
HAL Id: hal-00475751
https://minesparis-psl.hal.science/hal-00475751

Submitted on 22 Apr 2010

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Controllability Issues for Continuous-Spectrum Systems
and Ensemble Controllability of Bloch Equations

Karine Beauchard, Jean-Michel Coron, Pierre Rouchon

To cite this version:
Karine Beauchard, Jean-Michel Coron, Pierre Rouchon. Controllability Issues for Continuous-
Spectrum Systems and Ensemble Controllability of Bloch Equations. Communications in Mathe-
matical Physics, 2010, 296 (2), pp.525-557. �10.1007/s00220-010-1008-9�. �hal-00475751�

https://minesparis-psl.hal.science/hal-00475751
https://hal.archives-ouvertes.fr


ar
X

iv
:0

90
3.

27
20

v1
  [

m
at

h.
O

C]
  1

6 
M

ar
 2

00
9

∗ † ‡§

T L2(0, T )
L∞ L∞

loc([0, +∞))

+1/2 −1/2

∗

†

‡

§

http://arXiv.org/abs/0903.2720v1


0

@
0
0

B0

1

A R3

0

@
v(t)
−u(t)
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A R3

M ∈ R3 t
ω = −γB0 γ

∂M

∂t
(t,ω) =




0 −ω v(t)
ω 0 −u(t)

−v(t) u(t) 0



 M(t,ω), (t,ω) ∈ [0, +∞) × (ω∗,ω
∗),

−∞ ! ω∗ < ω∗ ! +∞

Ωx :=




0 0 0
0 0 −1
0 1 0



 , Ωy :=




0 0 1
0 0 0
−1 0 0



 , Ωz :=




0 −1 0
1 0 0
0 0 0



 ,

∂M

∂t
(t,ω) = (ωΩz + u(t)Ωx + v(t)Ωy)M(t,ω), (t,ω) ∈ [0, +∞) × (ω∗,ω

∗).

t

• (M(t,ω))ω∈(ω∗,ω∗) ω M(t,ω) ∈ S2 R3

• u(t) v(t)

ek R3 (δki)i∈{1,2,3}

ω (ω∗,ω∗) v = u = 0
i(ω∗,ω∗) −i(ω∗,ω∗)

L2((ω∗,ω∗), S2)
ω∗ ω∗

dw

dt
= Aw + p(t)Bw

w p : [0, T ] → R



X (X) = +∞ A C0

X B : X → X w0 ∈ X w(t; p, w0)
p ∈ L1

loc([0, +∞)) w(0) = w0

w0

R(w0) := {w(t; p, w0); t " 0, p ∈ Lr
loc([0, +∞)), r > 1}

X
X X ∪r>1Lr

loc([0, +∞))

X = L2((ω∗,ω∗), S2)
C0([ω∗,ω∗], S2)

M0(ω)
T > 0 M0 L2(0, T ) ω

L2((ω∗,ω∗), S2)

X X

{
utt + uxxxx + p(t)uxx = 0, x ∈ (0, 1), t ∈ (0, +∞),
u = ux = 0 x = 0, 1,

(u, ut) p
H2

0 × L2(0, 1) Lr
loc([0, +∞)) r > 1
H5+ × H3+(0, 1)

H1
0 (0, T )

{
i∂ψ∂t = −∂

2ψ
∂x2 − u(t)µ(x)ψ, x ∈ (0, 1), t ∈ (0, +∞),

ψ(t, 0) = ψ(t, 1) = 0

ψ u µ ∈ C∞([0, 1])
H2((0, 1), C) L2

loc([0, +∞))
µ(x) = (x − 1/2) H7((0, 1), C)

H1
0 (0, T ) T

(ω∗,ω∗) = (−∞, +∞)
M0 ≡ e3

(ω∗,ω∗)
R e3

e3 L2(0, T )



(M ≡ e3, (u, v) ≡
0) −∞ < ω∗ < ω∗ < +∞
C0([ω∗,ω∗], R3) T (u, v) ∈ C∞

c ((0, T ), R2)

M ≡ e3

ω R ω∗ = −∞ ω∗ = +∞
T > 0 M0 ≡ e3

L2(0, T )

ω (ω∗,ω∗) −∞ <
ω∗ < ω∗ < +∞

M0 : (ω∗,ω∗) → S2

L2(ω∗,ω∗) e3

‖.‖L∞ ‖.‖Hs ∀s ∈ (0, 1)
L∞

loc([0, +∞))

e3 ω

e3

e3

•
e3

•

e3

e3

e3

e3

M(t,ω) :=




x(t,ω)
y(t,ω)
z(t,ω)



 ,

Z(t,ω) := (x + iy)(t,ω), w(t) := (−v + iu)(t).



T > 0 z(t,ω) > 0 (0, T ) × (ω∗,ω∗)

∂Z

∂t
(t,ω) = iωZ(t,ω) − w(t)

√
1 − |Z(t,ω)|2, (t,ω) ∈ (0, T ) × (ω∗,ω

∗),

Z(t,ω) =

(
Z0(ω) −

∫ t

0
w(τ)

√
1 − |Z(τ,ω)|2e−iωτdτ

)
eiωt, (t,ω) ∈ (0, T ) × (ω∗,ω

∗).

L2(R) L2(R, C)
L2(R, R)

(M ≡ e3, (u, v) ≡ 0)

−∞ < ω∗ < ω∗ < +∞
(M ≡ e3, (u, v) ≡ 0)

(Z ≡ 0, w ≡ 0)
Ż(t,ω) = iωZ(t,ω) − w(t), Z(0,ω) = Z0(ω),

Z(t,ω) =
(
Z0(ω) −

∫ t

0
w(τ)e−iωτdτ

)
eiωt.

F

F(w)(ω) =

∫

R

w(t)e−iωtdt.

I ⊂ R 0 R \ I

T ∈ (0, +∞) Z0 = 0
w ∈ L1(0, T )

{Z(T ); w ∈ L1(0, T )} = F [L1(−T, 0)].

Z0

w ∈ L1(0, +∞) F [L1(0, +∞)]
Z0 ∈ F [L1(0, +∞)] w := F−1[Z0]

L1(0, +∞) Z0 0

w ∈ L1(0, +∞) F [w] ≡ 0 (ω∗,ω∗) w = 0 w
ϕ : C+ ∪ C− ∪ (ω∗,ω∗) → C

ϕ(z) :=






F [w](z), z ∈ C−,
F [w](z), z ∈ C+,
0, z ∈ (ω∗,ω∗),

C+ := {z ∈ C; +(z) > 0} C− := {z ∈ C; +(z) < 0} ϕ
C+ C− C+ ∪ C− ∪ (ω∗,ω∗) C+ ∪ C− ∪
(ω∗,ω∗) ϕ (ω∗,ω∗) ϕ ≡ 0 w = 0 #



T > 0 Zf ∈ C0([ω∗,ω∗]) η > 0 w ∈ C∞
c ((0, T ))

Z0 = 0 ‖Z(T ) − Zf‖L∞(ω∗,ω∗) < η

T > 0 Zf ∈ C0([ω∗,ω∗]) η > 0
P ∈ C[X ]

‖Zf(ω)e−iω T
2 − P (iω)‖L∞(ω∗,ω∗) <

η

2
.

w(t) := −P (∂t)δT/2(t) Z0 = 0

Z(T,ω) = −F [w](ω)eiωT = P (iω)e−iω T
2 eiωT = P (iω)eiω T

2

‖Z(T ) − Zf‖L∞(ω∗,ω∗) <
η

2
.

g ∈
C∞

c ((−1, 1), R+)
∫

R
g = 1 ε ∈ (0, T/2)

gε(t) :=
1

ε
g

(
t − T/2

ε

)

(0, T ) wε(t) := −P (∂t)gε(t)

Z(T,ω) = P (iω)ĝε(ω)eiωT .

ĝε(ω) − e−iω T
2 =

∫ 1

−1
g(y)[e−iωεy − 1]dy e−iω T

2 ,

‖P (iω)[ĝε(ω) − e−iω T
2 ]‖L∞(ω∗,ω∗) ! ‖P (iω)‖L∞(ω∗,ω∗)‖ĝε(ω) − e−iω T

2 ‖L∞(ω∗,ω∗) → 0

ε→ 0 ε

‖Z(T ) − Zf‖L∞(ω∗,ω∗) < η.#

M(0) ≡ e3

(u, v) ∈ L2((0, T ), R2) M(0) ≡ e3 w L1(0, T )
z(t,ω) > 0 (t,ω) ∈ (0, T ) × R

Z(t,ω) = −
∫ t

0
w(τ)

√
1 − |Z(τ,ω)|2e−iωτdτeiωt, ∀(t,ω) ∈ [0, T ] × R.

ω∗ = −∞ ω∗ = +∞
ω∗ = −∞ ω∗ = +∞

(u, v) L2((0, T ), R2)

(u, v) L2((0, T ), R2)



[0, T ]

T > 0 R := 1/(2
√

T ) w ∈ L2(0, T ) ‖w‖L2(0,T ) < R
Z ∈ C0([0, T ], L2(R)) ∩ C0

b ([0, T ] × R)

‖Z‖L∞((0,T )×R) !
√

T‖w‖L2(0,T ),

‖Z‖C0([0,T ],L2(R)) ! 2
√

2π‖w‖L2(0,T ).

w1, w2 ∈ L2(0, T ) ‖w1‖L2(0,T ) < R ‖w2‖L2(0,T ) < R

‖Z1 − Z2‖L∞((0,T )×R) ! 2
√

T‖w1 − w2‖L2(0,T ),

‖Z1 − Z2‖C0([0,T ],L2(R)) ! 4
√

2π‖w1 − w2‖L2(0,T ),

j ∈ {1, 2} Zj w := wj

T > 0 c := 1/
√

3

|f ′(x)| ! c, ∀x ∈ [0, 1/2], f(x) :=
√

1 − x2.

w ∈ L2(0, T ) ‖w‖L2(0,T ) < R
Θ

B := C0([0, T ], L2(R)) ∩ C0([0, T ] × R, BC(0, 1/2))

Θ(ξ) = Z

BC(0, 1/2)) := {ξ ∈ C; |z| ! 1/2},

Z(t,ω) = −
∫ t

0
w(τ)

√
1 − |ξ(τ,ω)|2e−iωτdτeiωt, ∀(t,ω) ∈ [0, T ] × R.

B C0([0, T ], L2(R))
Θ B R

√
T ! 1/2

ξ ∈ B Z := Θ(ξ)

|Z(t,ω)| ! ‖w‖L1(0,T ) !
√

T‖w‖L2(0,T ) !
√

TR ! 1/2.

Z ∈ C0([0, T ] × R, BC(0, 1/2))

Z(t,ω) = −F [τ−tw|[0,t]](ω) −
∫ t

0
w(τ)

(√
1 − |ξ(τ,ω)|2 − 1

)
e−iωτdτeiωt,

τa(ϕ)(s) := ϕ(s−a)

‖Z(t)‖L2(R) !
√

2π‖w‖L2(0,T ) +

(∫
R

∣∣∣
∫ t
0 w(τ)

(√
1 − |ξ(τ,ω)|2 − 1

)
e−iωτdτ

∣∣∣
2
dω

)1/2

!
√

2π‖w‖L2(0,T ) +
(∫

R
‖w‖2

L2(0,T )

∫ t
0 c2|ξ(τ,ω)|2dτdω

)1/2

! ‖w‖L2(0,T )

(√
2π + c

√
T‖ξ‖C0([0,T ],L2(R))

)
,

Z(t) ∈ L2(R) t ∈ [0, T ]
C0([0, T ], L2(R))

(t,ω) ∈ [0, T ]× R

∣∣∣
∫ t

0
w(τ)

(√
1 − |ξ(τ,ω)|2 − 1

)
e−iωτdτ

∣∣∣ ! c‖w‖L2(0,T )

(∫ T

0
|ξ(τ,ω)|2

)1/2

.



Θ B c
√

TR < 1
ξ1, ξ2 ∈ B Z1 := Θ(ξ1) Z2 := Θ(ξ2)

(Z1 − Z2)(t,ω) = −
∫ t

0
w(τ)

(√
1 − |ξ1(τ,ω)|2 −

√
1 − |ξ2(τ,ω)|2

)
e−iωτdτeiωt.

‖Z1 − Z2‖L∞((0,T )×R) ! ‖w‖L1(0,T )c‖ξ1 − ξ2‖L∞((0,T )×R) ! c
√

TR‖ξ1 − ξ2‖L∞((0,T )×R).

‖(Z1 − Z2)(t, .)‖L2(R) ! c
√

TR‖ξ1 − ξ2‖C0([0,T ],L2(R)), ∀t ∈ [0, T ].

c
√

TR ! 1/2
c
√

TR ! 1/2
ξ = Z

c
√

TR ! 1/2

(Z1 − Z2)(t,ω) = −
∫ t
0 (w1 − w2)(τ)

√
1 − |Z1(τ,ω)|2e−iωτdτeiωt

−
∫ t
0 w2(τ)

(√
1 − |Z1(τ,ω)|2 −

√
1 − |Z2(τ,ω)|2

)
e−iωτdτeiωt,

|(Z1 − Z2)(t,ω)| !
√

T ‖w1 − w2‖L2(0,T ) + c
√

TR‖Z1 − Z2‖L∞((0,T )×R), ∀(t,ω) ∈ [0, T ] × R

c
√

TR ! 1/2

‖Z1 − Z2‖L∞((0,T )×R) ! 2
√

T‖w1 − w2‖L2(0,T ).

(Z1 − Z2)(t,ω) = −F [τ−t(w1 − w2)|[0,t]](ω)

−
∫ t
0 (w1 − w2)(τ)

(√
1 − |Z1(τ,ω)|2 − 1

)
e−iωτdτeiωt

−
∫ t
0 w2(τ)

(√
1 − |Z1(τ,ω)|2 −

√
1 − |Z2(τ,ω)|2

)
e−iωτdτeiωt,

‖(Z1 − Z2)(t)‖L2(R) !
√

2π ‖w1 − w2‖L2(0,T ) + ‖w1 − w2‖L2(0,T )c
√

T‖Z1‖C0([0,T ],L2(R))

+‖w2‖L2(0,T )c
√

T‖Z1 − Z2‖C0([0,T ],L2(R)).

c
√

TR ! 1/2

‖Z1 − Z2‖C0([0,T ],L2(R)) ! 2
√

2π
(
1 + 2c

√
TR

)
‖w1 − w2‖L2(0,T ) ! 4

√
2π‖w1 − w2‖L2(0,T ).

Z BC(0, 1/2)

[0, τ ] τ ∈ [0, T ) [0, τ ′]
τ ′ > τ #



T

BR[L2(0, T )] := {w ∈ L2(0, T ); ‖w‖L2(0,T ) < R}.

T > 0 R := 1/(4
√

3T )

FT : BR[L2(0, T )] → L2 ∩ C0
b (R)

w .→ Z(T, .) Z ( ),

L2 ∩ C0
b (R)

M N Ck R k ∈
{∞} ∪ N \ {0} F : M → N Ck F Ck

S := F (M) N Ck

F Ck

F F Ck

M := BR[L2(0, T )] N := L2 ∩ C0
b (R)

C∞ FT

FT C1 dFT (w).W = ξ(T, .) ξ

ξ(t,ω) = −
∫ t
0 W (τ)

√
1 − |Z(τ,ω)|2e−iωτdτeiωt

+
∫ t
0 w(τ)

/[Z(τ,ω)ξ(τ,ω)]√
1 − |Z(τ,ω)|2

e−iωτdτeiωt, ∀(t,ω) ∈ [0, T ] × R.

c

FT BR[L2(0, T )] 6c
√

TR < 1
w1, w2 ∈ BR[L2(0, T )] FT (w1) = FT (w2)

∫ T

0
w1(t)

√
1 − |Z1(t,ω)|2e−iωtdt =

∫ T

0
w2(t)

√
1 − |Z2(t,ω)|2e−iωtdt,

F [w1 − w2](ω) =
∫ T
0 (w2 − w1)(t)

(√
1 − |Z2(t,ω)|2 − 1

)
e−iωtdt

+
∫ T
0 w1(t)

(√
1 − |Z2(t,ω)|2 −

√
1 − |Z1(t,ω)|2

)
e−iωtdt.

L2(R)

√
2π‖w1 − w2‖L2(0,T ) ! ‖w2 − w1‖L2(0,T )c

√
T‖Z2‖C0([0,T ],L2(R))

+‖w1‖L2(0,T )c
√

T‖Z1 − Z2‖C0([0,T ],L2(R)).

√
2π‖w1 − w2‖L2(0,T ) ! 6c

√
2π

√
TR‖w1 − w2‖L2(0,T ),



6c
√

TR < 1

FT 6c
√

TR < 1
w ∈ BR[L2(0, T )] W ∈ L2(0, T ) dFT (w).W = 0

F [W ](ω) = −
∫ T
0 W (τ)

(√
1 − |Z(τ,ω)|2 − 1

)
e−iωτdτ

+
∫ T
0 w(τ)

/[Z(τ,ω)ξ(τ,ω)]√
1 − |Z(τ,ω)|2

e−iωτdτ, ∀ω ∈ R.

L2(R)
√

2π‖W‖L2(0,T ) ! ‖W‖L2(0,T )c
√

T‖Z‖C0([0,T ],L2(R)) + ‖w‖L2(0,T )c
√

T‖ξ‖C0([0,T ],L2(R))

‖ξ‖C0([0,T ],L2(R)) ! 4
√

2π‖W‖L2(0,T ),

√
2π‖W‖L2(0,T ) ! 6c

√
2π

√
TR‖W‖L2(0,T ),

6c
√

TR < 1

ξ(t,ω) = −F [τ−tW ](ω)

−
∫ t
0 W (s)

(√
1 − |Z(s,ω)|2 − 1

)
e−iωsdseiωt

+
∫ t
0 w(s)

/[Z(s,ω)ξ(s,ω)]√
1 − |Z(s,ω)|2

e−iωsdseiωt,

‖ξ(t)‖L2(R) !
√

2π‖W‖L2(0,T ) + ‖W‖L2(0,T )c
√

T‖Z‖C0([0,T ],L2(R))

+ ‖w‖L2(0,T )c
√

T ‖ξ‖C0([0,T ],L2(R)).

c
√

TR ! 1/2

FT 6c
√

TR ! 1/2
A BR[L2(0, T )] (Zn(T, .) = FT (wn))n∈N

FT (A) Z∞(.) L2 ∩ C0
b (R) Z∞ ∈ FT (A)

(wn)n∈N L2(0, T ) n ∈ N

Zn(T,ω) = −F [τ−T wn](ω) −
∫ T

0
wn(t)

(√
1 − |Zn(t,ω)|2 − 1

)
e−iωtdteiωT ,

n, p ∈ N

F [τ−T (wn − wp)](ω) = (Zp − Zn)(T,ω)

−
∫ T
0 (wn − wp)(t)

(√
1 − |Zn(t,ω)|2 − 1

)
e−iωtdteiωT

−
∫ T
0 wp(t)

(√
1 − |Zn(t,ω)|2 −

√
1 − |Zp(t,ω)|2

)
e−iωtdteiωT .

L2(R)

√
2π‖wn − wp‖L2(0,T ) ! ‖(Zn − Zp)(T )‖L2(R)

+‖wn − wp‖L2(0,T )c
√

T‖Zn‖C0([0,T ],L2(R))

+‖wp‖L2(0,T )c
√

T‖Zn − Zp‖C0([0,T ],L2(R)).



√
2π‖wn − wp‖L2(0,T ) ! ‖(Zn − Zp)(T )‖L2(R) + 6c

√
2π

√
TR‖wn − wp‖L2(0,T ).

6c
√

TR = 1/2

S := FT BR[L2(0, T )]

dFT (0).W = −F [τ−T W ]

T0S = F [L2((−T, 0))].

FT 0

w(t) = εW1(t) + ε2W2(t) + ε3W3(t) + ...

Z(t,ω) = εZ1(t,ω) + ε2Z2(t,ω) + ε3Z3(t,ω) + ...

ε→ 0

√
1 − |εZ1 + ε2Z2 + ε3Z3|2 =

√
1 − ε2|Z1|2 + o(ε2) = 1 −

1

2
ε2|Z1|2 + o(ε2),

Z1(t,ω) = −F [τ−t(W1)|[0,t]](ω),

Z2(t,ω) = −F [τ−t(W2)|[0,t]](ω),

Z3(t,ω) = −F [τ−t(W3)|[0,t]](ω) −
1

2

∫ t

0
W1(τ)|Z1(τ,ω)|2e−iωτdτeiωt.

W1 ∈ L2(0, T )

ω .→
∫ T

0
W1(τ)|Z1(τ,ω)|2e−iωτdτ

F [L2(0, T )] Z1

σ2 → x = τ + σ1 − σ2

∫ T
0 W1(τ)|Z1(τ,ω)|2e−iωτdτ

=
∫ T
0 W1(τ)

( ∫ τ
0 W1(σ1)e−iωσ1dσ1

)( ∫ τ
0 W1(σ2)eiωσ2dσ2

)
e−iωτdτ

=
∫ T
τ=0

∫ τ
σ1=0

∫ τ
σ2=0 W1(τ)W1(σ1)W1(σ2)e−iω(τ+σ1−σ2)dσ2dσ1dτ

=
∫ T
τ=0

∫ τ
σ1=0

∫ σ1+τ
x=σ1

W1(τ)W1(σ1)W1(τ + σ1 − x)e−iωxdxdσ1dτ
= F [ΦW1 ](ω)

ΦW (x) :=

{ ∫ T
τ=0

∫ min{τ,x}
σ1=max{0,x−τ} W (τ)W (σ1)W (τ + σ1 − x)dσ1dτ x ∈ (0, 2T )

0 x /∈ (0, 2T ).

Φ1 W = 1[0,T ] Φ1(3T/2) = T 2/16 ε
FT (ε1[0,T ]) /∈ T0S #



−∞ < ω∗ < ω∗ < +∞

T > 0 u, v ∈ L2(0, T ) M

{
∂M
∂t (t,ω) = [ωΩz + u(t)Ωx + v(t)Ωy ]M(t,ω), (t,ω) ∈ (0, T ) × C,

M(0,ω) = e3.

ω ∈ C .→ Z(T,ω)
T > 0 R := 1/(4

√
3T ) Zf : (ω∗,ω∗) → C

ε∗ > 0 ε ∈ (0, ε∗) w ∈ BR[L2(0, T )]
Z(T ) 0= εZf

(ω∗,ω∗)
L2

T > 0 u, v ∈ L2(0, T ) M
M1, M2 : [0, T ] × R × R → R3

M1(t,ω1,ω2) := /[M(t,ω1 + iω2)], M2(t,ω1,ω2) := /[M(t,ω1 + iω2)].

M̃(t,ω1,ω2) := (M1(t,ω1,ω2), M2(t,ω1,ω2))t

∂M̃

∂t
= f(t, M̃,ω1,ω2).

f C1 (M̃,ω1,ω2) ∈ R6 ×R×R

|f(t, M̃,ω1,ω2)| ! (|ω1| + |ω2| + |u| + |v|)|M̃ |

|ffM (t, M̃,ω1,ω2)| ! |ω1| + |ω2| + |u| + |v|

|fω1(t, M̃ ,ω1,ω2)| ! |M̃ |, |fω2(t, M̃ ,ω1,ω2)| ! |M̃ |.

M̃ ω1 ω2

ω ∈ C .→ M(T,ω)

Yk,l(t,ω1,ω2) :=
∂Mk

∂ωl
(t,ω1,ω2), k, l ∈ {1, 2}.

ω1 ω2






∂(Y11−Y22)
∂t = A(t,ω1)(Y11 − Y22) − B(ω2)(Y12 + Y21),

∂(Y12+Y21)
∂t = A(t,ω1)(Y12 + Y21) + B(ω2)(Y11 − Y22),

(Y11 − Y22)(0,ω1,ω2) = 0,
(Y12 + Y21)(0,ω1,ω2) = 0,

A(t,ω1) :=




0 −ω1 v(t)
ω1 0 −u(t)

−v(t) u(t) 0



 B(ω2) :=




0 −ω2 0
ω2 0 0
0 0 0



 .

Y11 = Y22

Y12 = −Y21



Zf : R → C

FT

L2((−T, 0)) ε∗ > 0 ε ∈ (0, ε∗) εZf

FT εZf (ω∗,ω∗) T u
v L2((0, T ), R) R εZf

FT εZf (ω∗,ω∗) T u v
BR[L2((0, T ), R)] #

−∞ < ω∗ < ω∗ < +∞

L2(ω∗,ω∗)

b ∈ [0, +∞) β, γ ∈ R M0 : (ω∗,ω∗) → S2

M(0) = M0 u(t) = βδb(t) v(t) = γδb(t)

M(t,ω) =

{
exp(ωΩzt)M0(ω) t ∈ [0, b),
exp(ωΩz(t − b)) exp(βΩx + γΩy) exp(ωΩzb)M0(ω) t ∈ (b, +∞),

M(b+,ω) = exp(βΩx + γΩy)M(b−,ω).

H1((ω∗,ω
∗), S2) := {M ∈ H1((ω∗,ω

∗), R3); M(ω) ∈ S
2, ∀ω ∈ (ω∗,ω

∗)}.

U [t; u, v, M0] t
M0 0 U [t; u, v, M0] ω ∈ (ω∗,ω∗)

(ω∗,ω∗)

β, γ ∈ R

lim
ε→0

∥∥∥U
[
b + ε;

β

ε
1[b,b+ε],

γ

ε
1[b,b+ε], .

]
− U [b+;βδb, γδb, .]

∥∥∥
L(H1((ω∗,ω∗),R3),H1((ω∗,ω∗),R3))

= 0.

D [0, +∞)

M0 ∈ H1((ω∗,ω∗), S2) (tn)n∈N ∈ [0, +∞)N

(un)n∈N, (vn)n∈N ∈ DN

U [t+n ; un, vn, M0] → e3 H1((ω∗,ω
∗), R3).

M0 ∈ H1((ω∗,ω∗), S2) (tn)n∈N ∈ [0, +∞)N

(un)n∈N, (vn)n∈N ∈ L∞
loc([0, +∞), R)N

U [tn; un, vn, M0] → e3 H1((ω∗,ω
∗), R3).



H1(ω∗,ω∗) → L2(ω∗,ω∗)

L2((ω∗,ω∗), R3)
L∞((ω∗,ω∗), R3)

M ∈ H1((ω∗,ω∗), S2) M ′ 0= 0 T > 0 u, v ∈ D

•
‖U [T +; u, v, M ]′‖L2 < ‖M ′‖L2 ,

• (Mn)n∈N ∈ H1((ω∗,ω∗), S2)N

‖M ′
n‖L2 ! ‖M ′‖L2, ∀n ∈ N

Mn → M H1((ω∗,ω
∗), R3)

ϕ

‖U [T +; u, v, Mϕ(n)]
′‖L2 ! ‖M ′

ϕ(n)‖L2 , ∀n ∈ N.

M ∈ S2 M 0= e3 θ ∈ [0, 2π)
(u, v) ∈ {(πδ1 + (π + θ)δ2, 0), (0,πδ1 + (π + θ)δ2)} U [2+; u, v, M ] (ω∗,ω∗)

|U [2+; u, v, M ] − e3| < |M − e3|.

M0 ∈ H1((ω∗,ω∗), S2)
M0 0= e3 tn ≡ 0

K := {M̃ ∈ H1((ω∗,ω∗), S2); ∃(tn)n∈N ∈ [0,∞)N, ∃(un)n∈N, (vn)n∈N ∈ DN

‖U [t+n ; un, vn, M0]′‖L2 ! ‖M ′
0‖L2 , ∀n ∈ N

U [t+n ; un, vn, M0] → M̃ H1((ω∗,ω∗), R3)}

m := inf{‖M̃ ′‖L2; M̃ ∈ K}.

K M0 tn ≡ 0

e ∈ K ‖e′‖L2 = m
(Mn)n∈N∗ ∈ KN

∗

‖M ′
n‖L2 → m n → +∞ (Mn)n∈N∗

H1((ω∗,ω∗), R3) e ∈ H1((ω∗,ω∗), S2)

Mn → e H1 L2.

‖e′‖L2 ! lim inf
n→+∞

‖M ′
n‖L2 = m.



e K
n ∈ N∗ Mn ∈ K (tpn)p∈N ∈ [0, +∞)N (up

n)p∈N, (vp
n)p∈N ∈ DN

‖U [tp+
n ; up

n, vp
n, M0]

′‖L2 ! ‖M ′
0‖L2 , ∀p ∈ N, ∀n ∈ N

∗

U [tp+
n ; up

n, vp
n, M0] → Mn H1 L2, p → +∞, ∀n ∈ N

∗.

n ∈ N∗ p = p(n) ∈ N

‖U [tp(n)+
n ; up(n)

n , vp(n)
n , M0] − Mn‖L2 !

1

n
.

(Yn := U [tp(n)+
n ; up(n)

n , vp(n)
n , M0])n∈N∗ H1((ω∗,ω∗), R3)

e( ∈ H1((ω∗,ω∗), S2)

Yn → e( H1 L2.

K e( K
Yn → e L2((ω∗,ω∗), R3) L2 e = e(
e ∈ K

m = 0
m > 0 e′ 0= 0

T > 0 u, v ∈ D

‖U [T +; u, v, e]′‖L2 < ‖e′‖L2 = m,

ϕ

‖U [T +; u, v, Yϕ(n)]
′‖L2 ! ‖Y ′

ϕ(n)‖L2 , ∀n ∈ N.

U [T +; u, v, e] K

‖U [T +; u, v, Yϕ(n)]
′‖L2 ! ‖M ′

0‖L2 , ∀n ∈ N.

e∗ ∈ H1((ω∗,ω∗), S2)

U [T +; u, v, Yϕ(n)] → e∗ H1 L2.

e∗ ∈ K K

‖U [T +; u, v, Yϕ(n)] − U [T +; u, v, e]‖L2 = ‖Yϕ(n) − e‖L2 → 0 n → +∞,

U [T +, u, v, e] = e∗ L2 U [T +, u, v, e] ∈ K

S2

(−ω∗,ω∗) S2

K ∩ S2

m̃ := inf{|M̃ − e3|; M̃ ∈ K ∩ S
2}.

K ∩S2 S2

K ∩ S2 ẽ ∈ K ∩ S2 |ẽ − e3| = m̃



m̃ = 0
m̃ > 0 ẽ 0= e3

θ ∈ [0, 2π) (u, v) ∈ {(πδ1 + (π+ θ)δ2, 0), (0,πδ1 + (π+
θ)δ2)} U [2+; u, v, ẽ] (ω∗,ω∗)

|U [2+; u, v, ẽ] − e3| < |ẽ − e3|.

U [2+; u, v, ẽ] K

exp(πΩξ) exp(ωΩz) exp(πΩξ) = exp(−ωΩz), ∀ξ ∈ {x, y}.

ξ ∈ {x, y}

U [2+; u, v, .] = exp((θ + π)Ωξ) exp(ωΩz) exp(πΩξ) exp(ωΩz)
= exp(θΩξ) exp(πΩξ) exp(ωΩz) exp(πΩξ) exp(ωΩz)
= exp(θΩξ) exp(−ωΩz) exp(ωΩz)
= exp(θΩξ).

ẽ ∈ K (sn)n∈N ∈ [0, +∞)N (µn)n∈N, (νn)n∈N ∈ DN

‖U [s+
n ; µn, νn, M0]

′‖L2 ! ‖M ′
0‖L2, ∀n ∈ N,

U [s+
n ; µn, νn, M0] → ẽ H1.

Zn := U [s+
n ; µn, νn, M0]

U [2+; u, v, Zn] = exp(θΩξ)Zn.

‖U [2+; u, v, Zn]′‖L2 = ‖Z ′
n‖L2 ! ‖M ′

0‖L2 , ∀n ∈ N

U [2+; u, v, Zn] → exp(θΩξ)ẽ = U [2+; u, v, ẽ] H1 U [2+; u, v, ẽ] ∈ K #

P, Q ∈ R[X ]

I + τ [P (ω)Ωx + Q(ω)Ωy] + o(τ) τ → 0,

ε > 0
τ∗ = τ∗(P, Q, ε) > 0 τ ∈ [0, τ∗] T > 0 u, v ∈ D

∥∥∥U [T +; u, v, .] −
(
I + τ [P (ω)Ωx + Q(ω)Ωy]

)∥∥∥
L(H1((ω∗,ω∗),R3),H1((ω∗,ω∗),R3))

! ετ.

L2(ω∗,ω∗)
M = (x(1), x(2), x(3)) ∈ S2 x(3) 0= 0

(ΩxM,ΩyM) TS2M S2 M
ε > 0 M0 = (x0, y0, z0) ∈ L2((ω∗,ω∗), S2) z(ω) 0= 0
ω ∈ (ω∗,ω∗)

H : [0, 1] × (ω∗,ω∗) → S2

(s , ω) .→ H(s,ω)



H ∈ C1([0, 1], L2((ω∗,ω∗), S2)) H(0,ω) = M0(ω) H(1,ω) = e3

e3 M0 H z 0= 0 (ω∗,ω∗)
f, g ∈ L2((ω∗,ω∗), R)

∂H

∂s
(0,ω) = f(ω)ΩxM0(ω) + g(ω)ΩyM0(ω).

P, Q ∈ R[X ] ‖f − P‖L2 < ε
‖g − Q‖L2 < ε
∂H
∂s (0,ω) τ∗

e3

τ∗

τ∗

P, Q

τ

exp(πΩx) exp(ωΩzτ) exp(−πΩx) = exp(−ωΩzτ),

τ u(t) = −πδ0(t) + πδτ (t) v ≡ 0

u(t) =
√
τδ0(t) − (π +

√
τ)δ√τ (t) + πδ2√τ (t)

u(t) = −πδ0(t) + (π −
√
τ )δ√τ (t) +

√
τδ2√τ (t) ,

v ≡ 0 2
√
τ

U1(τ) := exp(πΩx) exp(ωΩz
√
τ ) exp(−(π +

√
τ )Ωx) exp(ωΩz

√
τ ) exp(Ωx

√
τ )

= exp(−ωΩz
√
τ) exp(−Ωx

√
τ ) exp(ωΩz

√
τ ) exp(Ωx

√
τ )

= I + τω[Ωz ,Ωx] + o(τ)
= I + τωΩy + o(τ)

U1(−τ) := exp(Ωx
√
τ ) exp(ωΩz

√
τ ) exp((π −

√
τ )Ωx) exp(ωΩz

√
τ ) exp(−πΩx)

= exp(Ωx
√
τ ) exp(ωΩz

√
τ ) exp(−Ωx

√
τ) exp(−ωΩz

√
τ )

= I − τω[Ωz,Ωx] + o(τ)
= I − τωΩy + o(τ))

o(τ) 0 L(H1((ω∗,ω∗), R3), H1((ω∗,ω∗), R3))
τ → 0+

6
√
τ

U2(τ) := exp(−ωΩz
√
τ )U1(−τ) exp(ωΩz

√
τ)U1(τ)

= I + τ3/2ω2[Ωy,Ωz ] + o(τ3/2)
= I − τ3/2ω2Ωx + o(τ3/2),

U2(−τ) := U1(τ) exp(ωΩz
√
τ)U1(−τ) exp(−ωΩz

√
τ )

= I − τ3/2ω2[Ωy,Ωz] + o(τ3/2)
= I + τ3/2ω2Ωx + o(τ3/2),

14
√
τ

U3(τ) := exp(−ωΩz
√
τ )U2(−τ) exp(ωΩz

√
τ)U2(τ)

= I − τ2ω3[Ωz ,Ωx] + o(τ2)
= I − τ2ω3Ωy + o(τ2),



U3(−τ) := U2(τ) exp(ωΩz
√
τ)U2(−τ) exp(−ωΩz

√
τ )

= I + τ2ω3[Ωz,Ωx] + o(τ2)
= I + τ2ω3Ωy + o(τ2),

I ± τω2Ωx + o(τ) 6τ1/3 I ± τω3Ωy + o(τ)
14τ1/4 n ∈ N I ± τω2nΩx + o(τ) I ±
τω2n+1Ωy+o(τ) Tn 4nτ

1
2n Ωx

Ωy Uj(τ) j " 1 n ∈ N I ± τω2n+1Ωx + o(τ)

I ± τω2nωy + o(τ) Tn 4nτ
1
2n P, Q ∈ R[X ]

I + τ [P (ω)Ωx + Q(ω)Ωy] + o(τ)

#

z 0= 0.

M = (x, y, z) ∈ H1((ω∗,ω∗), S2)
M ′ 0= 0 z ≡ 0 x2 + y2 ≡ 1 x 0= 0 y 0= 0
y 0= 0

U [2; 3π
2 δ0 + πδ1, 0, .] = exp(ωΩz) exp(πΩx) exp(ωΩz) exp(3π

2 Ωx)
= exp(ωΩz) exp(πΩx) exp(ωΩz) exp(πΩx) exp(π2Ωx)
= exp(ωΩz) exp(−ωΩz) exp(π2Ωx)
= exp(π2Ωx).

U [2;
3π

2
δ0 + πδ1, 0, M ] =




x
0
y





L2

M U [2; 3π
2 δ0 +πδ1, 0, M ]

M

M = (x, y, z) ∈ H1((ω∗,ω∗), S2) M ′ 0= 0 z 0= 0

P, Q ∈ R[X ] α > 0 τ∗0 > 0
τ ∈ (0, τ∗0 )

• ∥∥∥
d

dω

[(
I + τ [P (ω)Ωx + Q(ω)Ωy]

)
M

]∥∥∥
2

L2
! ‖M ′‖2

L2 − τα,

• (Mn)n∈N ∈ H1((ω∗,ω∗), S2)N

ϕ

∥∥∥
d

dω

[(
I + τ [P (ω)Ωx + Q(ω)Ωy]

)
Mϕ(n)

]∥∥∥
2

L2
! ‖M ′

ϕ(n)‖
2
L2 − τα, ∀n ∈ N.



τ " 0 P, Q ∈ R[X ]

∥∥∥
d

dω

[(
I + τ [P (ω)Ωx + Q(ω)Ωy]

)
M

]∥∥∥
2

L2
= ‖M ′‖2

L2 + 2τA(P, Q) + τ2B(P, Q),

∥∥∥
d

dω

[(
I + τ [P (ω)Ωx + Q(ω)Ωy]

)
Mn

]∥∥∥
2

L2
= ‖M ′

n‖2
L2 + 2τAn(P, Q) + τ2Bn(P, Q),

A(P, Q), An(P, Q), B(P, Q), Bn(P, Q)

A(P, Q) =
∫ ω∗

ω∗

〈 d
dω

[
[P (ω)Ωx + Q(ω)Ωy]M(ω)

]
, M ′(ω)〉dω

=
∫ ω∗

ω∗

(
P ′[−zy′ + yz′] + Q′[zx′ − xz′]

)
dω.

P, Q ∈ R[X ] A(P, Q) < 0 A (P, Q)
A 0= 0 A = 0

L2(ω∗,ω∗)

zy′ − yz′ = 0, zx′ − xz′ = 0.

I {ω ∈ (ω∗,ω∗); z(ω) 0= 0} z 0= 0
I a, b ∈ R x(ω) = az(ω) y(ω) = bz(ω) ∀ω ∈ I

M S2

1 = x(ω)2 + y(ω)2 + z(ω)2 = (a2 + b2 + 1)z(ω)2.

I = (ω∗,ω∗) M (ω∗,ω∗)
M ′ 0= 0 P, Q ∈ R[X ] A(P, Q) < 0

n ∈ N

An(P, Q) =

∫ ω∗

ω∗

P ′(−zny′
n + ynz′n) + Q′(znx′

n − xnz′n).

ϕ

Mϕ(n) → M H1 L2.

Aϕ(n)(P, Q) → A(P, Q) n → +∞

Aϕ(n)(P, Q) <
3

4
A(P, Q), ∀n ∈ N

√
B(P, Q) :=

∥∥∥ d
dω [P (ω)Ωx + Q(ω)Ωy]M

∥∥∥
L2

! ‖P ′‖L2 + ‖Q′‖L2 + [‖P‖L∞ + ‖Q‖L∞]‖M ′‖L2 ,

√
Bn(P, Q) :=

∥∥∥ d
dω [P (ω)Ωx + Q(ω)Ωy]Mn

∥∥∥
L2

! ‖P ′‖L2 + ‖Q′‖L2 + [‖P‖L∞ + ‖Q‖L∞]‖M ′
n‖L2

! ‖P ′‖L2 + ‖Q′‖L2 + [‖P‖L∞ + ‖Q‖L∞]‖M ′‖L2.

τ∗0 = τ∗0 (M) > 0

τ∗0

(
‖P ′‖L2 + ‖Q′‖L2 + [‖P‖L∞ + ‖Q‖L∞]‖M ′‖L2

)2
<

|A(P, Q)|
2

.

τ ∈ [0, τ∗0 ] α := −A(P, Q)



P, Q ε1 > 0

ε1‖M‖H1 <
α

2‖M ′‖L2
.

τ∗ = τ∗(P, Q, ε1) τ∗1 := min{τ∗, τ∗0 }
T > 0 u, v ∈ L∞

loc([0, +∞), R)

∥∥∥U [T +; u, v, .] −
(
I + τ∗1 [P (ω)Ωx + Q(ω)Ωy]

)∥∥∥
L(H1,H1)

! ε1τ
∗
1 .

‖U [T +; u, v, M ]′‖L2 !

∥∥∥ d
dω

[
U [T ; u, v, M ] −

(
I + τ [P (ω)Ωx + Q(ω)Ωy]

)
M

]∥∥∥
L2

+
∥∥∥ d

dω

[(
I + τ [P (ω)Ωx + Q(ω)Ωy]

)
M

]∥∥∥
L2

! ε1τ∗1 ‖M‖H1 +
(
‖M ′‖2

L2 − ατ∗1
)1/2

! ε1τ∗1 ‖M‖H1 + ‖M ′‖L2 − ατ∗1
2‖M ′‖L2

< ‖M ′‖L2.

‖U [T +; u, v, Mϕ(n)]
′‖L2 ! ε1τ∗1 ‖Mϕ(n)‖H1 + ‖M ′

ϕ(n)‖L2 − ατ∗1
2‖M ′

ϕ(n)‖L2

! ε1τ∗1 ‖M‖H1 + ‖M ′
ϕ(n)‖L2 − ατ∗1

2‖M ′‖L2

< ‖M ′
ϕ(n)‖L2 .

M = (x, y, z) ∈ S2 M 0= e3 x 0= 0
y 0= 0 y 0= 0

U [2+;πδ1 + (π + θ)δ2, 0, .] = exp((π + θ)Ωx) exp(ωΩz) exp(πΩx) exp(ωΩz)
= exp(θΩx) exp(πΩx) exp(ωΩz) exp(πΩx) exp(ωΩz)
= exp(θΩx) exp(−ωΩz) exp(ωΩz)
= exp(θΩx).

U [2+;πδ1 + (π + θ)δ2, 0, M ] =




1 0 0
0 cos(θ) − sin(θ)
0 sin(θ) cos(θ)



 M.

θ ∈ [0, 2π)

U [2+;πδ1 + (π + θ)δ2, 0, M ] =




x
0√

y2 + z2



 .#

e3

ω∗ = 0 ω∗ = π
−e3 −e3



f : (−π,π) → C

cn(f) N(f) l1

cn(f) :=
1

2π

∫ π

−π
f(ω)e−inωdω, N(f) :=

∑
n∈Z

|cn(f)|.

f : (0,π) → C

cn(f) := cn(f̃), ∀n ∈ Z, N(f) := N(f̃),

f̃ : (−π,π) → C f̃(ω) := f(|ω|) M = (x, y, z) : (0,π) → R3

N(M) := N(x) + N(y) + N(z)

f, g : [0,π] → C N(f), N(g) < ∞

N(fg) ! N(f)N(g).

(x, y) ∈ L1((0,π), R2) Z := x + iy

1

2

(
N(x) + N(y)

)
! N(Z) ! N(x) + N(y).

M : [0,π] → S2 N(M) < +∞ z(ω) > 0, ∀ω ∈ [−π,π]

N(z − 1) ! 2N(Z)2.

N(Z) ! 1/4

1

2
N(Z) ! N(M − e3) ! 3N(Z).

M : [0,π] → S2 N(Z) ! 1/4 z > 0
N(Z) N M e3

N(fg) =
∑

n∈Z

|
∑

p∈Z

cn−p(f)cp(g)| !
∑

p∈Z

|cp(g)|
∑

n∈Z

|cn−p(f)| = N(f)N(g).

N(Z) = N(x+ iy)
N(x) + N(y) = N((Z + Z)/2) + N((Z − Z)/2i)

M : [0,π] → S2 N(M) < +∞ z > 0

N(z − 1) =
1

2π

∫ π

−π
1 −

√
1 − |Z̃(ω)|2dω +

∑

n∈Z−{0}

∣∣∣
1

2π

∫ π

−π

√
1 − |Z̃(ω)|2e−inωdω

∣∣∣.

1 −
√

1 − x ! x, ∀x ∈ (0, 1)
√

1 − x = 1 +
∑∞

p=1 αpxp

x ∈ [0, δ] δ < 1 αp < 0 p ∈ N∗

N(z − 1) ! ‖Z̃‖2
L∞(0,2π) −

∞∑
p=1

αp
∑

n∈Z−{0}

∣∣∣ 1
2π

∫ π
−π |Z̃(ω)|2pe−inωdω

∣∣∣

! N(Z)2 −
∞∑

p=1
αpN(|Z|2p)

! N(Z)2 −
∞∑

p=1
αpN(Z)2p

! N(Z)2 + 1 −
√

1 − N(Z)2

! 2N(Z)2.

#



δ > 0 M0 : [0,π] → S2 N [Z0] < δ
z0 < −1/2 ε = ε(M0) > 0 M(0) = M0

u(t) :=
π

ε
1[k,k+ε](t) −

2k−1∑

p=1

+
(
c−k+p(Z0)

)1

ε
1[k+p,k+p+ε](t) +

π

ε
1[3k,3k+ε](t),

v(t) := −
2k−1∑

p=1

/
(
c−k+p(Z0)

)1

ε
1[k+p,k+p+ε](t),

k = k(M0) ∈ N

∑

|n|>k

|cn(Z0)| <
N(Z0)

4
,

N [Z(3k + ε)] <
N [Z0]

2
,

z(3k + ε) < −1/2.

(tn)n∈N ∈ [0, +∞)N

u, v ∈ L∞
loc([0, +∞), R)

N [Z(tn)] <
1

2n
N [Z0].

‖M(tn) + e3‖L∞ → 0 n → +∞
e3

+e3

−e3

z > 0

Ż(t,ω) = iωZ(t,ω) − w(t)
√

1 − |Z(t,ω)|2, (t,ω) ∈ (0, +∞) × (0,π),

ż(t,ω) = −/[w(t)Z(t,ω)], (t,ω) ∈ (0, +∞) × (0,π).

Z0(ω) =
∑

n∈Z

dneinω, dn := cn(Z0).

k ∈ N∗ [0, k) w = 0

Z(k−,ω) = Z0(ω)eikω =
∑

n∈Z

dnei(n+k)ω z(k−,ω) = z0(ω).

k w(t) = iπδk(t) +e3

M(k+,ω) = exp(πΩx)M(k−,ω) =




1 0 0
0 −1 0
0 0 −1



M(k−,ω),



Z(k+,ω) = Z(k−,ω) =
∑

n∈Z

dnei(−n−k)ω z(k+,ω) = −z(k−,ω).

(k, 3k)

w(t) =
2k−1∑

p=1

wpδp+k(t),

wp ∈ C

(Z ≡ 0, w ≡ 0)

Z(3k−,ω) ∼
(
Z(k+,ω) −

∫ 3k
k w(t)e−iω(t−k)dt

)
ei2kω

∼

(
∑
n∈Z

dnei(−n−k)ω −
2k−1∑
p=1

wpe−ipω

)

ei2kω .

z +1 wp := dp−k

Z(3k−,ω) ∼
∑

|n|!k

dnei(−n+k)ω .

3k w(t) = iπδ3k(t) −e3

Z(3k+,ω) = Z(3k−,ω) ∼
∑

|n|!k

dnei(n−k)ω

z(3k+,ω) = −z(3k−,ω) −1 k = k(Z0)

∑

|n|!k

|dn| <
1

2
N(Z0),

T = T (Z0) := 3k w : [0, T ] → C

N [Z(T )] < N [Z0]/2

•

• N
L∞

loc

β, γ ∈ R M0 ∈ C0([0,π], S2) N(M0) < +∞ M
M(0) = M0 u(t) = βδ0(t) v(t) = γδ0(t) ε > 0 Mε

M(0) = M0 u(t) = (β/ε)1(0,ε)(t) v(t) = (γ/ε)1(0,ε)(t)

N(Mε(ε) − M(0+)) → 0 ε→ 0.



Mε(ε,ω) = exp[ε|ω|Ωz + βΩx + γΩy]M0(ω), M(0+,ω) = exp[βΩx + γΩy]M0(ω).

N(Mε(ε) − M(0+)) !

+∞∑

n=1

an(ε)

n!
,

an(ε) := N
(
[(ε|ω|Ωz + βΩx + γωy)

n − (βΩx + γωy)
n]M0(ω)

)
.

N(|ω|) < +∞
M #

δ > 0 M0 : [0,π] → S2 N [Z0] < δ
z0 < −1/2 M(0) = M0

u(t) := πδk(t) −
2k−1∑

p=1

+
(
c−k+p(Z0)

)
δk+p(t) + πδ3k(t),

v(t) := −
2k−1∑

p=1

/
(
c−k+p(Z0)

)
δk+p(t),

k = k(M0) ∈ N

N [Z(3k+)] <
1

2
N(Z0),

z(3k+) < −
1

2
.

C > 0 C′ > 0 d0 ∈ C |d0| ! 1
M0 = (x0, y0, z0) : [0,π] → S2 N(Z0) ! 1 z0 > 0

M(0) = M0 v(t) = −/(d0)δ0(t) u(t) = +(d0)δ0(t)

N
(
Z(0+) − Z0 + d0

)
! C|d0|max{|d0|, N(Z0)},

z(0+,ω) " z0(ω) − C′|d0|max{|d0|, N(Z0)}.

d0 = β0 + iγ0 β0, γ0 ∈ R

M(0+,ω) = exp[β0Ωx + γ0Ωy]M0(ω).

exp[β0Ωx + γ0Ωy] = I + β0Ωx + γ0Ωy + R, ‖R‖ = O(|d0|2) d0 → 0,

Z(0+,ω) = Z0(ω) − d0z0(ω) + R1x0(ω) + R2y0(ω) + R3z0(ω),



Rj ∈ C |Rj | ! C|d0|2 j = 1, 2, 3 C

cn[Z(0+) − Z0 + d0] = d0cn[1 − z0] + R1cn[x0] + R2cn[y0] + R3cn[z0], ∀n ∈ Z.

N
(
Z(0+) − Z0 + d0

)
! |d0|N(z0 − 1) + |R1|N(x0) + |R2|N(y0) + |R3|N(z0)

! 2|d0|N(Z0)2 + C|d0|2[2N(Z0) + 1 + 2N(Z0)2],

C = 2 + 5C

z(0+,ω) = z0(ω) + /
(
d0Z0(ω)

)
+ R′

1x0(ω) + R′
2y0(ω) + R′

3z0(ω),

R′
j ∈ C |R′

j | ! C′|d0|2 j = 1, 2, 3 C′

z(0+,ω) " z0(ω) − |d0||Z0(ω)| − C′|d0|2[|x0(ω)| + |y0(ω)| + |z0(ω)|]
" z0(ω) − |d0|N(Z0) − C′|d0|2[N(x0) + N(y0) + N(z0)]
" z0(ω) − |d0|N(Z0) − C′|d0|2[2N(Z0) + 1 + 2N(Z0)2]

C′ = 1 + 5C′ #

δ

4Cδ < 1, C′δ < 1/2, δ ∈ (0, 1),

C, C′ M0 k u v

Z(k+,ω) =
∑

n∈Z

dnei(−n−k)ω z(k+,ω) = −z0(ω).

p ∈ {0, ..., 2k − 1}
p ∈ {0, ..., 2k − 1}

(Hp) N
[
Z

(
(k + p)+

)
−

∑
n∈Z−{−k+1,...,−k+p} dnei(−n−k+p)|ω|

]

! C[|d−k+1| + ... + |d−k+p|]N(Z0),

(H ′
p) z((k + p)+,ω) " −z0(ω) − C′[|d−k+1| + ... + |d−k+p|]N(Z0).

(H2k−1)

N
[
Z

(
3k−

)
−

∑

n∈Z,|n|!k

dnei(−n+k)|ω|
]

! CN(Z0)
2,

N [Z(3k−)] < N [Z0]/2.

(H ′
2k−1)

z(3k−,ω) = z((3k − 1)+,ω) " −z0(ω) + C′δ2 > 0



z(3k−,ω) =
√

1 − |Z(3k+,ω)|2 >
√

1 − δ/2 > 1/2.

(H0) (H ′
0) p ∈ {1, ..., 2k − 1}

(Hp−1) (H ′
p−1) (Hp−1)

N [Z((k + p)−)] = N [Z((k + p − 1)+)] ! N [Z0] ! δ ! 1

(H ′
p−1)

z((k + p)−,ω) = z((k + p − 1)+,ω) " −z0(ω) − C′N(Z0)
2 >

1

2
−

1

2
= 0

(Hp−1)

N
[
Z

(
(k + p)+

)
−

∑

n∈Z−{−k+1,...,−k+p}
dnei(−n−k+p)ω

]

! N
[
Z

(
(k + p)+

)
− Z

(
(k + p)−

)
+ d−k+p

]

+N
[
Z

(
(k + p)−

)
−

∑

n∈Z−{−k+1,...,−k+p−1}
dnei(−n−k+p)ω

]

! C|d−k+p|N [Z((k + p)−)]

+N
[
Z

(
(k + p − 1)+

)
−

∑

n∈Z−{−k+1,...,−k+p−1}
dnei(−n−k+p−1)ω

]

! C|d−k+p|N [Z0] + C[|d−k+1| + ... + |d−k+p−1|]N(Z0),

(Hp) (H ′
p−1)

z((k + p)+,ω) " z((k + p)−,ω) − C′|d−k+p|N [Z((k + p)−)]
" z((k + p − 1)+,ω) − C′|d−k+p|N [Z0]
" −z0(ω) − C′[|d−k+1 + ... + |d−k+p−1| + |d−k+p|]N [Z0].

Z(3k+,ω) = Z(3k−,ω) z(3k+,ω) = −z(3k−,ω)
#

‖.‖Hs , ∀s < 1
N

M0 ∈ H1((ω∗,ω∗), S2)
T > 0, u, v,∈ D

‖U [T +; u, v, M0]
′‖L2 < ‖M ′

0‖L2 .

(Mn)n∈N ⊂
H1((ω∗,ω∗), S2) (‖M ′

n‖L2)n∈N ‖M ′
n‖L2 → 0

n → +∞
e3 (M ′

n)n∈N 0



(M ′
n)n∈N 0 L2((ω∗,ω∗), R3)

‖M0‖H1

u v
−e3 +e3

T
u v

M0 ±e3

(ω∗,ω∗) = (0,π/2)

M0(ω) =




εxε(ω)

0√
1 − ε2xε(ω)2





ε > 0

xε(ω) =
N∑

k=1

ak(ε) cos((2k − 1)ω) + cos((2N + 1)ω), ∀ω ∈ (0,π/2),

(ak(ε))1"k"N ∈ RN

∫ π/2

0

x′
ε(ω)√

1 − ε2xε(ω)2
ωKdω = 0, ∀K ∈ {0, ..., N − 1}.

e3

T > 0 u, v ∈ D

‖U [T +; u, v, M0]
′‖L2 < ‖M ′

0‖L2 .

Q ∈ R[X ]

∫ π/2

0
(zx′ − z′x)Qdω < 0.

(Q) " N τ∗ =
τ∗(Q, xε) > 0 α > 0 τ ∈ (0, τ∗) T > 0 u, v ∈ D

‖U [T +; u, v, M0]
′‖2

L2 ! ‖M ′
0‖2

L2 − ατ.

τ∗

T T " 2Nτ1/N

I +τωNΩx +o(τ) 2N ±e3

exp(πΩx) exp(πΩy)
I + τωNΩx + o(τ)

M0 (−π,π)
ε∗ > 0 ε ∈ (0, ε∗)

u(t) := πδ2N+1(t) + πδ6N+3(t),

v(t) := −
ε

2

N∑

m=1

aN+1−m(ε)δ2N+1+2m(t) −
ε

2

2N∑

m=N+1

am−N (ε)δ2N+1+2m(t),



aN+1(ε) = a−N−1(ε) = 1

N
[
U [(6N + 3)+; u, v, M0] + e3

]
<

1

2
N [M0 + e3].

6N
N e3 ±e3

(ak(ε))1"k"N

N ∈ N∗

A ∈ MN (R)

Ak,K :=

∫ π/2

0
(2k − 1) sin((2k − 1)ω)ωKdω, 1 ! k ! N, 0 ! K ! N − 1,

ε∗ > 0 C1 ε ∈ [0, ε∗] .→ (ak(ε))1"k"N ∈ RN

A (λ1, ...,λN ) ∈ RN −{0}

∫ π/2

0

N∑

k=1

λk sin((2k − 1)ω)ωKdω = 0, ∀0 ! K ! N − 1.

f(ω) :=
∑N

k=1 λk sin((2k − 1)ω) 0 < ω1 < ... < ωL < π/2
(0,π/2) f

ω .→ f(ω)(ω − ω1)...(ω − ωL) (0,π/2)

∫ π/2

0
f(ω)(ω − ω1)...(ω − ωL)dω 0= 0.

L " N
(µ1, ..., µN ) ∈ RN − {0}

f(ω) =
N∑

k=1

µk sin(ω)2k−1 = sin(ω)
N∑

k=1

µk sin(ω)2(k−1).

sin(ω1)2, ..., sin(ωN )2 ω1, ...ωN ∈ (0,π/2)
N

N∑

k=1

µkX(k−1)

! (N − 1)
(α1, ...,αN ) ∈ RN

∫ π/2

0

(
N∑

k=1

αk(2k − 1) sin((2k − 1)ω) + (2N + 1) sin((2N + 1)ω)

)

ωKdω = 0, ∀0 ! K ! N.

M > 0

∣∣∣
N∑

k=1

αk cos((2k − 1)ω) + cos((2N + 1)ω)
∣∣∣ ! M, ∀ω ∈ (0,π/2).



b = (b1, ..., bN)t ∈ RN

∣∣∣
N∑

k=1

(αk + bk) cos((2k − 1)ω) + cos((2N + 1)ω)
∣∣∣ ! M +

√
N‖b‖

F

F :
(
0, 1

2M

)
× BRN

(
0, M√

N

)
→ RN

(ε , b), .→ F (ε, b)

F (ε, b) :=
(∫ π/2

0

y′
b(ω)√

1 − ε2yb(ω)2
ωKdω

)

1"K"N

yb(ω) :=
N∑

k=1

(αk + bk) cos((2k − 1)ω) + cos((2N + 1)ω), ∀ω ∈ (0,π/2).

F (0, 0) = 0 dbF (0, 0)
#
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