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This work focuses on the estimation of acoustic properties from numerical simulations, and on the

determination of the representative volume element of random fibrous media. At the microscopic

scale, both viscous and thermal dissipations of energy occur in the air saturating the pores of a

porous medium. Thus, the thermoacoustic formalism was used to model the physical behavior of

several periodic unit cells of random fibrous media. Their properties such as both harmonic

acoustic velocity and temperature were homogenized at different scales, in order to estimate

representative volume elements for different properties. VC 2013 American Institute of Physics.

[http://dx.doi.org/10.1063/1.4794501]

I. INTRODUCTION

For engineering purpose, predicting acoustic properties

of random media from their microstructure is a first step to

design new materials with improved properties, like a better

sound attenuation. One of the challenging problems to solve

concerns the fluctuations of the microstructure and of the

local physical fields involved in the homogenization of the

acoustic behaviour.

This work was inspired by previous studies made in the

framework of the Silent Wall project, with a main objective,

which consisted in designing an insulating system using fi-

brous media with optimized acoustic absorption properties.

Several results are available in previous publications (Refs.

32–34) and will not be detailed in this paper. The main

method, we used to estimate the acoustic behaviour of fi-

brous media was based on finite element simulations over

periodic unit cells of regularly distributed parallel fibres.

This paper focuses on the acoustic absorption properties of

fibrous media composed of randomly distributed fibres, in

order to estimate the characteristic sizes of the simulated

acoustic fields. Finally, the main objective of this work con-

sists in defining the representative volume element of such

random cells to estimate the coefficient of acoustic absorp-

tion with a controlled statistical precision.

II. MODELLING THERMOACOUSTICS

A. The thermoacoustic equations

Our work highlights the macroscopic properties of fi-

brous media from their behaviour at the microscopic scale,

by simulating their thermo-acoustic properties, in order to

correctly handle the viscous and thermal dissipation of the

acoustic energy.14,21,28,32,41 Starting from three harmonic

variables: the flow velocity ~U (Eq. (1)), the pressure P (Eq.

(2)), and the temperature of the fluid T (Eq. (3)), we consider

their variations, respectively, defined as acoustic velocity ~u,
pressure p, and temperature s.

~U ¼ ~U0 þ~u eix t; (1)

P ¼ P0 þ p eix t; (2)

T ¼ T0 þ s eix t: (3)

Four fully coupled equations are solved: the equation of

Navier Stokes (Eq. (4)), the equation of continuity (Eq. (5)),

the heat equation (Eq. (6)), and finally the equation of the

perfect gases (Eq. (7)) inside the pores saturated by air. The

air is considered as a visco-thermal fluid and as a perfect gas

at the microscopic scale. The ambient pressure and tempera-

ture are, respectively, defined as P0 and T0.

ixq0~u ¼ � ~rpþ
g

3
þ f

� �

~rð ~r:~uÞ þ gD~u; (4)

ix
q

q0
þ ~r:~u ¼ 0; (5)

ixq0 Cp s ¼ jDsþ ix p; (6)

qðp; sÞjP0;T0
¼ q0

p

P0

�
s

T0

� �

: (7)

Moreover, our study is made in the framework of the

formalism proposed by Refs. 1, 3, and 18, which considers a

porous medium as an equivalent fluid with a rigid skeleton

(here the fibrous network). Thus, the interface C between

fibres and pores is considered as an adiabatic rigid boundary,

which implies both acoustic velocity ~u (Eq. (8)) and temper-

ature s (Eq. (9)) equal to zero on C.

~uC ¼~0; (8)

sC ¼ 0: (9)
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B. Homogenization of periodic structures in acoustics

In order to estimate, the macroscopic acoustic proper-

ties of a porous medium from its physical behaviour at the

microscopic scale, we use the theory of the homogenization

of periodic structures.5–7,39,40 This method was handled in

our previous work concerning the thermoacoustic modelling

of fibrous media (Refs. 32–34), and was inspired from

different studies concerning different porous materials

(Refs. 15, 21, 22, 28, 30, 37, and 41).

The three complex acoustic variables ~u; p; and s are

X� periodic on the boundaries C of the cells defined

into the domain X. According to this method these three var-

iables can be expressed from a multi-scale point of

view.15,21,22,28–34,41,42 Considering a periodic microscopic

unit cell X, it is possible to estimate the acoustic absorption

of the corresponding fibre board from the effective tensor of

dynamic viscous permeability K and from the effective sca-

lar thermal permeability K0 of this cell, assuming that

viscous and thermal phenomena can be handled

separately.1,3,8–10,12,18,20,25–27,38,44 The local values of K

and K0 in the microscopic cell are, respectively, estimated

from the Eq. (10) (the Darcy’s law) and the Eq. (11).

uð0Þ
�!

ð~x;~yÞ ¼ �
Kð~y;xÞ

g
:rx
�!

pð0Þð~xÞ; (10)

sð0Þð~x;~yÞ ¼
K0ð~y;xÞ

j
ix pð0Þð~xÞ: (11)

As explained in Refs. 18, 20–22, and 38, the multiscale

approach links the macroscopic and the microscopic acoustic

properties of our fibrous medium, respectively, characterized

by two spatial variables noted x and y. Thus, from a separa-

tion of scales, we note rx
�!

pðxÞ the gradient of the macro-

scopic pressure in the material which is assumed to be

constant at the microscopic scale.21,22 Therefore, the acoustic

pressure is assumed to be a macroscopic variable only

depending on the macroscopic spatial variable x. We can

notice that both K and K0 are locally defined at the micro-

scopic scale y and depend on the frequency X of the acoustic

propagating wave. Let for instance pðxÞ ¼ 1Pa be the con-

stant amplitude of the macroscopic acoustic pressure applied

to the fibrous material.

C. Macroscopic acoustic properties of homogenized
porous media

As an illustration for this method, we first consider in

Fig. 1 an infinite layer in 3D having a thickness equal to d.

This layer is composed of a periodic pattern of parallel regu-

larly distributed fibres (called PACC: periodic array of circu-

lar cylinders, according to Ref. 41), and is stimulated by an

incoming propagating acoustic wave, which splits into a

reflected wave and an absorbed wave. In our work our objec-

tive consists in optimizing the acoustic properties of such a

medium by increasing the fraction of the incoming wave

absorbed by the material.

Let K and K0, respectively, be the effective viscous per-

meability and the effective thermal permeability of the full

X unit periodic cell Fig. 2 (i.e., over both porous and fibrous

phases).

In order to estimate, the acoustic properties of such a fi-

brous medium, we solved the thermoacoustic equations pre-

sented in Sec. II A with the finite element software Comsol

MultiphysicsTM,11 for different frequencies between 0 Hz

and 4032 Hz. Only the pores around the rigid fibre are

meshed into Fig. 2, but we consider both Eqs. (8) and (9) in

the fibrous phase (central white disc). Moreover, the mesh at

the interface C was refined in order to properly solve the

equations in the boundary layer (more details are given in

Sec. II D)). We note qeff the effective tensor of density of the

macroscopic equivalent medium, which is estimated by

below equation

qeff ¼
g/

ix
K�1: (12)

Then, we estimate the effective scalar compressibility

modulus veff (Eq. (13)), with Pr the Prandtl number of the

air, and c ¼ 1:4, the perfect gas constant.

FIG. 1. 3D equivalent infinite layer (along Oy and Oz) of homogenized

material composed of elementary periodic unit cells PACC (fibres with

circular cross section) having a thickness equal to d along Ox. Stimulation

along Ox. Red square: 2D unit cell (Fig. 2).

FIG. 2. 2D PACC 64 meshed periodic unit cell representing a cross section of

the geometry in Fig. 1. Only the pores are meshed with a porosity U ¼ 0:64.
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veff ðxÞ ¼
1

cP0

c� ðc� 1Þ
q0 Pr

g

ixK0

/

� �� �

: (13)

Considering ~Q ¼ Q~n the wave vector defined from the

unit vector ~n and parameters qeff and veff , we can estimate

the effective characteristic velocity ceff (Eq. (14)) and the

effective characteristic acoustic impedance Zceff (Eq. (15)) of

the homogenized porous medium.

ceff ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nT
�!

qeff
�1~n

veff
¼

x

Q
;

v
u
u
t

(14)

Zceff ¼
1

/

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nT
�!

qeff
~n

veff
:

v
u
u
t

(15)

Finally, parameters qeff and veff can be used to calculate

the acoustic impedance Zd (Eq. (16)) of a macroscopic me-

dium having a thickness equal to d (Fig. 1).

Zd ¼ Zceff
1þ e

ð�2 ix d
ceff

Þ

1� e
ð�2 ix d

ceff
Þ

" #

: (16)

The coefficient of reflection RðxÞ (Eq. (17)) is a com-

plex number estimated from Zd and from Z0 ¼ q0 c0, the im-

pedance of the air saturating the pores, and leads to the

coefficient of absorption AðxÞ (Eq. (18)) of the correspond-

ing d-thick macroscopic material.

RðxÞ ¼
Zd � Z0

Zd þ Z0
; (17)

aðxÞ ¼ 1� jRðxÞj2: (18)

D. Macroscopic acoustic properties of deterministic
fibrous media

In previous works, using image processing methods

like mathematical morphology (Refs. 32, 35, and 36), we

have highlighted some morphological properties of the

ThermisorelTM at the microscopic scale, such as its external

porosity U ¼ 0:64 and its volume weighted average radius

RF ¼ 42lm. The 3D microstructure of this fibrous material

is illustrated in Fig. 3 with a 3D tomographic X-Ray image.

In the further experimental results concerning the

ThermisorelTM, the acoustic stimulation is made along the

Oz axis, perpendicularly to the fibres which are isotropi-

cally oriented in the xOy planes.

For instance, Fig. 4 shows that a 4 cm thick fibre board

like the ThermisorelTM (black and green plots) has a similar

acoustic absorption coefficient as the simulated determinis-

tic medium composed of 2D PACC 64 periodic unit cells

(Fig. 2) with a radius equal to RF ¼ 42 lm (orange plot), in

the frequency range between 53Hz and 4032Hz. Note that

the homogenized acoustic absorption coefficient is obtained

without any experimental fitting from measurements. The

experimental acoustic absorption of the ThermisorelTM was

measured by the LAUM (Laboratoire d’Acoustique de

l’Universit�e du Maine, Le Mans, France) with a Kundt’s

tube.

Note that the two peaks of absorption around 2500Hz in

Fig. 4 are measurement artefacts due to the vibration

resonances of the Kundt’s tube used to measure aðxÞ, and
therefore are not significant. In Fig. 4, we can observe to

what extent the size of the fibre radii influences the absorp-

tion coefficient of a fibre board with a given porosity (here

U ¼ 0:64) and thickness (here d ¼ 4 cm).

These results are more detailed in our previous publica-

tions on this topic (Refs. 32–34), where it was shown to what

extent a compromise should be found between small and

large fibres. Decreasing the radius of the fibres for a given

porosity U implies an increase of the specific surface area Sv
of the fibres-pores interface, expressed in m�1. According to

FIG. 3. 3D X-Ray CT image of Thermisorel
TM

. Resolution: 15lm=voxel.

FIG. 4. Acoustic absorption coefficients of single layered materials com-

posed of 2D PACC cells with a porosity U ¼ 0:64, for different fibre radii,

and having a thickness d equal to 4 cm, for f between 53Hz and 4032Hz.

Comparison to the experimental properties of ThermisorelTM (Source:

LAUM).
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the Eq. (19), the specific surface area is the ratio between the

surface of the fibres-pores interface S and the total volume of

the sample.

Sv ¼
S

VTotal

: (19)

In acoustics, the dissipation of energy occurs at this

interface, in the so-called boundary layer, whose thickness

dBL is directly linked to the frequency of the propagating

sound wave, according to the Eq. (20).1,2 Thus, the lower the

frequency the thicker the boundary layer. That is, why the fi-

nite element mesh of the microstructures has to be refined at

the interface of the fibres (Fig. 2), in order to properly

resolve the thermoacoustic equations in the boundary layer,

and then to correctly estimate the acoustic properties of the

cell.

dBL ¼

ffiffiffiffiffiffiffiffiffiffiffi
g

f p q0

r

: (20)

Knowing the relationship between the thickness dBL and

the frequency f, we observed that reducing the radius RF

implies an increasing surface area Sv for a given pore volume

fraction, and then a global increasing acoustic absorption in

the frequency range (cf. plots for RF ¼ 200 lm (blue plot)

and RF ¼ 100 lm (pink plot) in Fig. 4). However, reducing

the size of the fibres too much, with a constant pore volume

fraction U, will cause an observable drop of the acoustic

absorption coefficient (cf. plots for RF ¼ 80 lm (black

dashed plot) to RF ¼ 20 lm (gray dashed plot) in Fig. 4).

III. RANDOM FIBROUS MEDIA

A. Acoustic fields simulated on random unit cells

In the Sec. II C was introduced a computational method

to simulate the thermoacoustic behaviour of a deterministic

fibrous medium. In this section, we will focus on the acoustic

properties of random fibrous media, since the microstructure

of the ThermisorelTM is heterogeneous. In previous publica-

tions, a morphological model was proposed to represent 3D

virtual fibrous materials with morphological properties simi-

lar to the ThermisorelTM. Based on the theory of random sets

(Refs. 16 and 23), our method makes use of a Boolean model

of random cylinders with random radii, lengths and orienta-

tions in 3D.32,35 Since the theoretical morphological proper-

ties of the random Boolean model are known, it is possible

to make an identification of the model from image analysis

measurements.

In this study, we have chosen to model random fibrous

media by infinite parallel fibres, like 2D PACC cells in Fig. 1,

but randomly distributed in 3D, with cross sections represent-

ing a Boolean model of discs. We will call these geometries

2D PACC RANDOM. The Fig. 5 shows the static fields of

acoustic velocity in two unit cells (1 and 2) among n¼ 20 in-

dependent realizations, composed of overlapping fibres in ac-

cordance with the Boolean model, as the result of the location

of the centres of discs, according to a random Poisson

point process.16,23 These unit cells X are X� periodic, which

means that the three acoustic fields ~u; p; s, and even the geo-

metries of their microstructures, are periodic in both Ox and

Oy directions. Moreover, all the fibres have the same radius

(here RF ¼ 42lm).

Their pore volume fractions are respectively equal to

UA ¼ 0:65 and UB ¼ 0:66. This fluctuation is a result of the

Poisson point process driving the Boolean model (Refs. 23,

32, and 35) which implies random pore volume fractions

around the average value UAVG ¼ 0:64. This study is different
from our previous work concerning the acoustic properties of

random fibrous media (Refs. 32 and 34) because the consid-

ered microstructures were especially chosen for having a con-

stant pore volume fraction (0.64). Thus, only the effects of the

geometrical fluctuations at constant porosity were studied.

The absolute value of the complex harmonic acoustic

fields jsj of the simulation 1 are represented in Fig. 6 for fre-

quencies in the range 53 Hz–1126Hz, at two different scales:

FIG. 5. Static fields of acoustic velocity~u (m/s) (f¼ 0Hz) for two periodic el-

ementary unit cells (among 20 independent realizations). Acoustic stimulation

in the vertical Oy direction, sources at the top of the geometries. RF ¼ 42lm.
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RF ¼ 42lm and 100lm. Note that the square geometries at

these two different scales are obtained with homothetic trans-

formations, which are quantitatively described in the Table I,

where the side lengths lC and surface areas AC of the 2D

PACC RANDOM cells are listed for each scale of radius RF.

Like in our previous work (Refs. 32–34), we can

observe that the boundary layer (blue areas with jsj � 0 at

the C air-fibre interface) gets thinner at high frequency, and

that an overlap of neighboring boundary layers is seen at low

frequencies for small fibres.

Generally speaking, both acoustic fields ~u and s, respec-

tively, represented in Figs. 5 and 6, are not homogeneous

and local fluctuations appear. This directly influences the

variations of the acoustic properties between realizations.

B. Macroscopic acoustic properties of random fibrous
media

After having simulated the thermoacoustic behaviour of

n¼ 20 independent microstructures of periodic random fi-

brous media at three different scales RF ¼ 42lm; 100 lm;

and 300 lm (which implies a total of 3� 20 ¼ 60 computa-

tional simulations), the next step consisted in estimating the

average absorption coefficient EfaðxÞg obtained from n¼ 20

independent realizations for each scale and for a given thick-

ness (here d ¼ 2 cm; 4 cm, and 10 cm). For each radius RF,

the average absorption coefficient in Fig. 7 was estimated

from both permeabilities EfKg and EfK0g averaged over the

n¼ 20 independent periodic microstructures and injected in

the equations in Sec. IIC.

In Fig. 7, the acoustic absorption of fibre boards com-

posed of deterministic 2D PACC unit cells (in orange) are

compared to the average absorption coefficient EfaðxÞg (in

green) obtained from the n¼ 20 2D PACC RANDOM peri-

odic microstructures for the case d ¼ 4 cm, the conclusions

derived from other thicknesses being similar. At first sight,

we can observe that deterministic and random cells do not

give exactly the same absorption coefficients, but they are

close. For example, deterministic and random geometries

with radii equal to RF ¼ 42 lm have very similar acoustic

absorption coefficients in the full frequency range. For larger

fibres (RF ¼ 100 lm and 300 lm) the frequency evolutions

are globally similar with almost identical amplitudes, but a

so-called “frequency shift” is observed between regular and

random microstructures.

The blue dots in Fig. 7 represent the absorption coeffi-

cient of each experimental simulation (among n¼ 20). Thus,

we can observe that for large fibres (RF ¼ 300 lm), the fluc-

tuations of the absorption coefficient are high.

FIG. 6. Harmonic fields of acoustic temperature s (K) for three frequencies f between 53 Hz and 1126Hz for the periodic elementary unit cell 1 at different

scales (RF ¼ 42lm and 100lm). Acoustic stimulation in the vertical Oy direction, sources at the top of the geometries. In this illustration, the configuration of

fibres is kept constant, while changing their diameter.

TABLE I. Lengths lC (in mm) and surface areas AC (in mm2) of the 2D

PACC RANDOM unit cells for the different fibre radii RF (in lm).

RF 42lm 100lm 300lm

lC ðmmÞ 2.52 6 18

AC ðmm2Þ 6.35 36 324
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IV. ESTIMATION OF THE REPRESENTATIVE VOLUME
ELEMENT

A. General method

The fluctuations of aðxÞ observed throughout the n¼ 20

realizations in Fig. 7 can be quantified in order to define the

relative precision � to estimate the average absorption coeffi-

cient EfaðxÞg over the n¼ 20 independent realizations, hav-

ing a surface area AC (Table I).

In this section, we will present a method to estimate the

representative volume element of such a material for differ-

ent physical properties. The main objective consists in defin-

ing the minimum volume for which the properties remain

stable, whatever the random sample considered. For this pur-

pose the fluctuations of different acoustic fields (velocity,

temperature, and absorption) are studied from n independent

unit cells composed of randomly distributed fibres.

In order to determine the relative precision � of the esti-
mation of an effective physical property hZi, obtained from

n independent random microstructures, each one having a

surface area equal to AC, it is necessary to estimate the var-

iance VARðhZiÞ of the random variable hZi over the n inde-

pendent unit cells. The relative precision � is defined from

the 95% estimation error �95% (Eqs. (21) and (22)), deduced

from the 95% confidence interval hZi6�95% inside which the

exact average value EfhZig is contained with a probability

0:95; EfhZig being the average of hZi over the n realizations

of the cell.

�295% ¼
4� VARðhZiAC

Þ

n
; (21)

�2 ¼
�295%

EfhZig2
: (22)

It is known (Refs. 4, 13, 17, 19, 24, and 43), that the var-

iance VARðhZiÞ can be expressed by Eq. (23), as a function

of the point variance VARðZÞ and of the integral range A2,

namely the integral of the correlation function, as defined by

Eq. (27) below, measuring the scale of the fluctuations of the

average physical property hZi. Noting A the surface area of

the individual cells, we asymptotically obtain the Eq. (23)

for A � A2.

VARðhZiAÞ

VARðZÞ
¼ A2 �

1

A
: (23)

Thus, the relative precision of the estimation of hZi,
obtained from n independent unit cells with a surface area

equal to A ¼ AC (Eq. (24)), can be deduced from Eqs.

(21)–(23) if the condition A � A2 is satisfied.

�2 ¼
4� VARðZÞ � A2

n� AC � EfhZig2
: (24)

In order to estimate the integral range A2, the method we

used consists in calculating the variance VARðhZiÞ of the av-
erage property hZi over all the disjointed subareas A of the

domain A0 ¼ n� AC. Moreover, we note VARðZÞ the point

variance of the random property Z over the total surface area

A0 of the n microstructures. The use of Eq. (23) was vali-

dated in many previous studies (see Refs. 4, 13, 19, and 43,

among others). A further validation is made here on the fluc-

tuations of the area fraction, as explained at the end of Sec.

IVB 1 and by comparison between theoretical and experi-

mental results (Table II).

To illustrate this method, the Fig. 8 represents the effec-

tive acoustic velocity averaged over subareas of the micro-

structure 1 for different ratios (1; 1
4
; and 1

9
Þ.

Finally, the representative volume element ARVE�
, into

which the average value hZi of the random variable Z is

estimated with a relative precision �, is defined in Eq.

(25).4,13,17,19,43 The Eq. (25) is defined from the Eq. (24),

with n¼ 1 and A2 estimated from Eq. (23).

ARVE�
¼

4� VARðZÞ � A2

�2 � EfhZig2
: (25)

B. Representative volume element
of the microstructure

1. Integral range of the microstructure

Using the method presented in the Sec. IVA, we consider

now as a random function Z(x), the indicator function of the

pores (ZðxÞ ¼ 1 when x is located inside the pores, and

ZðxÞ ¼ 0 in the fibres). In that case, the value VARðZÞ in the

FIG. 7. Comparison of the absorption coefficient of regular 2D PACC 64 homogenized microstructures to the average absorption coefficient (in green) of the

20 independent homogenized random fibrous media (individual absorption in blue) having a thickness d equal to 4 cm, for f between 53Hz and 4032Hz.

RF ¼ 42lm; 100lm, and 300lm.
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Eq. (23) is given by the equation: VARðZÞ ¼ U� ð1� UÞ,
with U the area fraction of the pores.

Let �CðhÞ be the centered covariance of a stationary

random variable Z with mathematical expectation EfZg
(Eq. (26)).24 We have

�CðhÞ ¼ EfðZðxÞ � EfZgÞ � ðZðxþ hÞ � EfZgÞg: (26)

For the indicator function, we can write the following

equation: �CðhÞ ¼ QðhÞ � U
2 ¼ CðhÞ � ð1� UÞ2, with CðhÞ

and QðhÞ the covariances, respectively, of the fibres and of

the pores. By definition, we have CðhÞ ¼ Pfx 2 fibres;
xþ h 2 fibresg, while QðhÞ ¼ Pfx 2 pores; xþ h 2 poresg.
Then, the integral range A2 can be obtained as a function of
�CðhÞ into the below equation

A2 ¼
1

U� ð1� UÞ

ð

<2

�CðhÞdh: (27)

The random microstructures used for the simulations are

Boolean models of random discs, which represent random fi-

brous media. They are obtained by implantation of discs

with a random radius R (here, we have R ¼ RF) on random

points xk of a Poisson point process. Realizations of the

model are shown on Figs. 5, 6, and 8, where it is clear that

overlaps between discs are allowed, as a result of the Poisson

point process, where points are located at random, without

any interaction. Thus, �CðhÞ can be analytically defined by

the theoretical expression QBDðhÞ of the covariance QðhÞ of
the pores of a Boolean model of discs (noted BD) defined

below.16,23,32,35

QBDðhÞ ¼ U
ð2�rDðhÞÞ: (28)

We note rDðhÞ, the normalized geometrical covariogram

of a disc. The geometrical covariogram of any random pri-

mary grain X0 and its normalized geometric covariogram are

respectively defined by the Eqs. (29) and (30), ln being the

average volume in 3D or the average area in 2D of the ran-

dom grains X0, over the n realizations.

KðhÞ ¼ lnðX
0 \ X�hÞ; (29)

rðhÞ ¼
KðhÞ

Kð0Þ
¼

KðhÞ

lnðX
0Þ
: (30)

Considering discs as primary grains having a constant

radius r, we can note their geometrical covariogram as

KDðh; rÞ ¼ 0 if h > 2r. It is obtained as the area of the inter-

section of two discs with the same radius r when their centres

are separated by distance h. The Eq. (31) gives by geometri-

cal calculation the values of KDðh; rÞ when 0 � h � 2r.

KDðh; rÞ ¼ 2r2 arccos
h

2r

� �

�
h

2r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
h

2r

� �2
s0

@

1

A: (31)

Then, from Eqs. (28), (30), and (31) into the Eq. (27), it

is possible to compute the theoretical integral range A2BD of a

Boolean model of random discs (Eq. (32)).

FIG. 8. Average acoustic velocity over subareas of the microstructure 1 for

different surface ratios (1; 1
4
; and 1

9
Þ. Acoustic stimulation in the vertical Oy

direction, source at the top of the geometry.
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A2BD ¼
4p

VARðZÞ

ð2RF

h¼0

h �CBDðhÞ dh

A2BD ¼
4p

VARðZÞ

ð2RF

h¼0

h
�

QBDðhÞ � U
2
�

dh

A2BD ¼
4p

VARðZÞ

ð2RF

h¼0

h
�

U




2�rDðhÞ
�

� U
2
�

dh:

8

>
>
>
>
>
>
>
>
>
<

>
>
>
>
>
>
>
>
>
:

(32)

Using the Eq. (23), the integral range A2 of the micro-

structure (i.e., of the porosity) was estimated from a linear

regression of the function VARðhUiAÞ=VARðUÞ with respect

to ð1=AÞ. The function VARðhUiAÞ was calculated by split-

ting the 20 realizations of 2D PACC RANDOM unit cells

into equal disjointed subareas with different A surface areas

(Fig. 8). The Fig. 9 shows this linear regression over the

scales 1 to 8 (i.e., over the surface ratios 1 to 1/64) in loga-

rithmic scales for both axis for the case RF ¼ 42 lm.

The resulting integral range A2 is compared to the theo-

retical one (Eq. (24)) in the Table II. The theoretical values

and the estimated values differ with a relative error close to

20% of the theoretical ones.

2. RVE of the porosity

After having estimated the integral range A2 of the

average porosity from n¼ 20 realizations in Sec. IVB1

(Table II), we can estimate from the Eq. (25) the representa-

tive volume element ARVE�
for which the average porosity

hUi is known with the relative precision �. On the Fig. 10, is

given the evolution of the relative precision of estimation � of

hUi as a function of the surface area A of one random realiza-

tion (n¼ 1) at different scales (RF ¼ 42lm; 100lm, and

300lm). It enables us to estimate the representative element

ARVE�
for a specific precision �. The minimum surface area A

on the Ox axis is equal to AC in Table I, which shows that a

single realization like those simulated in our work provides

an estimate hUi with a relative precision �hUi ¼ 3:7%.

According to the Eq. (24), the relative precision of the

estimation of hUi for the 20 images is equal to �hUi ¼ 0:83%,

which shows that both number (n¼ 20) and size (AC) of

images (Table I) are representative enough to estimate the

average porosity hUi with a very good precision. This con-

clusion is validated by the fact that the linear range for which

FIG. 9. Estimation of the integral range A2ðPorosityÞ of n ¼ 20 independ-

ent microstructures (Boolean model of random discs) for RF ¼ 42lm.

Logarithmic scales.

FIG. 10. Evolution of the relative precision of estimation � of hUi over the

surface area A of one random realization (n¼ 1) at different scales

(RF ¼ 42 lm; 100 lm; and 300 lm). The minimum surface area A on the Ox

axis is equal to AC in Table I. Blue dashed vertical line: � ¼ 1 %. Logarithmic

scales.

TABLE II. Comparison between A2Simu estimated over 20 microstructures,

and the theoretical integral range A2BD of an infinite Boolean model of ran-

dom discs with a radius RF.

RF ðlmÞ A2Simu ðmm2Þ A2BD ðmm2Þ

42 0.0039 0.0049

100 0.0222 0.0277

300 0.1995 0.2495
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A � A2 is relatively large in Fig. 9, since the linear regres-

sion of VARðhUiAÞ=VARðUÞ, according to ð1=AÞ was calcu-
lated over the 8 first area ratios (from 1 to 1/64).

C. Representative volume element of complex
acoustic fields

1. Integral range of complex acoustic fields

Since both variables ~u and s are complex, our study sepa-

rately focuses on the respective real and imaginary parts of

these two variables. Thus, the estimation of the RVE handles

the following four fields: Re½~u�; Im½~u�; Re½s�, and Im½s�.
Moreover, we consider the random scalar fields Re½uy�;
Im½uy�; Re½s�; and Im½s� as random functions. We note uy the

scalar complex component of~u along Oy, because the acoustic

stimulation is only oriented along this direction (Figs. 5 and 6).

Using the method presented in Sec. IVB1, we estimate

A2 for each of these four random fields Z(x), as shown in Fig.

11 for RF ¼ 42lm. We can observe that the linear regressions

of both components Re½uy� and Im½uy� of the acoustic velocity,
were made on the first 5 surface ratios (1; 1

4
; 1
9
; 1
16
, and 1

25
) for

which the linear approximation expressed in Eq. (23) can be

made according to the condition A � A2. However, the inte-

gral ranges of the two components of the acoustic temperature

s were estimated from linear regressions on the first 3 surface

ratios (1; 1
4
; and 1

9
), which shows that the linear range, for

which A � A2 is satisfied, is barely reached for our 20 images

with surface area equal to AC (Table I). Larger and more cells

(n � 100) would give access to a wider linear range for larger

surface areas A, beyond the values AC in Table I.

However, the estimated values of A2 of the four acoustic

fields are in accordance with the condition AC � A2, since

the minimum value of the ratio AC=A2 is about 100 for

Re½~u�; Im½~u�; Re½s�; and Im½s�, for the frequency range

between 53Hz and 2095Hz (Fig. 11).

After having estimated the integral range A2 of each ran-

dom scalar field (Re½uy�; Im½uy�; Re½s�, and Im½s�) for the 20

images (Fig. 11), we can observe its evolution with the fre-

quency of the propagating acoustic wave in the Fig. 12.

Figures 12 and 13 show to what extent the integral range

A2 and the relative precision � in estimating the four average

scalar fields decrease when the frequency increases for

RF ¼ 42 lm and RF ¼ 100 lm. This can be explained by the

relationship which exists between the frequency f and the thick-

ness of the boundary layer dBL (Eq. (20)), with q0 and g,

respectively, the density and the viscosity of the air filling the

pores.1,2 Moreover, we can observe on Fig. 13 that the maximal

relative precision � of the four scalar fields is about 10%, which

is small enough to consider our n¼ 20 simulations as represen-

tative for estimating the average harmonic acoustic fields.

2. RVE of the acoustic fields

The representative volume elements ARVE�
of the four

acoustic fields can be estimated from the Eq. (25), which

depends on the corresponding integral ranges A2 (Fig. 12).

The evolution of �, the precision of estimation of the average

acoustic fields is represented in Fig. 14 for different represen-

tative volume elements ARVE�
at different scales and

frequencies.

In unit cells composed of small and medium fibres

(RF ¼ 42 lm; 100 lm), we can notice that the values of ARVE�

decrease at fixed precision � when the frequency increases

(Fig. 14). Therefore, the characteristic sizes of the acoustic

FIG. 11. Estimation of the integral range A2 from linear regressions made on
VARðhZiAÞ
VARðZÞ for different frequencies. The variable Z is replaced by

Re½uy�; Im½uy�; Re½s�, and Im½s�. For both uy components, the linear regres-

sions are made for the 5 sub-scales AC;
AC

4
; AC

9
; AC

16
; and AC

25
. For both s compo-

nents, the linear regressions are made only for the 3 first sub-scales.

RF ¼ 42lm. Logarithmic scales.
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fields in unit cells are smaller at high frequencies for

RF ¼ 42lm and RF ¼ 100lm, which is consistent with the

decrease of the thickness of the boundary layer at high fre-

quencies (Eq. (20)), giving fields with a lower correlation

length.

However, the representative volume elements ARVE�
of

the fields obtained from cells with large fibres (RF ¼ 300lm)

do not seem to evolve with the same monotonic trend as for

smaller fibres.

D. Representative volume element of the acoustic
absorption

1. Relative precision in the estimation of the acoustic
absorption

In order to estimate the relative precision � of estima-

tion of the acoustic absorption with the Eq. (24), the

integral range A2 cannot be estimated, since there is no

point variance VARðZÞ for aðxÞ. However, we can estimate

the product VARðZÞ � A2 with a linear regression of

VARðhZiAÞ as a function of 1=A (Eq. (23)). Thus, using this

linear regression and the Eq. (24), we obtained the precision

� of the acoustic absorption as a function of the total surface

area A0 ¼ n� AC of our 20 simulations.

The frequential evolution of � is represented in Fig. 15.

We can observe that all the values of � are globally smaller

than 5% and smaller than the precision of estimation of the

average acoustic fields (Fig. 13) for RF ¼ 42 lm and

RF ¼ 100 lm. Moreover, the values of � decrease when both

the thickness d of the material and the frequency increase,

for small and medium fibres (RF ¼ 42 lm and 100 lm).

FIG. 12. Evolution of the integral range A2 with f between 53Hz and 4032Hz

for Re½uy�; Im½uy�; Re½s�, and Im½s�, at different scales (RF ¼ 42lm; 100lm;
and 300 lm).

FIG. 13. Evolution of the relative precision of estimation � with f between

53Hz and 4032Hz for hRe½uy�i; hIm½uy�i; hRe½s�i; and hIm½s�i, at different
scales (RF ¼ 42 lm; 100lm; and 300lm). The relative precision was

obtained with n¼ 20 independent simulations with a surface area equal to

AC (Table I).
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For large fibres (RF ¼ 300 lm) the fluctuations and the

95% confidence interval previously observed in Fig. 7 are

direct consequences of the high values of � for the acoustic

absorption. This results show that the size AC of the 20 simu-

lations (Table I) is probably not large enough to properly

quantify the fluctuation of the acoustic absorption of large

fibres, even if the average value of aðxÞ of the 20 realiza-

tions is not very different from the absorption obtained on a

deterministic fibre network (orange plots in Fig. 7).

2. RVE of the acoustic absorption

Finally, the last step of our work consists in estimating

the representative volume element for the acoustic absorp-

tion. In Fig. 16, we can observe the evolution of the relative

precision of estimation � of the average value EfaðxÞg with

the size A of one simulation of random fibrous media. As a

consequence of the results obtained for the acoustic fields

(Fig. 14), the relative error � monotonically decreases (giving

a better precision) when the frequency increases for small

FIG. 14. Evolution of the relative precision of estimation � of hRe½uy�i;
hIm½uy�i; hRe½s�i; and hIm½s�i over the surface area A of one random realiza-

tion (n¼ 1) for RF ¼ 42lm. The minimum surface area A on the Ox axis is

equal to AC in Table I. Interval between two colored dashed vertical lines:

� 2 ½1%� 5%�. Logarithmic scales.

FIG. 15. Evolution of the relative precision � with f between 53Hz and

4032Hz for the absorption coefficient aðxÞ, at different scales (RF ¼ 42lm;
100lm; and 300 lm) and for different thicknesses (d ¼ 2 cm; 4 cm; and
10 cm). The relative precision was obtained with n¼ 20 independent simula-

tions with a surface area equal to AC (Table I).
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and medium fibres (RF ¼ 42 lm, 100 lm), for the three con-

sidered thicknesses (d ¼ 2 cm; 4 cm; and 10 cm). This is a

direct effect of the frequential evolution of the thickness dBL
of the boundary layer (Eq. (20)). This trend is not observable

for large fibres (RF ¼ 300 lm).

Let us focus on the precision of estimation of EfaðxÞg
over a single simulation composed of small and medium

fibres (RF ¼ 42 lm; 100 lm) with a surface area equal to AC

(Table I). Even if the maximal value of � is equal to 20% at

low frequencies (f ¼ 53Hz), the values of the precision are

close to 10% for frequencies higher than 400Hz (Fig. 16).

Therefore, we observe that one unit cell with a surface area

equal to AC is representative enough to estimate the average

absorption coefficient with a precision of 10%, over the fre-

quency range between 53Hz and 2095Hz. This gives the

size of the domain to be used in the random network, to esti-

mate the effective acoustic properties with a given precision.

V. CONCLUSIONS

Estimating the acoustic behaviour of random media is a

challenging problem, which was recently developed by nu-

merical techniques on images of the microstructure. In this

paper is considered the effect of the size of fibres and of their

random distribution in space on the acoustic behaviour.

Following a method efficiently applied in the domains

of elastostatics and of thermostatics,4,13,17,19,43 we extended

the statistical determination of the RVE to the harmonic

case, in the framework of thermoacoustics. As a result, we

are able to estimate the relative precision of estimation of the

acoustic properties of porous media, predicted from numeri-

cal simulations of the complex harmonic velocity and tem-

perature fields in a random medium submitted to an acoustic

wave propagation. This precision depends on the scale of

calculations, and on the local fluctuations of the fields that

can be estimated by numerical techniques. In the present

case, thermal properties fluctuate more and develop longer

correlation lengths than velocity fields. The thermal proper-

ties are therefore the limiting factor to define a representative

volume element. The effect of the frequency is to decrease

the size of the RVE, as a result of the thinning of the bound-

ary layer giving more localized fields.

The method illustrated here on a random fibrous me-

dium can be used on more general 3D images or simulations,

like foams or granular media, provided the corresponding

fields are obtained by numerical calculation.

FIG. 16. Evolution of the relative precision of estimation � of the average acoustic absorption EfaðxÞg over the surface area A of one random realization

(n¼ 1) at different scales (RF ¼ 42 lm; 100 lm; and 300 lm), for thicknesses d equal to 2 cm, 4 cm; and 10 cm, and for f between 53Hz and 2095Hz. The

minimum surface area A on the Ox axis is equal to AC in Table I. Interval between two colored dashed vertical lines: � 2 ½1%� 5%�. Logarithmic scales.
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