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On stability of discrete-time quantum filters

Pierre Rouchon*

May 18, 2010

Fidelity is known to increase through a Kraus map: the fidelity between two density
matrices is less than the fidelity between their images via a Kraus map. We prove here
that, in average, the square of the fidelity is also increasing for a quantum filter: the square
of the fidelity between the density matrix of the underlying Markov chain and the density
matrix of its associated quantum filter is a super-martingale. Thus discrete-time quantum
filters are stable processes and tend to forget their initial conditions.

1 Kraus maps and quantum Markov chains

Take the Hilbert space S = C” of dimension n > 0 and consider a quantum channel
described by the Kraus map (see [3], chapter 4)

K(p) =Y M,pMj] (1)
pn=1
where

e p is the density matrix describing the input quantum state, K(p) being then the
output quantum state; p € C"*" is a density matrix, i.e., an Hermitian matrix semi-
positive definite and of trace one;

o for each p € {1,...,m}, M, € C*"/{0}, and 3 MM, = I.
To this quantum channel is associated the following discrete-time Markov chain:
Pr+1 = My, (pr) (2)
where
e py is the quantum state at sampling time ¢, and k the sampling index (tx < tgxi1).

o 1, € {1,...,m} is arandom variable; y1;, = p with probability p,(px) = Tr (MupkM;).
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o M,(p) = M,pMj = —=M,pMj .

1
Tr( MupM;, )

Kraus maps are contractions for the trace distance, i.e., nuclear distance (see [3], the-
orem 9.2, page 406): for all density matrices o, p, one has

Tr ([K(o) = K(p)]) < Tr (lo = pl)

where, for any Hermitian matrix A with spectrum {N}ieqi,. 01, Tr (JA]) = >, [N The
Kraus map tends also to increase fidelity F' (see [3], theorem 9.6, page 414): for all density
matrices p and o, one has

1 (\VE@IK (VR ) = Fkio). K(p) = Flo.p) =T (Vo)

Where for any Hermitian semi positive matrix A= U AUT, U unitary matrix and A =

..........

The conditional expectation of pri1 knowmg Pr 18 glven by the Kraus map:

£ (Pes1/pk) = K(pk)-

This result from the trivial identity > " | Tr (MupM h % = K(p). In section 2 we

show during the proof of theorem (II) the following inequality

M, oM, M, pM} 2
Z Tr ‘“OM (Tr(MHUM):)’ Tr(MMpMZ)) 2 (o) 4

for any density matrices p and o. The left-hand side is related to a conditional expectation.
Inequality (), attached to the probabilistic mapping (2l), can be seen as the stochastic
counter-part of inequality (3)) attached to the deterministic mapping (). When for some
p, Tr (M,oM}) = 0 with Tr (M,pM]) > 0, one term in the sum at the left-hand side

of (@) is not defined. This is not problematic, since in this case, if we replace = J(WAZU% j
uO My,
MueM! . . . . )
by m where £ is any density matrix such that Tr (MNQ“M /E) > 0, this term is then

well defined (in a multi-valued way) and inequality (4] remains satisfied for any such &.
During the proof of theorem (8]), we extend this inequality to any partition of {1,...,m}
into p > 1 sub-sets P,:

T 2 Zuem MuUMxi Zuem MuPMl 2
S 1 (30w ) (Rt et ) s e

HGPV




2 The standard case.

Take a realization of the Markov chain associated to the Kraus map K. Assume that
we detect, for each k, the jump u; but that we do not know the initial state pg. The
objective is to propose at sampling k, an estimation g, of pp based on the past detections
1o, - - - g—1- The simplest method consists in starting from an initial estimation py and
at each sampling step to jump according to the detection. This leads to the following
estimation scheme known as a quantum filter:

prr1 = My (Pr) (6)

with p,(px) = Tr (M,prM,,) as probability of i, = p. Notice that when Tr (M, ppM,, ) =
0, M, (px) is not defined and should be replaced by M, (§) where £ is any density matrix
such that Tr (MukéMuk) > 0 (take, e.g., £ = =1;). The theorem here below is a first step
to investigate the convergence of p, towards py as k increases.

Theorem 1. Consider the Markov chain of state (py, pr) satisfying @) and [@). Then
Fz(ﬁ/ﬁpk) is a super—martingale.‘ E (F2(ﬁk+17pk+1)/(ﬁk7pk)) Z Fz(ﬁ/ﬁpk)

When py, or py, are pure states, pp41 Or pry1 remain also a pure states. Then, F?(py, pr) =
Tr (prpr) and F2(pri1, prs1) = Tr (Prr1, pry1)- In this case, theorem [ has been proved
in [2] using Cauchy-Schwartz inequalities for m = 2. The proof proposed here below deals
with the general case when both p; and p; can be mixed states. It relies on arguments
similar to those used for the proof of theorem 9.6 in [3].

Proof. p and p are associated to the Hilbert space S = C": p and p are operators from S to
S. Take a copy () = C" of S and consider the composite system living on S®Q) = C™. Then
p and p correspond to partial traces versus @) of projectors |@E><zﬂ| and |¢)(¢| associated
to pure states [¢)) and |¢)) € S ® Q:

p="Trg (1)), = "Tro (V) ()

) and |¢) are called purifications of p and p. They are not unique but one can always
choose them such that F'(p, p) = |(¢|¢)| (Uhlmann’s theorem).

Denote by |1) and |,) such purifications of py, and py, satisfying F(pr, pr) = |(0n|ts)].
We have

K (F2(ﬁk+17 Pk+1 lepk Zpu Pk (ﬁk)u Mu(pk))-

The matrices M, (py) and M, (pi) are also densrcy matrices. Take the space S® Q ® E
where E is the Hilbert space of the environment appearing in the system-environment
model of the Kraus map (I). This model is recalled in appendix [Al Tt introduced an
unitary transformation U on S ® E. This unitary transformation can be extended to
SRERRFE=S®FE®Q by setting V =U ® I (I is identity on Q). Then

M, (pr) = Trqor (BV (JUr) (] © leo)(eol) VIFL) -
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Set |pr) = [Ur) @ leg) € S ® Q@ E and |xx) = V|¢y). Using P2 = P,, we have

pu(pr) = Tr (Myu(pi)) = (0l VI PV |6n) = [1Pulxi) I1”
For each p, the state |xx,) = ﬁPA}@Q is a purification of M, (py):

Pu(pr
Myu(pr) = Trqoe ([xku) (Xkul) -
Similarly set |¢x) = |U) ® |eo) and |Xx) = V|¢x). For each p, [Xu.) = \/ﬁpﬂ\y@ is
also a purification of M, (p;). By Uhlmann’s theorem,
F* (M), Miu(pr)) = 1Rl |-

Thus we have

E (F? (b1, prr1)/ (Prs o)) Zpu (1) 1 (R Xt |-

Since V' is unitary,

Xk 12 = 1Dkl o) |2 = | (rlon) [ = F2 (b, pr).-
Let us show that > | p,(px) [{(Xnul Xk [ > [(Xelxk) . We have
Pu(or) [ (Xl ? = (Xl Paxie)* = [{(Xnulxw) I,

thus it is enough to prove that > 7", [(Xaulxx) | > [{Xx|xx)|*. Denote by RCS®Q®F

the vector space spanned by the ortho-normal basis (| X)) and by P the projector

pe{l,...,m}

W) = > Pule) = D pulpn) )

| 2

on R. Since

IXx) belongs to R and thus |(Xe|xi)|? = |(Xx|Pxx))|?>. We conclude by Cauchy-Schwartz

inequality

[l P = 1R PDan® < IRelPIPDad 1 = [1Phad I? = ZI (Xl ) ”

3 The aggregated case.

Let us consider another Markov chain attached to the same Kraus map (Il) and associated
to a partition of {1,...,m} into p > 1 sub-sets P, (aggregation of several quantum jumps
via "partial Kraus maps”):

D1 = 1 Z M,pp M (7)

Tr (Zuepuk MquMD ep
Vi



where v, = v with probability Tr (Z
filter

LEPy MupkMD. Consider the associated quantum

Prs1 = : > MM (8)

ot
Tr<zue7>yk MquMM) ueP
Vi

where the jump index v coincides with the jump index vy in (7). Then we have the
following theorem.

Theorem 2. Consider the Markov chain of state (py, pr) satisfying ([@) and (). Then
F?(pr, pr) is a super-martingale: I (F*(pri1, pry)/(rs pr)) = F2(Prs pr)-

Proof. 1t is similar to the proof of theorem [Il We will just point out here the main changes
using the same notations. We start from

E (F?(prs1, prs1)/ (Prs or)) Zpu i) F2 (M (pr), Mo (pr)).-

where we have set

pulp) =T (Z Mule> M) = 5 (z Mupr)

HEPy HEPy

With P, the orthogonal projector on S®Q®span{|u), u € P,} and M, (p) = Zuepu Mung,
we have

M, (pr) = Trges ( PV (144) (] @ leo) (eol) VIR )

and B B B
Bolp) = T (AL,(p1)) = (@lVIRVI00) = 12 I

For each v, the state |\, ) = ﬁfﬂxk) is a purification of M, (py):
Pv\pPk

M, (pr) = Trgee (|Xkw) (X ) -

L__P,|xk) is also a purification of M,,(j;). By Uhlmann’s theorem,

Do (Pr)

Similarly |, ) =

F2 (M (p1), Mo (pr)) = [N | X )|
Thus we have
E (F*(pr+1, prs1)/ (Prs pr)) Zpu or) | (X Xoe) |-
Let us show that Y "_ p,(px) |()Zk,,|)2k,,)| > | (Xl xk)|? = F?(pr, pr). We have
Bu(pw) 1w Xad [ = 1 0| Poxind I = 1 (0 000 1

bt



thus it is enough to prove that S-2_, [(Xru|Xk)|* > [(Xe|Xxx)|>. Denote by R CSRQ®E
the vector space spanned by the ortho-normal basis ( i ) and by P the projector

-----

on Ji’ Since ) )
=Y P =D Vu(n) [Xe)
v=1 v=1

|Xx) belongs to R and thus (k| xk)|? = |(>Zk\15|xk>)|2 We conclude by Cauchy-Schwartz
inequality

(Rebee) 2 = 1R Pl 2 < 1P P I 17 = 1Pl |12 = ZI (X lxe)]”

4 Concluding remarks

Theorems [Il and [2] are still valid if the Kraus operators M, depend on k. In particular,
F(py,, pi) remains a super-martingale even if the Kraus operators depend on fy, i.e., in case
of feedback.

When o and p are pure states (projectors of rank one), D(o,p) = /1 — F?(o,p).
Consequently inequality () yields to

M#UM): MuPM;JL
Z Tr ( “pM (Tr(MWM,i)’ Tr(Mule)) < D(o,p)

for any pure states o and p (use the fact that [0,z] > x — /1 —x is decreasing and
concave). We conjecture that such inequality hold also true for any mixed states and that
D(pr, pr) = Tr (|pr — pr]) is a sub-martingale.
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A System-environment model

The quantum channel associated to the Kraus map (Il) or the Markov chain (2)) admits
a system-environment model (see [I], chapter 4 entitled ”The environment is watching”).
Take the Hilbert space £ = C™ associated to the environment and the composite system
living on S ® E. Take a pure state |¢) € S and its density matrix py = |¢pg)(Pr|. Assume
that before detection py, at step k, the composite system admits the pure state |@x) ® |eg)
where |eg) is an environment pure state. Take m states |u) forming an orthogonal base of
E. Then exists a unitary transformation U (not unique) of S® FE such that, for all |¢) € S,

U(|9) ® leo)) =Y (M|¢) @ ).
pn=1

This is a direct consequence of Zzzl M EM , = 1. For each p, denote by P, the orthogonal
projector onto the subspace S ® (C|u)). Then P,U (|¢) ® |eg)) = (M,|¢)) @ |p) and
> . Pu=1. We can then verify that for any density matrix p associated to a state in R,

P.U (p® leo)(eo]) U B, = M pM; @ |1) (i

and thus
Trg (P.U (p @ leo){eol) UTF,) = MypM].
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