4.73) (Julo + |uz]o < 8) = (V(u) <0).
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Now let u® € H?((0,1),R™) satisfying (4.2), (4.3), and

|U0|H2((0,1),]Rn) <e.

Let u € CY([0,T), H?((0,1),R™)) be the maximal classical solution the Cauchy prob-
lem (2.5)—(2.7). Using implications (4.71) to (4.73), one gets that

(474) |u(t, ')‘H2((0’1)’Rn) <ég Vte [O,T),

Using Proposition 2.1 and (4.74), one gets that 7" = 4o00. Using Lemma 4.6 and
(4.75), one gets that

u(t, iz 0.1y mmy) < BV (ult, ) < BV (u®)e™ < B2[ul3r2 0.1y e ™

This concludes the proof of Theorem 2.3 when m = n. 0

Let us now explain the modifications we use in order to deal with the case 0 <
m < n (of course, the case m = 0 can be reduced to the case m = n by considering
a(t,x) == u(t,1 —x)).

One first needs the following parametric version of Lemma 4.1.

LEMMA 4.7. Let A := diag (A1,...,A,) € D, be such that (2.4) holds. There
exist a positive real number n and a map N : {M x A € M, ,(R) x Dp; [|[M — A| <
n} — Sy of class C* such that

NAA)=A VAeD?,
N(M,A)M — MU N(M,A) =0 V(M,A) € M, n(R) x D, such that |M — A|| <.
Proof of Lemma 4.7. With the notation of the proof of Lemma 4.1, it suffices to

define (M, D) by N (M, D) := £/ (0,A). 0
The Lyapunov function V now has the following structure:

(4.76) V(u,v,w) = Vi(u) + Va(u,v) + V3(u, v, w),
with
1
(4.77) Vi(u) = / u" Q(z, u)udz,
0
1
(4.78) Va(u,v) = / V" R(z, u)vdz,
0
1
(4.79) Vs (u, v, w) = / w™ S(z, u)wdz,
0

where Q(z,u), R(x,u), and S(z, u) are symmetric positive definite matrices depending
on x € [0,1] defined in the following way. We fix D € D,, 4 such that |[DKD™!|| < 1.
Let 1 € (0,4+00), which will be chosen small enough later. Let us recall that |[A| =
diag (|A1|7 AR |AnD = diag (Alv cee ,Ama |Am+1|a AR |An|)

(i) We define Q(z,u) by

Q(z,u) == N (F(u), D*|A| " diag (e "*,...,e " el ... el)).
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(ii) We define R(x,u) by
R(z,u) == N(F(u), D*|Aldiag (e #*, ... e " el ... el")).
(iii) Finally, we define R(z,u) by
S(z,u) == N (F(u), D*|A|Pdiag (e7#*, ... e " el ... el")).

(In the above equalities and in the following, in diag (e ™#%, ... e #* el® ... elT),
e M is repeated m times and e is repeated (n — m) times.) In order to deal with
the boundary conditions on u and v, let us define

~(u(0) o uy (1) _ [v+(0) _ (v+(1)
a0 am (B0 (S0) i (), e (20,

The boundary condition (4.10) is now (see (2.6))

(=)

(4.81) ap = G(a1).

Now V; is defined as the set of u € C*([0, 1], R™) such that (4.81) holds and |ulg < &o.
Clearly, the estimate on V; given in Lemma 4.3 still holds. Let us check that the
estimate of this lemma on V; also holds.
The decomposition (4.15)—(4.18) becomes

Vi =T + Tha + Tis,

with

1
Ty = / W Qy (, u) F(u)ude,
0
1
Tioim— [ (@"QUeu)F(w), o
0

1
Tis == / utr([Q;(x, Wl F(u) + Q(z, u)[F' (u)v] — [Q(z, u)F(u)v])udm.
0
Noticing that
Q. (r,0) = —puD?*A~tdiag (e7#7, ... e M el e““”))7

the term 771 can be treated as above. Similarly the term 773 can also be treated as
above. Concerning 775, one has

Tiz = —u1Q(1, ur) F(ur)ur + uoQ(0, uo) F'(uo)uo
(4.82) = —ul"D?|A| 7 Auy + uf D?|A] 7 Aug + O(Jug |25 [us]) + O(plur |5 ).
Let
Kiy € Mpym(R), Ki € My (n—m)(R),
Ky € Mu—ma(R), K- € M@_m) (n-m)(R)
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K K,
g [P B
K., K__

Using (4.80) and (4.81), one has

be such that

(4.83)

K Ki_ 1d,, 0
Uy = ( 8"" Idn+m> ai + O(|a1|2; lai]), Uy = <K+ K) a + O(|a1|2; la1]).

Using (4.82) and (4.83), straightforward computations lead to
(4.84) Tiz = —ay' (D* = K" D*K)ay + O(|la1*; |as]) + Oulas|*s p).

However, |DKD™!|| < 1 implies (and is in fact equivalent to) the property “the
symmetric matrix (D% — K" D2K) is positive definite,” which, together with (4.84),
implies again the existence of 612 > 0 such that (4.22) holds if |a1| < 612. Hence
Lemma 4.3 still holds.

Similarly it can be checked that Lemmas 4.4 and 4.5 also hold, except that in
(4.33) and (4.55), |v1| has to be replaced by |b;| (and the definitions of Vy and V3 have
to be modified in order to deal with the new compatibility conditions). The proof of
Theorem 2.3 is then completed as in the case m = n.

Remark 4.8. One can give a lower bound on the exponential decay in Theorem 2.3.
Indeed, it follows from our proof of this theorem that, if p1(G’(0)) < 1, for every
v € (0,—min{|A1],..., | |} In(p1(G’(0)))), there exist € > 0 and C' > 0 such that,
for every u® € H?((0,1),R") satisfying |UO|H2((0’1)’R7L) < ¢ and the compatibility
conditions (2.8)—(2.10), the classical solution u to the Cauchy problem (2.5)—(2.7) is
defined on [0, +00) and satisfies (2.13).

5. Conclusion and final remarks. We have presented a new sufficient con-
dition on the boundary conditions for the exponential stability of one-dimensional
nonlinear hyperbolic systems on a bounded interval. Our analysis relies on the con-
struction of an explicit strict Lyapunov function. Moreover, we have compared our
sufficient condition with other known sufficient conditions for nonlinear and linear
systems. We conclude the paper with two additional comments.

1. The Lyapunov stability analysis presented in this paper can be extended to
nonlinear hyperbolic systems of the form

(5.1) us + F(u)uy = h(u),

i.e., systems having a nonzero right-hand side h(u) with the map h : R — R"
of class C? vanishing at zero (h(0) = 0). Our main theorem (Theorem 2.3)
can be extended, in a straightforward way, to system (5.1) with boundary
conditions (1.4), provided ||A’(0)]| is sufficiently small.

2. For the sake of simplicity, we have assumed throughout the paper that the
diagonal matrix F'(0) has distinct nonzero diagonal entries. It turns out
that this assumption may be slightly relaxed when the matrix F'(u) is block-
diagonal. Indeed, in such a case, it is sufficient to assume that the A; values
are different in each block, but different blocks may share identical A; values.
This situation typically occurs when the system u; + F'(u)u, = 0 is a model
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for a network of interconnected 2 x 2 hyperbolic systems. Typical examples
are hydraulic networks modeled by Saint Venant equations [7], road networks
modeled by Aw—Rascle equations [1, 8], or pipeline networks modeled by
isentropic Euler equations [2].

Appendix A. Some properties of the function p;. In this appendix we give
some properties which are useful for estimating and computing p;. Some of these
properties are used to prove Proposition 3.7.

PRrROPOSITION A.1. Letl e {l,...,n—1}. Let K1 € M;;(R), K3 € M;,,_i(R),
Ks e My_11(R), K4y € My_1n—1(R) and let K € M, ,(R) be defined by

K, K
K = .
Ks; Ky

(A1) p1(K) = max{pi (K1), p1 (K1)}

Moreover, if Ko =0 or K3 =0, then

Then

(A.2) p1(K) = max{p1 (K1), p1(K4)}.
Proof of Proposition A.1. Let D € Dy, 4. Let Dy € Dy and Dy € Dy, 4 be
such that
Dy O
D= .
0 Do
Let
M :=DKD™ %
We have
M M
MM — 11 12 ’
Moy Moo
with

My, := Dy'KVYD?K D7 + DT KY D2Ks DY,
My := Dy'KV"D?KoDyt + DT K DK, Dy,
M,y == Dy 'K D{K Dy + Dy 'K D3K3 Dy,
My := Dy 'K DIK,Dyt + Dy ' K D2K, D5

For X € R, let X € R be defined by
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Note that | X| = |X| and that
XUMYMX = XUD'KYDIK, DT X + XUD P KY DK DT X
> XUDI'KYDIK, DX,
Hence
max{Z"MYZ; Z ¢ R",|Z| = 1} > max{ X" D' K\"D?K, D' X; X ¢ RY | X| =1}
> p1 (K1),

which implies that p1 (K1) < p1(K). Similarly pi(Ky) < p1(K). This proves (A.1).

Let us now prove (A.2). We deal only with the case K3 = 0 (the case K =0
being similar). Let n > 0. Let Dy € D; 4 and Dy € D,,_; + be such that
(A3) IDIEADTH| < pr(K0) + 1, [[D2KaDy | < pr(Ka) + 1.

Let ¢ > 0 and
€D1 0 _1
D .= €D, 4+, M :=DKD " e M, »(R).
0 D, , ,

Let Z € R" and let X € R and Y € R"~! be such that
<X>
7 = .
Y

ZUYMYMZ = XU D' K DK\ Dy X + 2e XD K DK, Dy 'Y

We have

+ YU Dy K DKo Dy 'Y + YYDy P K DEK, Dy Y.
Hence there exists a constant C' > 0 independent of Z and ¢ > 0 such that
(A4) Z"M"MZ < (||DyE DY H[IXD)? + (ID2Ka Dy H[Y ])? + CelZ]2.
From (2.1), (A.3), and (A.4), we obtain that
(A.5) p1(K)?* < max{(p1 (K1) +n)* (pr(Ka) +1)*} + Ce.

Letting ¢ — 0 and n — 0 in (A.5), one gets that p1(K)? < max{p1(K1)?, p1(K4)?}.
This concludes the proof of Proposition A.1. 0

PROPOSITION A.2. The map p1 : My, »,(R) — [0, +00) is continuous.

Proof of Proposition A.2. We proceed by induction on n. For n = 1 the function
p1 satisfies p(k) = |k| for every k € R = M 1(R) and is therefore continuous. We
now assume that p; is continuous on M, ,(R) for every p € {1,...,n — 1} and
prove that p; is continuous on M, ,(R). Since, for every D € D, 4, the function
K e M, »(R) — ||K| € Ris continuous, it readily follows from (2.1) that p; is upper
semicontinuous on M,, ,,(R). It remains only to check that p; is lower semicontinuous.
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We argue by contradiction: let K € D, ,(R) and let (K )ren be a sequence of elements
of M, ,(R) such that

(A.6) Ky — K as k — +o0o,
(A7) Jm pi(Ky) < p1(K).

Let (Dy)ken be a sequence of elements of D,, 1 such that
(A.8) IDeKk D | < pr(Ky) + k71 Yk e N\ {0}.
Note that, denoting by (es,...,e,) the canonical basis of R™,
|Aij| = |ef Aej| < |JA|| VA€ My ,(R), Vie{l,....,n}, Vi€ {l,....,n}

Hence, if we denote by Kj;;, the term on the ¢th line and jth column of the matrix
Kka

d; _ .
(A.9) \KWCT’; <|IDRERDM| Y(iyj) € {1,...,n}?, Vk €N,
J

where (dix)icq1,...,n} is defined by Dy = diag (dig, ..., dnr). After suitable reorderings
(note that pi(ZAX™!) = pi(A) for every A € M, ,(R) and for every permutation
matrix ) and extracting subsequences if necessary, we may assume without loss of
generality that

(A.10) dig <dop < - <dp_1)k < dnp Yk EN,

A simple scaling argument also shows that we may assume without loss of generality
that

(A.11) dixy=1 VkeN.

Extracting subsequences if necessary, there exist [ € {1,...,n}, (dy,...,d;) € [1, +o0)!
such that

(A12) dix = diask — +oo Vie{l,...)l},

(A.13) di, = +ooask — +oo Vie {l+1,...,n}.

We first treat the case where | = n. Let D :=diag (di,...,d,) € Dy +. From (A.12),
we have

(A.14) Dy — D as k — +o0.
From (2.1), we have

(A1) p1(K) < |DED,
which, together with (A.8) and (A.14), implies that

lim inf p1 (Ky) > p1(K),

in contradiction with (A.7).
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It remains to deal with the case where [ < n. Let us denote K;; the term on the

ith line and jth column of the matrix K. From (A.6), (A.7), (A.8), (A.9), (A.12),
and (A.13), one gets that
(A.16) K;j=0 Vi, ) e {l+1,...,n} x{1,...,1}.
Let K' € My (R), K? € My (R), K* € M;,_1n—1(R) be such that

K' K?

K= .

0 K4

Similarly, for & € N, let K} € M;;(R), K? € M;,1(R), K} € M,,—,(R), K}l €

Mp—in—1(R) be defined by
K; K
K = x3 gt
k k

(A.17) pr(K) = max{py (K"), pr(K™)}.

From (A.2), we have

From (A.1), we have
(A.18) p1(Ky) = max{p;(K}), p1(K3)} VkeN.

From our induction hypothesis (the continuity of p; on M, ,(R) for every p €
{1,...,n—1}) and (A.6), we get that

li KN = pi(K? li Kp) = pi(K*
Jm ey (Ky) =pu(K0),  Tim oy (K) = pa(K5),

which, together with (A.17) and (A.18), again leads to a contradiction with (A.7).
This concludes the proof of Proposition A.2. 0

Our next proposition shows a case where the value of p; (K) may be given directly.
(For a converse of this proposition, see Proposition B.1.)

PROPOSITION A.3. Letl € {1,...,n}. Let (Aj)jeq1,....;y and (Bj)jequ,...1y be two
sequences of vectors in R™ such that

(A.19) AY Ay = BBy, V(j,k) € {1,...,1}%,
l l

(A.20) > A% =) B} Vie{l,...n},
j=1 j=1

where A;j (resp., Bi;) is the element on the ith line of the vector A; (resp., Bj).
We assume that the | vectors A1, ..., A; are linearly independent. Let R > 0 and let
K € My, »(R) be such that

(A.21) KA; =RB; Vje{l,...,1},
(A.22) |KX| < R|X| VX €R" such that X" A; =0 Vj e {1,1}.

Then p1(K) = R.
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Proof of Proposition A.3. It readily follows from the assumptions of this proposi-
tion that || K| = R. Hence it remains only to check that

(A.23) IDED7Y| >R VD €D, .
Let D :=diag (D1,...,D,) € D, 4. For j € {1,...,1}, let us define

Ej = (Eyj,..., Enj)" € R\ {0}, Fj = (Fuj,...,F,;))™" € R"\ {0}

by
E;:= DA, F; := DB;.
We have, for every j € {1,...,1},
(A.24) DKD™'E; = RF},
(A.25) E;; = D;A;j, F;j =D;B;; Vie{l,...,n}.

Using (A.20), (A.24), and (A.25), we get
l l n
Y IDKDT'E;P =R*Y (Z F§>
j=1 j=1 \i=1
!

=R i D} | > B}
i=1 j=1

l

e (s
i=1 j=1

l
=R*) |,
=1

In particular, there exists p € {1,...1}, such that
IDKD™'E,? > R¥|E, 2,

which, together with the fact that E, # 0, implies that |[DKD™'|| > R. This
concludes the proof of Proposition A.3. O

Appendix B. Proof of Proposition 3.7. Inequality (3.22) is obvious: indeed,
for every (61,...,0,)" € R™ and for every D € D,, 4,

p(diag (e'%1,... e )K) = p(Ddiag (¢'?*,... e YK D™ 1)
= p(diag (e*%',... e)DKD™!)
< ||diag (e, ..., e®"YDKD™|

< |ldiag (e*,...,e™)[[IDED™| = [DED™!|.
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The proof of (3.23) for every n € {1,2,3,4,5} is more complicated and relies on
various independent propositions. The first proposition provides the converse (up to
the D) to Proposition A.3 for generic K € M,, ,(R).

PROPOSITION B.1. Let K € M,, ,(R) be such that, for every M > 0, there exists
6 > 0 such that

(B.1) <D i=(D1,...,Dn) €Dy gy Y Di=1, min{Dy,..., Dy} < 5)

=1
= (|DKD7Y| > M).

(It is easily checked that this property holds, for example, if K;; # 0, for every (i,j) €
{1,...,n}? such that i # j, which is a generic property.) Then there exist D € Dy, .,
an integer | € {1,...,n}, l vectors A; € R", j € {1,...,1}, and | vectors B; € R",
je{l,...,1l}, such that (A.19) and (A.20) hold and

(B.2) the vectors A; € R", j € {1,...,1}, are linearly independent,
(B.3) DKD 'A; = p(K)B; Vje{l,...1},
(B.4) IDKD7'X| < p1(K)|X| VX €R"™

Remark B.2. Proposition B.1 is false if assumption (B.1) is removed. Indeed, let

us take n = 2 and
0 1
K= .

Then p1(K) = 0, and it is easily seen that the conclusion of Proposition B.1 does not
hold. ~

Proof of Proposition B.1. From (B.1), one gets the existence of D € D,, 1 such
that

(B.5) IDED™| = p1(K).

Replacing K by DKD™', we may assume without loss of generality that D is the
identity map Id, of R™. Then

(B.6) K]l = p1(X).
Clearly, (B.1) implies that K # 0, and therefore, by (B.6),

(B.7) p1(K) # 0.

(In fact, if K = 0, the conclusion of Proposition B.1 obviously holds.) Note that (B.6)
implies (B.4) with D := Id,,. Let p € {1,...,n} be the dimension of the kernel of
K"K — p1(K)?Id,, and let (X1,...,X,) be an orthonormal basis of this kernel. For
jed{l,...,p} let Y; := KX,. One has

(B.8) Y;]? = XPKYKX; = p1(K)?|X,1* Vje{l,...,p}

(B.9)
VY = XPKYKX; = p1 (K)?XX; =0 V(k,j) € {1,...,p}? such that k # j.
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For i € {1,...,n} and j € {1,...,p}, let us denote by X;; (resp., Y;;) the ith com-
ponent of X; (resp., Y;). For j € {1,...,p}, let us denote by E; the element of R”
whose ith component is

(B.10) Ey =Y. - X},

Let us assume, for the moment, that

(B.11) V1 € R™, there exists j € {1,...,p} such that 7" E; > 0.

Applying the separation principle for convex sets to {0} and the convex hull of the
vectors Ej;, j € {1,...,p} (see, e.g., [19, Theorem 3.4(b), page 58]), it follows from
(B.11) that 0 € R™ is in the convex hull of the vectors Ei,...E, : there exist p
nonnegative real numbers t,...,t, such that

p
Ztizl, ZtiEi:().
j=1 j=1

Let I € {1,...,p} be the number of the ¢;’s which are not equal to 0. Reordering the
X;’s if necessary, we may assume that

t; >0 Vjied{l,... I}, t;=0 Vjie{l+1,...p}
For j € {1,...,1}, we define A; € R" and B; € R" by
(Bl?) Aj = \/t?Xj, Bj = \/E}G
Then it is easily checked that the vectors Aj,..., A; are linearly independent, that
(A.19) and (A.20) hold (one even has A A; = Bi*B; = 0 for every (k,j) € {1,...,1}?
such that k # j), and that (B.3) holds with D :=Id,,.
It remains only to prove (B.11). Let 7 := (71,...,7,)" € R™. For s € R, let
D(s) :=diag (1 + s71,...,1 4+ s7,) € D,.
For s small enough, D(s) € D,, 4+, and therefore, by (B.6),
(B.13) ID(s)KD(s)~"|* > |K|* = [ D0)KD(0)~"|*.

Let us estimate the left-hand side of (B.13). By a classical theorem due to Rellich
(see, e.g., [18, Theorem XI1.3, page 4]) on perturbations of the spectrum of self-adjoint
operators, there exist € > 0, p real functions Ay,...,\, of class C! from (—¢,¢) into
R, and p maps z1,...,, of class C! from (—¢,¢) into R™ such that

(B.14) 2(0)=pu(K)?, a;(0) =X; Vjie{l,...,p},

(B.15) D(s)"'K"D(s)*KD(s)"w;(s) = Nj(s)z;(s) Vs € (=e,e), Vi € {1,...,p},
(B.16) zi(s)"xj(s) =1 Vs € (—e,e),Vje{l,...,p}

(B.17) z;(8)"xr(s) =0 Vs € (—¢,¢), V(j,k) € {1,...,p}? such that k # j,

(B.18) ID(s)KD(s)"!|? = max{Ai(s),..., \p(s5)} Vs € (—¢,¢).
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Differentiating (B.15) with respect to s and using (B.10), (B.14), (B.16), and (B.17),
one gets

(B.19) Ni(0) =2p1 (K)* 77 E; Vje{l,...,p}.

Property (B.11) follows from (B.7), (B.13), (B.18), and (B.19). This concludes the
proof of Proposition B.1. 0

The number [ appearing in Proposition B.1 turns out to be important to compare
po and pp: we have the following proposition.

PROPOSITION B.3. Let K € M,, ,(R), D € D, 4, L € {1,...,n}, | vectors A; €
R™, j € {1,...,1l}, and l vectors B; € R™, j € {1,...,1}, be such that (A.20), (B.2),
(B.3), and (B.4) hold. Ifl =1, there exist X € R™ and Y := diag (T1,...,YT,) € Dy
such that

(B.20) | X] #0,
(B.21) T, e{1,-1} Vie{l,...,n},
(B.22) KX = p1(K)YX.

If 1 = 2, there exist X € C™ and (Y1,...,T,) € C™ such that

(B.23) X[ #0,
(B.24) IT;|=1 Vie{l,...,n},
(B.25) KX = pi(K)diag (Y1,...,T,)X.

In both cases (I=1 orl=2), one has (3.23).

Proof of Proposition B.3. Let us first consider the case [ = 1. Let i € {1,...,n}.
From (A.20), one has |A;1| = Bj1, and therefore there exists T; € {—1,1} such that
B;1 = ¢;A;1. From (B.3), one gets (B.22) if one defines X by X := D71A4;. Let us
check that (3.23) holds. Let (64, ...,0,)" € R™ be defined by

0, =0if T, =1, 0, =—7wifT;=—1.
Then (B.22) implies that
(B.26) diag (e*%1,..., """ )KX = pi(K)X.
From (3.21), (B.20), and (B.26), we get that
(B.27) po(K) = pi(K),

which, together with (3.22), gives (3.23).
Let us now turn to the case [ = 2. Let i € {1,...,n}. From (A.20), one has

|Ai1 + tAsa| = |Bin + tBial,

and therefore there exists T; € C such that |Y;| =1 and B;; + B2 = Ti(A4i1 + t4;2).
From (B.3), one gets (B.22) if one defines X by X := D7 !(A; + tA3). Finally,
the proof of (3.23) is the same as in the case | = 1. This concludes the proof of
Proposition B.3. ]

The next proposition deals with the case n = 1.
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PrOPOSITION B.4. Let K € M, ,(R), D € D, 4, l € {1,...,n}, | vectors
A eR™, jed{l,...,l}, and ] vectors B; € R", j € {1,...,1}, be such that (A.20),
(B.2), (B.3), and (B.4) hold. Ifl = n, there exist X € C™ satisfying (B.23) and § € R
such that

(B.28) KX =e¢ Y (K)X

and (3.23) again holds.

Proof of Proposition B.4. If pi(K) = 0, then K = 0 and the conclusion of
Proposition B.4 holds. If p;(K) > 0, it follows from (A.19), (B.2), and (B.3) and
the assumption | = n that py(K)"'KDKD™! is an isometry. Hence there exist
Y € C"\ {0} and 6 € R such that p;(K)"'DKD~'Y = e~ Y, which implies (B.28)
if X := DY Finally, (3.23) again follows from (B.23) and (B.28). This concludes
the proof of Proposition B.4. 0

Note that pg is continuous. Hence, from Proposition A.2, Proposition B.1, Propo-
sition B.3, and Proposition B.4, in order to get (3.23) (for every n € {1,...,5}) of
Proposition 3.7, it remains to address, with the notation of the conclusion of Propo-
sition B.1, the cases (I,n) = (3,4), (I,n) = (3,5), and (I,n) = (4,5). This is done in
the following proposition.

PROPOSITION B.5. Let K € M, ,(R), D € D, 4, 1 € {1,...,n}, [ vectors
A; eR", je{l,...,l}, and | vectors B; € R", j € {1,...,1}, be such that (A.20),
(B.2), (B.3), and (B.4) hold. If (I,n) € {(3,4),(3,5),(4,5)}, there exist X € C" and
(Yq,...,T,) € C™ such that (B.23), (B.24), and (B.25) hold. In particular, one has
(3.23).

Proof of Proposition B.5. The fact that (3.23) is implied by the assumptions of
Proposition B.5, (B.23), (B.24), and (B.25) has already been pointed out in the proof
of Proposition B.3. The case (I,n) = (3,4) follows from the case (I,n) = (3,5) by
replacing K € My 4(R) by the matrix

N K 0
K = .
Hence we may assume that n = 5. Taking X := D71 (Y1 A1 + Yoo + -+ + Y A)) it

suffices to prove the existence of Y := (Y1, Ya,...,¥;)" € C'\ {0} such that

(B.29)
|Y1.Bi1 +YoBjo + -+ YlBil|2 — |Y1Ai1 + YA+ + YlAil|2 =0 Vie {1, 2,3,4, 5}.

Let us recall that, for p € N\ {0}, S, denotes the set of elements Q € M, , such
that Q% = Q. For i € {1,2,3,4,5}, there exists a unique @; € S; such that, for every
Y :=(Y1,Yas,..., V)t e C,

YU Y™ = [YiBi1 + YoBjs + -+ - + YEBu|2 —|YiAin + oA+ -+ Y1Ai1|2,

with Y := (Y1, Ya,...,Y]) (Z denoting the complex conjugate of z € C). Then (B.29)
is equivalent to

(B.30) YYQ. Y™ =0 Vie{1,2,3,4,5}.

For a matrix M € M, ,(C), let us denote by tr (M) its trace. Using (A.20) we have
that

tr (Q;) =0 Vie{1,23,4,5}.
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Using (A.19), one gets that
YUQ Y'Y + YYQoY + YYQsY +YHQuY +Y¥QsY =0 VY e CL
Hence (B.30) is equivalent to
YUQ, ¥ =0 Vie {1,234}

Therefore Proposition B.5 is a consequence of the following proposition due to Voisin
[23].

PROPOSITION B.6. Letl € {3,4}. Let Q1, Q2, Q3, and Q4 be four elements of
S; such that

(B.31) tr (Qi) =0 Vie{l,234}.
Then there exists Y € C'\ {0} such that
(B.32) YYQ,Y =0 Vie{l,2,3,4}.

Proof of Proposition B.6. We reproduce the proof of [23]. For [ € N, let S be
the set of semidefinite positive S € §;. The first step is the following lemma.

LEMMA B.7. Letl, p, and n be three positive integers. Let Q;, i € {1,...,n}, be
n elements of S;. Assume that

(B.33) tr (Q:) =0 Vie{l,...,nl,

(B.34) n < w Y

Then there exists S € S+ \ {0} such that
(B.35) the rank of S is less than or equal to p,
(B.36) tr (SQ;) =0 Vie{l,...,n}.
Proof of Proposition B.7. Let
C:={Se8 ;tr(S)=101tr (SQ;)=0 Vie{l,...,n}}.

The set C is a closed convex bounded subset of M;;(R). By (B.33), Id; € C, and
therefore C' is not empty. Hence, by the Krein—Milman theorem (see, e.g., [19, The-
orem 3.21, page 70]), the convex set C' has at least an extreme point. Let S be an
extreme point of C. Then S € S, \ {0} and satisfies (B.36). It remains only to
check that (B.35) holds. Let k be the rank of S. There exist an orthonormal matrix
O € M (R) and a definite positive matrix Sy € Sy such that

(B.37) S = o (SO 0) 0.
0 0
Let
e tr S/ O . ! AN
(B.38) M= q0" | 08" €S, () =048t
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Let us assume that

(B.39) n < @ —1.

Since II is a vector subspace of S; of dimension (k(k + 1)/2) — 1, (B.39) implies that
there exists Sp € IT'\ {0} such that

(B.40) tr (SoQi) =0 Vi€ {l,...,n}.

Then, for 7 € R with |7| small enough, S + 75y is in C, which contradicts the fact
that S is an extreme point of C'. Hence (B.39) does not hold, which, together with
(B.34), implies that k& < p. This concludes the proof of Lemma B.7. |

Let us go back to the proof of Proposition B.6. We apply Lemma B.7 with n =4
and p = 2 (then (B.34) holds). We get the existence of S € §; 4 \ {0} satisfying
(B.41) the rank of S is less than or equal to 2,

(B.42) tr (SQi) =0 Yie{l,... 4}

Let Ay > 0, A2 > 0, and 0 be the eigenvalues of S. Let

MO0
So=|0 X 0|ed
0 0 0

There exists an orthonormal matrix O such that
(B.43) S = 0"5,0.

Let Z := (vV/A1,1/X2,0) € C'\ {0} and YV := O%Z € C!'\ {0}. Then, using (B.42)
and (B.43), one gets that, for every i € {1,...,4},

YUQ,Y = tr (YY" +YY)"Q,) = tr (O™(ZZ" + Z2")0Q;)
= 2tr (0" SOQ;) = tr (SQ;) = 0,

which concludes the proof of Proposition B.6 and therefore the proof of Proposi-
tion B.5. 1]

Finally, in order to end the proof of Proposition 3.7, it remains only to check that,
for n = 6 and therefore for every n > 6, there exists K € M,, ,,(R) such that | = 3
and (3.24) hold. This is done in the following example.

Ezample B.8. Let (uy,v1,w;)"™ € R3, (ug, v, w2)" € R3, (z1,y1,21)" € R?, and
(72,92, 22)"" € R3. We define 4; € R6, Ay € RS, A3 € R®, B; € RS, By € RS, and
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Bs € RS by
1 0 0
0 1 0
P L R ) BRI
1= 1 5 2 — 0 ) 3 -— 0 }
U1 V1 w1
U V2 Wo
1 0
0 1
0 1/v/2 1/v/2
B1 = , BQ = /f 3 Bg = /\[
1/v2 —1/v2 0
Z1 Y1 21
T2 Y2 22

One easily checks that (A.20) holds if (and only if)

(B.44) ui + i Hwi =2t 4y + 2,
(B.45) u3 + vs 4+ ws = x5+ Y5 + 23.
Similarly (A.19) holds if (and only if)
3
(B.46) 5+u%+u%—x%—x%=0,
(B.47) 140 +vd—y? -y =0,
1
(B.48) —§—|—w%—|—w§—zf—z§:0,
1
(B.49) 5 T wav +ugve — 21y — T2y2 = 0,
(B50) ULW1 + UsWo — T121 — Tozo = 0,
1
(B.51) —5 + viwy + vowe — Y121 — Y22 = 0.

Note that (B.44), (B.46), (B.47), and (B.48) imply (B.45).
We take [ := 3 and R := 1. We define K € Mg g(R) by requiring (A.21) and

KX =0 VX R such that X%A4; = X% A4, = X" A5 = 0.
From Proposition A.3 we get that if (B.44) and (B.46) to (B.51) hold, then
p1(K) =1.

Let us assume, for the moment, that (B.46) to (B.51) hold. If (3.24) does not hold, we
have po(K) = p1(K) = 1, and therefore there exist X € C% and (Yy,...,T6)"" € C
such that (B.23), (B.24), and (B.25) hold. Clearly,

(B.52) IKX| = |X].
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Since

\K(Y + 2)| = |Y| VY €CA, + CAs + CAs,
VZ € C" such that Z% A, = Z% Ay = Z% A5 =0,

it follows from (B.52) that X € CA; + CAs + CAj;. Hence, there exist & € C, & € C,
and &3 € C such that

(B.53) X =6 A1 +&A + 343,

Using (B.25), one gets (KX); = T1X; and (KX)2 = T1X,, which, together with
(A.21) and (B.24), imply that

(B.54) &1] = 1&2] = [&3]-
Using (B.23) and (B.54) one sees that, without loss of generality, we may assume that
& =1, €2| = [&3] = 1.
Hence there exist 5 € R and 63 € R such that
(B.55) &y = €', & = €',
Now using |(KX)s3| = | X3|, one gets
|62 + &3] = V2,

which, together with (B.55), is equivalent to

cos(f3 — 03) = 0;
i.e., there exists €3 € {1, —1} such that
(B.56) 3 = e3182.

Proceeding similarly with the fourth of KX, one gets the existence of 5 € {1,—1}
such that

(B57) 52 = &9Ll.

Then |(KX)s5| = | X5] and |(KX)g| = | Xg| are equivalent to

(B.58) (w1 +erwr)® +0f = (21 +e121)? + 91,
(B.59) (ug + €1w2)2 + vg = (z2 + 6122)2 + y%
with
E1 1= —E9€3 € {1, —1}.
Let
F - R12 — R7,
(B.60)

o t
P = (u1,v1, w1, %1, Y1, 21, U2, V2, Wa, T, Y2, 22)""  +— F(P)
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be defined by

3

§+u%+u§—x§—x§

—14of+vi -yl -3
1

2

2 2 2 2
+wy +wy — 2 — 2

5 + U1V + U2V — T1Y1r — T2Y2

UIW1 + UgW2 — T121 — T222

1
—5 + v1wy + vowg — Y121 — Y222

2, .2 2 .2 .92 2
uy + vy +wi — ] — Y — 21

Let ¥ be the subset of R'? defined by
¥ := {P € R'; F(P) = 0 and the rank of F'(P) is 7}.

Let

. 31 1\"
P:=(0,1,0,1 - S - R12,
(07 707 30707 4727 ) E

113
4’2’4’ 4

One easily checks that F'(P) = 0. Straightforward computations give

000 -2 0 0 100 §00
2 2

020 0 0 0O 0O 1 0o 0 -1 0
000000005001

2 2

. 1 1 1 3
B.61) F'(P)= _ -z _: 2
(B.61) F'(P) 100 0 102 40 24o
3 1 1 3
00000_110_110_1

3 1 1 1
1 - Z - _Z
00 00004204 5

020 -2 0 0 o 0 0 0 o0

In particular, the rank of F'(P) is 7. Hence P is in 3, and the set X is not empty and
is a submanifold of R!2 of dimension 12 — 7 = 5. The tangent space to this manifold
at P is Ker F'(P). Let G4 be the map

Gy : R'2 —  R?,
e t
P = (U1>U17w1>3317y1721au27U2,w27$27312,22) T G+(P)

defined by

G.(P) = (ug +wy)? + 02 — (21 + 21)? — 93
T (w2 w2)? 03 — (w2 + )2 1)
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Similarly, let G_ be the map
G_: R12 — R2,
P = (U17U1,wl7$1,y1721,UQ,UQ,WQ,Z‘Q,yQ,Zg)tr = G7<P>

defined by

G_(P):= ((w —w)? o = (o - ) y?) |

(u2 — w2)? + 03 — (v2 — 22)% — 43
Let Sy C R'? and S_ C R!2 be defined by
Sy :={P eR" G (P) =0},
S_:={PeR? G_(P)=0}.
It suffices to check that
(B.62) ¥ is not a subset of S_ U Sy.

Note that P € S_ NS, and

(B.63) G,(P)_020—202000000
' 71000 0 00 -212 —2 -1 2]}’
. 020 -20-2000 0 0 0

(B.64) G (P) =
000 0 0 0 111 -1 -1 -1

In particular the rank of G’_(P) and the rank of G’ (P) are both equal to 2. Hence, if
7 > 0is small enough, the set {P € S_; |[P—P| < r} and theset {P € S ; |P—]5|~< r}
are submanifolds of R'? of dimension 12 — 2 = 10 whose tangent spaces at P are

Ker G'_(P) and Ker Gg_(ﬁ), respectively. Therefore (B.62) holds if

(B.65) Ker F'(P) is not a subset of Ker G'_(P) UKer G', (P).

Property (B.65) follows from (B.61), (B.63), and (B.64). This concludes the proof of
Proposition 3.7. O
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