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ABOUT THE EXISTENCE OF LOCALLY LIPSCHITZ OUTPUT
FEEDBACK STABILIZERS FOR NONLINEAR SYSTEMS*

A. ISIDORIT, L. PRALYY, AND L. MARCONIS$

Abstract. In this paper we complement some results of [L. Marconi, L. Praly, and A. Isidori,
SIAM J. Control Optim., 45 (2007), pp. 2277-2298] by presenting a sufficient condition under which
the output feedback controller proposed in that paper can be designed to be locally Lipschitz. The
condition in question consists in a regularity property of the observable part of an autonomous system
with output that generates the control input in a steady state. The work has been deliberately written
to be an addendum to [L. Marconi, L. Praly, and A. Isidori, SIAM J. Control Optim., 45 (2007),
pp. 2277-2298], to which the reader is referred for notation and main results.
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1. Introduction. In this work we complement the results given in [10] by pre-
senting a condition under which the regulator proposed in that paper is guaranteed
to be locally Lipschitz. As in [10], we address a stabilization problem for the class of
smooth nonlinear systems described by

z= f(Z, y)v
) ¥ =q(2,y) +b(z,y)u

with state (z,y) € R™ x R, control input u € R, and measurable output y. The initial
state (2(0),y(0)) is assumed to range in a known compact set Z x = C R™ x R. The
high frequency gain b(z,y) is assumed to be bounded away from zero and, without
loss of generality, positive. Associated with system (1) there is a controlled output
e € RP defined as

e=h(z,y),

in which A : R” x R — RP? is a smooth function. The “zero dynamics” (with respect
to the input u and output y) of system (1) are supposed to satisfy the following
“minimum-phase” assumption.

Assumption A. There exists a compact set A C R™ such that

(a1) the set A is locally asymptotically stable for the system

(2) 2= f(20)

with a domain of attraction D D Z; and
(a2) h(z,0) =0 for all z € A.
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In this framework the control problem addressed in [10] was the one of designing an
output feedback controller of the form

n=emny),
3) u = 0(n,y)

with state n € R and a compact set M C R” such that, in the associated closed-loop
system

2}' = f(zaC)v

(4) CZQ(27C)+Q(n7k(27C))7
n= 90(777/“(270),
€= h(va)v

the positive orbit of Z x =x M is bounded and, for each (z(0),y(0),7(0)) € ZxEx M,

tlggo e(t) = 0.

As shown in [10], this control problem encompasses stabilization problems by
output feedback as well as problems of nonlinear output regulation. As far as the
latter is concerned, a remarkable by-product of the results of [10] is a “universal”
assumption-free technique for the design of the internal model and hence for the
generation of the appropriate steady state control. This extends the domain of interest
of the theory of nonlinear output regulation to meaningful previously untractable
applications (see [8]).

The design solution proposed in [10] leads to a dynamical controller of the form

1N = Fn+ Gu, neR™,
(5) u="(n)+v,
v = k(y),

in which (F,G) € R™*™ x R™*1 is a controllable pair and (-) and &(-) are properly
designed continuous functions.

The design of F, G,~(-), and x(-) is achieved as follows. First, it is observed that
the choice (5) yields a closed-loop system with relative degree 1 between the input v
and the output y and zero dynamics of the form

) i= Fy~ Gaol2).
in which
- _q(z,0)
fo(2) == f(2,0),  qo(2) = )

Proposition 1 of [10] shows that, if Assumption A holds and the matrix F' is Hurwitz,
there exists a continuous function 7 : R™ — R™ such that the set

graph 7| . .= {(z,7) e AXR™ : n=r1(2)}

is locally asymptotically stable for (6) with a domain of attraction which contains
Z x M. Furthermore (see Proposition 2 in [10]), if the dimension m of (5) satisfies
m > 2n+ 2, there is a number £ and a set S € C of zero Lebesgue measure such that,
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if the spectrum o(F) of F satisfies o(F) € {¢ € C: Re(¢) < —¢} \ S, there always
exists a class-/C function p(-) for which the partial injectivity condition

(7) l90(21) = qo(22)| < p(I7(21) = 7(22)])  Vz1,22€ A

holds. This, in turn, guarantees the existence of a continuous function v : R™ — R
such that (see Proposition 3 in [10])

(8) Q@(z)+vyo7(z)=0 VzeA.

In particular, if the function p in (7) is linearly bounded at the origin, the function ~
can be chosen to be globally Lipschitz.
This being the case, it turns out that in the composite system

z= f(z,y),
n=Fn+Gy(n) +vl,
9 =q(z,y) +b(z,y)[v(n) +v],

the set graph 7| 4, x{0} is forward invariant when v = 0, and, on this set, the controlled
output e is identically zero by assumption (as). Thus, to complete the design, it
suffices to choose v = k(y) in such a way that the set graph 7| , x {0} is asymptotically
stable, with a domain of attraction which contains the given set of initial conditions.
As shown in Theorem 1 of [10], there always exists a continuous function r(-) for
which this is the case. In particular, the function x(-) is linear if assumption (a;) is
strengthened by imposing that the set A be also locally exponentially stable for (2)
and if the function () is locally Lipschitz (see Theorem 2 in [10]).

The results in [10] have been extended in subsequent works. In [7], several issues
regarding the design of the stabilizer v = k(y) have been addressed by showing, in
the context of nonlinear output regulation, a trade-off between the “regularity” of the
stabilizer v = £(y) and the “minimality” of the internal model. In [8] possible exact
and approximated expressions for the function v have been presented, proposing in
this way a complete framework for exact and practical output regulation of nonlinear
systems. In [3] the design technique in [10] has been applied to address some problems
of output regulation for non—minimum-phase nonlinear systems. Then, in [11] and
[9], the observer theory of [10] (and of [5]) has been applied in the context of nonlinear
output feedback stabilization, under the additional hypothesis that the function = is
locally Lipschitz.

An issue completely left open in [10] and in the subsequent works is the identi-
fication of conditions under which the function v (and thus the whole regulator (5))
is locally Lipschitz and not “only” continuous. This work is precisely meant to fill
this gap. In the next section, we present a meaningful sufficient condition, expressed
in terms of a checkable property of the functions fy and gy, which guarantees that
the function g in (7) is linearly bounded at the origin, and hence the regulator (5) is
locally Lipschitz.

2. A sufficient condition for locally Lipschitz regulators. In what follows,
we regard fo(-) as a smooth vector field of R™ and let ¢y, (¢, z) denote its flow. With
fo(+) and the smooth function ¢o(-) we associate a codistribution €2 defined as

> 5}
9) Q(z) :== ) spanq —L% qo(z) .
> spun{ - ot}
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The next proposition provides a sufficient condition under which the regulator pro-
posed in [10] is locally Lipschitz. The result is based upon two technical assumptions.
The first is the following.
Assumption 1. There exists an open bounded subset @ D A, where A is the
compact set introduced in Assumption A, which is backward invariant for Z = fy(2).
The second technical assumption refers to the function 7 : O — R™ defined as

0
(10) T(z) := —/ e T Gao(oy, (s, 2))ds,

— 00

which, as shown in [10], is a function satisfying the properties (7) and (8). In Proposi-
tion 1 of [10] it was shown that the map in question is continuous and the set graph 7| ,
is locally asymptotically stable for (6) with a domain of attraction containing Z x M.
Furthermore, if m > 2n + 2, there exist a set S C C of zero Lebesgue measure and
a positive ¢ such that if o(F) € {¢ € C: Re(¢) < £} \ S, then there exist a class-K
function g(-) and a (at least) continuous function v : R™ — R such that (7) and (8)
hold (See Propositions 2 and 3 of [10]).

Assumption 2. The map 7 : O — 7(0) is open when 7(0) is equipped with the
subset topology, i.e., for any z* € O and for any Z C O open neighborhood of z*,
there exists an open set U C R™, with 7(2*) € U, such that U N 7(0) C 7(2).

We are now in a position to state the main result of the paper, which is the
following proposition.

ProOPOSITION 2.1. Let Assumptions 1 and 2 hold. If there exists an integer c
such that

(11) dim[Q(z)] = ¢ VzeO,

then there exists a globally Lipschitz function () satisfying (8).

The proof of this proposition relies on the following crucial lemma.

LEMMA 2.2. Under Assumption 1, if there exists an integer ¢ < n such that (11)
holds, then, for any z in O, there exist a neighborhood V, and a real number L, such
that we have

(12) lgo(21) — qo(22)] < L. |7(21) — 7(22)] V21,20 €V, .

Proof of Lemma 2.2. Since O is bounded and backward invariant, ¢y, (¢,z) is
defined for all (¢, z) € (—00,0) x O and gives rise to a smooth bounded function. Also,
for each nonpositive t, z — ¢, (¢, 2) is a diffeomorphism. Set y(t, z) := qo(@y, (¢, 2)).
For each z, the function t € (—o0, 0] — y(¢, 2) is bounded. Also, for each ¢ in (—o0, 0]
and any k in N, we have

dry(t, z)
dtk

Let (F,G) € R™*™ x R™*! he a controllable pair with F' Hurwitz, and define
7:0 — R™ as in (10). This map is continuous and satisfies

= LkOLIO(d)fO (ta Z))

Ly1(2) = Fr(z) — Ggqo(z) vz e 0.
Observe that

995,
0z

o,
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and that
14 00,2 = Ho (61,05, 25, 2)
and
1) e = o (00) L0 )
(G2 0o x B s.2)) o).

Also, if z is in O, then ¢y,(s,2) is in the compact set CI(O) for all s < 0. By
integrating (14) with the initial condition given by the first equation in (13), it follows

that |a§§° (s,2)| does not grow in s faster than e™ls| where F is a bound of |%|
on Cl(O). Furthermore, by integrating (15) with the initial condition given by the
second equation of (13) and by taking into account the previous bound, it follows that

2
88f2f0 (s,2)| does not grow in s faster than e>115I. So, when the eigenvalues of F have

real part strictly smaller than £ = —2F}, the function 7 is C2 on O.
Finally, observe that

or, " g0y
(16) a(z) = —/ e Ga(s,z) ds.

— 00

In the remaining part of the proof we prove that, under the condition expressed
in Lemma 2.2, condition (12) holds. For clarity, we have divided the overall proof into
a number of claims.

Claim 1. For any z € O, any! v € R"\ Q1(z), and any T < 0, there exists
t_(z,v,T) < ty(z,v,T) in [T, 0] satisfying

9y
&(t, z)-v#0 Vi e (t-(z,v,T),t+(z,0,T)).

Proof. If this were not the case, by continuity in ¢, there would exist z in O, v in

R™\ Q1 (2), and T < 0 satisfying

%(t,z) v=0 VtelT,0],
and therefore
d* oy L% qo ¢y,
= — Z(t,z) v = —L— t —2(t,z)-v Vte (T Vk € N.
0 dtkaz(vz) v B (¢fo(7z)) Oz (72) v E( 70)7 €
Hence by continuity at 0 in ¢ and since we have
o¢
$5(0,2) = , 2 (0,2) =1,
by taking the limit as ¢ — 0 ~, we would obtain
oLk
0= 8—2%(z)-v Vk € N.

I'We denote by Q<1 (z) the annihilator of Q(z) defined as Q1 (z) = {w € R™)* : (w,v) =
0 for all v € Q(z)}, where (R™)* is the dual space of R™.
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This says that v would be in Q+(2), which is a contradiction. O
Claim 2. For any z € O and any v € Q*(2), we have
0
8—Z(t,z)-v -0 w<o.
Proof. Pick arbitrary z in O. Since y(t, z) = qo(¢, (¢, 2)), we have
Ay 9q0 by,

&(tﬂz) = E(¢fo(tﬂz)) 0z (t,Z).

But following [6, Lemma 3.6], we know that condition (11) implies
by, (t,2)) %( tz) = Q(z) V<0, VzeO,

or, similarly,

8¢f0
0z

Hence, for any v in Q1 (2), (%fo (t,z) v is a vector in Q+(¢y, (¢, 2)), which therefore
annihilates %(qbfo (t,2)). EI

In the following claim we refer to the integer ¢ introduced in (11).

Claim 3. For any z; € O, there exist a connected neighborhood U; of z; and
a diffeomorphism ®; : U; — R™ such that, by choosing the coordinates z = ®;(z)
defined on Uj, for any « in ®;(U;) we have the following:

1. For any v ¢ QJ-(CDj_l(x)), there exist w, € R°\ {0} and vy € QL(@j_l(x))
satisfying

(17) (t,2) Q4 (2) = QM (g5 (t2)).

(18) v =Ty i(xr)w, + vo,

where U, ;(z) is the left invertible matrix given by the first ¢ columns of
-1

a(gi (x) and, conversely, for any w, € R\ {0} and vy € QJ‘((I);l(CE)), the

vector (18) satisfies v ¢ QL(q);l(x)).

2. For any v € Ql(i’;l(x)), there exists wp, in R ¢ satisfying
(19) v = Uy ;(x)wy,

where Wy ;(x) is the left invertible matrix given by the n — ¢ last columns

oD . .
5-—(x) and, conversely, for any w, in R"~¢, the vector (19) satisfies
v E QL(q);l(x)).
Proof. Since €2(z) has dimension ¢ at z;, there exist integers k1, ..., k. such that

OLY q0
Z span { ( )} .

Set

pi(z) =Ljqo(z), i=1,....c.

By continuity and condition (11), there exists a neighborhood W; of z; such that the
c covectors

2, )

(20) Ee el
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are linearly independent at each z € W; and span Q(z), i.e.,

Q(z) = gspan{aa% (z)}, zeW;.

z

As a consequence, for each k in N, there exists a set of ¢ continuous functions cg;,
defined on W}, satisfying

L% qo

(21) 9%

(2) = eulz) 88“”; (2)  VzeW;.
=1

Since the covectors in (20) are linearly independent at z;, it is always possible to
find a set of additional n — ¢ smooth functions

gOch](Z), ey SOn(Z)
such that the n covectors

01 Opn,
E(Z)""’W(z)

are linearly independent at z;. As a consequence, there exists a neighborhood U; of
zj such that the function ®; : U; — R" defined as

B,(2) 1= colfpr(2), ., pu(2)}

is a diffeomorphism. Without loss of generality, we may assume U; is a subset of W
and is connected.

Let the n vectors vy, ...,v, be defined as
AT
vy = x) €,
K3 ax (3
where e; is the ith standard basis vector in R™. They are also the n columns of
oL
J

52— (x) which we have decomposed as
[v1,...,0] = Uqj(x), [Vet1s---,0n] = Uy (),

where U, ;(z) and U, ;(x) are, respectively, the first ¢ and n — ¢ last columns of
ot . . . .
52— (). Each v; can be viewed as a tangent vector to the n-dimensional manifold

U; at the point z = <I’j_1(a:). And, since we have

o, . . 00"

we obtain
0;
8—;(<1>j1(x)) [v1--v,] =1 Vo€ ®;(Uj).

Bearing in mind the definition of ®;, this is equivalent to

i
0z

(2)vk = dike Vz e Uj,
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where ;1. is the Kroeneker symbol. In particular, we obtain that if i < cand k > c+1,
then

i
0z

(z)vr, =0 Vz € Uj.
Because of (21), this implies
v €Q5(2)  Vk>c+1,  VzeU;.

Since these n — ¢ vectors are linearly independent, a dimensionality argument allows
us to conclude that

QO (2) = span{vert,. .., v} Vz € Uj.

This implies the second point of the statement.

For the same reason, we see that any nontrivial linear combination of vy, ..., v is
not in Q1 (2) (otherwise, there would be a point z in U; at which Q1 (2) would have
dimension higher than n — ¢, thus contradicting the basic hypothesis).

Now, pick any z in U; and any v ¢ Q1(2), that is, any = in ®;(U;) and any
v ¢ QL(q)j_l(x)). The vector v has necessarily nonzero components along vy, ..., ..
Therefore, there exist w, in R¢\ {0} and vy in QO+ (@;1(95)) such that

v =Ty i(xr)w, + vo,

which concludes the proof of the claim. O
To simplify the following notation, we let Y; be the open set

Tj = @j(Uj) X Rc\{O} C R™te,

Note that, U; being open, for each z € Uj; there exists T'(j,2) < 0 such that
¢, (t, z) is in Uj for all ¢ in [T'(4, ), 0]. We have established the following facts:
1. From Claims 1 and 3, for each pair (x,w,) in T, there exist t_ < ¢t defined
ast_ =t (D5 (), U j()wa, T(j, ®;  (2))) and ty = t4 (D]} (z), o j(2)w,,
P . .
T'(j,®; (x))) and satisfying
9y

&(t,q’j—l(x)) W, i(x)we #0 VEE (t_,t4).

2. From Claims 2 and 3, for each pair (z,ws) in ®;(U;) x R"¢, we have

0y -1

a(t,fbj () - Upi(x)w, = 0 VE<O.

Motivated by the previous results, let us split the coordinates x into two parts x,,
collecting the first ¢ coordinates, and x;, collecting the n — ¢ last ones, and define, for

each z in ®;(U;),

CIOj (xaa xb) = QO(@;I (x))a g] (ta La, xb) = y(ta q);l(x))
With this notation, points 1 and 2 above yield, respectively, the following.
1. For each triplet ((zq,zp),wq) in Y, there exist t_ < ¢ty satisfying
9y,
0x,

(22) (t,Za,xp)we #0 YVt € (t_,t4).
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2. For each pair (z4,xp) in ®;(U;), we have
(23)

From now on, we adapt to the present context arguments which have been used

in [1]. Let A be the set {\ € C : Re(\) < ¢}. From the fact that 7 is C2 on O, it
follows also that the function g : O x A — C" defined as

0
(24) g(z,A) = / e”‘s@(s,z) ds

oo 0z

is C1 in 2 for each A and holomorphic in A for each z. Then, by the definition (24),
the function gq ; : ®;(U;) x A — C° defined as

gmj(fvaa Ty, )‘) = g(q)j_l((xaa xb))ﬂ )‘) \Ija7j((xa7 ffb))

0 7.
= / e 04, (8, Tayxp) ds

oo Oxq

is C' in (x4, 1) for each A and holomorphic in A for each (x4, 7).

We recall now a lemma proved in [2].

LEMMA 2.3. Let A and T be open subsets of C and R, respectively. Let
(x, \) = v(x, A) be a complex valued function defined on T x A which is holomorphic
in X for each x € Y and C* for each X € A. If, for each pair (x,\) in ¥ x A for
which v(x, \) is zero, we can find an integer k satisfying

” %(X,/\):O Vie{0,... . k—1},
( ) 8k’U
E6A) # 0,
then the set
(26) S = U {1, Angn) €A 0(x A ) = - = 0(x Angen) = 0}

XEY

has zero Lebesgue measure in CPetl,
In our context the previous lemma is used with x defined as the triplet (z4, zp, wq)
in the open set T; and the function v as

’U(Xv )‘) = gj(xaa Tp, /\) Wq-
Observe that (22) implies

0
/ 672Re()\)s

So, from Parseval’s theorem, condition (25) of Lemma 2.3 is satisfied. It follows that,
if (A\;) is a set of (n + ¢+ 1) complex numbers chosen in A<\ S;, where S;,
associated to T, is the set given by Lemma 2.3, we have

7 2
%(s,xa,xb)wa ds >0 V((q,Tp,wa),\) € T; X A.

gj($a;33b;/\1)
: we # 0 V(Za,xp, wa) € Y.

gj (xaa Tp, AnJchrl)
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But, O being locally compact, there exists an open set V; containing z; whose closure
Cl(V;) is compact and contained in U;. And, O being paracompact, there exists a
countable set J of z;’s satisfying

oc|Jv.
icJ
Then since S; is of zero Lebesgue measure and J is countable, the set
S =1Js;
JjeJ

has zero Lebesgue measure, and, by picking (\;) in A"T¢*+1\ S, we have

gj(ﬁaaxbaAl)
: we # 0 V(2a,xp, wa) € T;, Vj € J.

gj(xaamba An+c+l)
By choosing the pair (F,G) as
F =diag(\1,- - Antert), G=01 ... DT,

by defining the function 7; as

0
Hawar) = 1@ wnm) = = [T Gys,ma ) ds,
and by comparing (24) and (16), it follows that

Gj(zq,zp, A1)
L(2q,0p) wq = — we # 0 V(a, 2y, wa) € T, Vj € J.

gj (xaa Tb, )\n+c+l)

This implies

oT;

_ T ;-
det ((g—;i(xa,xbo <8—x1(xa,xb)>> # 0 V(za,x) € ®;(U;), Vj € J.

Hence, for each j in J, the functions M, : ®;(U;) — Re*2(+etD) and N; : @,(U;) —
RI*2(ntetl) - defined as

o7 o7 o
M] (xan xb) = <83§i (xaa xb)T axi (xan .Tb)) 8—1;‘;(‘%(17 xb)T7

a’ .
Nj(xa,ﬁb) = 83?7 (!’Ea,ﬁb) Mj(xa,xb),

are continuous and satisfy, for all (z4,zp) in ®;(U;),

07
M;(xq,zp) %(xa,xb) =7
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and
877]' . quj
Nj (ﬁaa xb) 8$a (ﬁaa xb) - 8$a (ﬁaa xb)'
On the other hand, (23) gives
oT; 0qo; .
(27) a_xi(xaaxb) =0, 8—3:5(xaaxb) =0 v(xaaxb) € (I)j(Uj)v V] e J

Since ®;(U;) is connected, this implies that 7; and go; do not depend on .

Now for any z, in O, there exist j in J such that V; contains z,. Let (21, 22) be an
arbitrary pair in Cl(V}-)2. There exist two points 1 = (24,1, %p,1) and x2 = (24,2, p,2)
in ®;(Cl(V;)) C Uj2 satisfying

z1 = ‘b;l((%l,%b,l)), Zy = ‘b;l((%,z,%b,z)),

7(21) = Tj(Ta1,21), T(22) = Tj(Ta2,Tb2),
and

qo0(z1) = Goj(Ta,1,26,1), qo(22) = Goj(Ta,2,Tp,2).

Let A, and A, be defined on C1(V;)? as

or oL
Ar(z1,22) = 7(21) — 7(22) — <&(2‘1) 3; ($1)> (z1 — 22),

o9t
Ay, (21, 22) = qo(21) — qo(22) — (5(21) 3; (!E1)> (1 — z2).

Since 7; and go; do not depend on x3, we have

075
Ar(z1,22) = Tj(Ta,1, 25,1) — T5(Ta2, @) — 55 (Ta1, 1) (Tal — Taj2),

0z,

Odn:
207 (ﬂia,l, ﬂib,l) ($a,1 - $a,2)-

0x,

Ago (21, 22) = Goj(Ta,1, 1) — Goj(Ta,2, Tp,1) —

Hence, 7; and go; being C?, there exists § > 0 such that we have

[Ar(z,29)] 1 [Ago (z1,22)] . Njmax
|xa71_xa72| o 2Mj,max, |$a,l_$a,2| o 2Mj,max

V(Zl,ZQ) S Vj2 : |2’1—22| < 5;

where Mj max and Nj max denote an upperbound of [M;| and |N;| on the compact set
®,(CL(V;)). Then, setting

Ta1 — Tap = Mj(xa1,20,1) [Ar(21,22) — (7(21) — 7(22))]

yields

1
|Za,1—Za2] < Mjmax|T(21)—7(22)| + = |Ta,1—Ta2] V(z1,22) € VP i |21 —22| <6,
2 J
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With all this, we get

lgo(21) — qo(22)| = %(Z)a(b;l(x) (21 — 22) + Ay (21, 22)
qgo(21 qo(22)| = azlam 1 1 2 q0 (%1, 22

_ | 9o,

=13 (a1, p1) (Ta1 — Ta2) + Agy(21, 22)

Tq
87’j

= |Nj(2a,1,%p,1) o (a1, 2p1) (Ta1 — Ta2) + Ago(21, 22)

= |Nj(Ta,1,7p,1) [T(21) — T(22) — Ar(21,22)] + Age(21, 22)]

< Nj,max |T(Zl) - T(Zz)l + ﬁ |$a)1 — l'a,2|

< 3Njmax [T(21) = 7(22)] V(z1,22) € V1 |21 — 20| <6,

To conclude, we have established that, under the regularity assumption, for any
z in O, there exist a neighborhood V, (= V; N B,(d)) and a real number L, such that
we have

lgo(21) — qo(22)| < L.|7(21) — 7(22)| V(z1,22) € V.. a

Proof of Proposition 2.1. By [10] (see Proposition 3) it is known that there exists
a continuous g : 7(A) — R such that

(28) q0(2) +y007(2) =0 Vze A.

We prove that if (12) holds and Assumption 2 is fulfilled, the function ~q is necessarily
Lipschitz on 7(A). Once we have proved this, the fact that there exists a globally
Lipschitz v : R™ — R which agrees with v on 7(A), and thus which satisfies (8),
follows by the Kirszbraun theorem (see, for instance, Theorem 2.10.43 in [4]). To prove
the fact that 7o : 7(A) — R is Lipschitz, we proceed by contradiction by supposing
that, for all n > 0, there exist two sequences p,1 and p,a € 7(A) satisfying

(29) 170(Pn1) — Y0(Pn2)| > nlpn1 — Pn2l -

Since 7(A) is compact, {pn1} and {pp2} have subsequences converging to some points
pf and p3 in 7(A). To simplify, we still denote by {p,1} and {pn2} these subsequences.
Since 7o is continuous, the term |vo(pn1) — Yo(Pn2)| is bounded, and hence |pp1 — pr2|
tends to zero as m tends to co. Thus, pj = p5 = p*. Let z* € A be any point
of 771(p*) and pick the set Z C O (see Assumption 2) as any subset of V.. (as
defined in Lemma 2.2) having z* in its interior. Let U be the open set of R™,
satisfying U N 7(O) C 7(Z), whose existence is secured by Assumption 2. We know
that there exists n such that, for all n > 7, p,1 and p,2 are in U N7(O). Hence, since
UNt(0) C 7(Z), pp1 and ppa are images of points 2,1 and 2,2 of V.. Using (28)
and (29), we have in this way shown the existence of sequences {z,1} and {z,2} of
points of V., satisfying |qo(zn1) — qo(2n2)| > n|7(2n1) — 7(2n2)|, which, by virtue of
Lemma 2.2, is a contradiction. This proves Proposition 2.1. d

A drawback of Assumption 2 in Proposition 2.1 is that the function 7 should be
known in order to check whether it is open or not. In order to overcome this difficulty,
in the next proposition we replace Assumption 2 with a more severe but checkable
condition condition which refers to the following codistribution:

=Y 9 rn 0 n
Q@(Zl,ZQ) = ]gspan{azL OqO(Zl), aZLfqu(ZQ)}.



LOCALLY LIPSCHITZ OUTPUT FEEDBACK STABILIZERS 3401

PROPOSITION 2.4. Let Assumption 1 hold. Assume, in addition, the existence of
integers ¢ and ce such that (11) and

(30) dim Q. (21, 22) = ce V(z1,22) € (O x O)\ {(21,22) : 21 = 22}

hold. Then there exists a globally Lipschitz function () satisfying (8).
Proof. We prove that there exists a p > 0 such that for all z1, zo € A the following
holds:

(31) lg0(21) — qo(22)| < p|T(21) — 7(22)].

From this, the existence of a globally Lipschitz v satisfying (8) follows from Proposi-
tion 3 of [10]. In order to prove (31), we proceed by contradiction by assuming that,
for each integer n, we can find z1, and z9, in A satisfying

(32) |90(21n) = qo(220)| = n|7(210) — 7(22n)]-

Since A is compact, there exist two subsequences of the sequences {z1,} and {z2,}
converging to some points z7 and z5 of A. For convenience we still denote by {z1,}
and {z2,} these subsequences. Furthermore, since gy is bounded on A, this implies
that |7(z1n) — 7(22,)| and therefore, with (7), |go(z1n) — qo(22, )| tend to 0 as n goes
to 00. Hence, |7(=1) — 7(z3)| = lao(}) — ao(23)] = 0.

If 27 = 25 = z*, then, with Lemma 2.2, we know the existence of a neighborhood
V.« and a real number L.+ such that for each n for which zq,, and z5, are in V,«, we
have

lg0(21n) — qo(220)| < Lax |7(21n) — 7(220)|,

which contradicts (32).
We consider now the case zi # z3. Consider the extended system, with state
ze = (21, 22), defined as

Ze = fe(ze) = (fo(21), fo(22)) s 4e(2) = qo(21) — qo(22)-

By Lemma 2.2 applied to this system (with €(z) and O replaced, respectively, by
Qe(z1,22) and O, = OxO\{z. : 21 = 23}), it turns out that there exist a neighborhood
Vs of 2% := (2f, 23) and L. > 0 such that for all 2,2/ € V..

(33) |ge(20) = qe(2)] < L 7e(2) — 7e(20));

where 7.(z.), by linearity in go of 7 in (10), is given by Te(ze) = 7(21) — 7(22). By
taking z! = (z1n, 22,) and 2z = (2}, 23), it turns out that, for n sufficiently large, 2/
and z; belong to V.. and 2, # 21,. Hence, by using (33) and the definitions of 7,(-)
and gc(-), and the fact that |7(2]) — 7(23)| = lgo(21) — q0(25)[ = 0,

|90(21n) — go(22n) = (90(27) — @0(23))] = lge(2) — ge(2)]

Le|7e(ze) = 7e(20)] = Lz |7 (21n) — 7(220) = (7(27) — 7(23))]

|
= Lz;|7'(zln) - T(ZQn)L

lg0(21n) — qo(22n)|

IN

which contradicts (32). O
Remark 1. By going through the proofs of Propositions 2.1 and 2.4 and, in turn,
of Lemma 2.2, it is possible to observe that the requirement of the existence of an
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open bounded set O which is backward invariant for Z = fo(z) (Assumption 1) is only
motivated by the need of having the function 7(z) in (10) be well defined and C? (see
the discussion before (16) in the proof of Lemma 2.2). In this respect the requirement
in question can be replaced by the requirement that the function 7(z) in (10) be well
defined and C? for all z € A. In this case, by inspection of the proof of the lemma
(see in particular Claim 2 in the proof), it turns out that the regularity condition (11)
must be replaced by

dimQ(z) =c  Vze{pp(t,s) : t<0,ce A}

3. Conclusions. This paper complements the results of [10] by presenting a
sufficient condition under which the output feedback stabilizer proposed in [10] can be
taken to be locally Lipschitz. Under the technical conditions presented in Assumptions
1 and 2, it has been shown (see Proposition 2.1) that it suffices that the “observability”
codistribution defined in (9) satisfies a constant rank property for concluding the
existence of a locally Lipschitz stabilizer. The proposed result is expected to be useful
in problems of output feedback stabilization and output regulation where regularity
of the controller is an important issue.
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